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Foreword

INDIA’s contribution to mathematics, spanning from 1200 BCE to
1800 ce is well known. The decimal number system, concept of zero
as number and negative numbers were its gifts in addition to its
inputs into the fields of arithmetic, algebra and trigonometry. Its
classical as well as golden period ranged from fourth to sixteenth
century, having contributions come from great scholars like
Aryabhata, Varahamihira, Brahmagupta and Bhaskara II. However,
there were scores of mathematicians whose contributions went
into oblivion owing to many a reason. Most of their works have
not caught the attention of scholars of the last few centuries.
This book endeavours to bring to light some of such forgotten
mathematicians and their works.

This volume is the proceedings of an Annual Conference
on the History and Development of Mathematics, organized
by the Samskrita Academy, Chennai in collaboration with the
National Mission for Manuscripts (NMM) and the Mathematics
Department of Sri Chandrasekharendra Saraswati Vishwa
Mahavidyalaya, Enathur under the auspices of the Indian Society
for History of Mathematics. It informs us of many manuscripts
like Grahaganitapadakam belonging to Saurapaksa, Siryaprakasa,
a commentary on Bhaskara’s Bijaganita; Ganitamrtalahari of
Ramakrsna; a commentary on Bhaskara’s Lilavati, Ganakananda;
Karanakutithalasarin? based on the Karanakiitithala of Bhaskara II;
Makarandasarint and Mahadevisarin among many more.

The scholars, who presented papers, unearth many
manuscripts of mathematics by unknown authors and delve
deep into the contributions of Indian to the different branches
of mathematics. It also pays befitting tribute to well-known
contemporary mathematicians — T.A. Saraswati Amma and K.S.
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Shukla. The former’s seminal works cover mathematics in Jain
manuscripts and the entire course of geometry in India from
the Sulbasitras to the works of Kerala school. The latter has
brought out eleven important works on Indian mathematics and
astronomy starting from the Siirya Siddhanta to the Ganita Kaumudt
of Narayana Pandita.

It is with immense pleasure that the National Mission for
Manuscripts presents this anthology. And it is my hope and belief
that this volume will kindle keen interest of young researchers
in Indian mathematics and their dedicated efforts will exhume
many more unknown works of Indian mathematicians in the
days to come.

Pratapanand Jha
Director
National Mission for Manuscripts
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Introduction

THE Annual Conference on the History and Development
of Mathematics 2018 conducted by the Samskrita Academy,
Chennai, in collaboration with the Mathematics Department of Sri
Chandrasekharendra Saraswati Vishwa Mahavidyalaya (SCSVMV),
Enathur, under the auspices of the Indian Society for History of
Mathematics was held at SCSVMYV from 27 to 29 November 2018.
It was sponsored by the National Mission for Manuscripts, New
Delhi.

The conference was dedicated to the memory of two eminent
Indian Historians of Mathematics and Astronomy — Professor T.A
Saraswati Amma and Professor K.S. Shukla. This is the centenary
year of both these stalwarts of mathematics.

The conference was inaugurated by Shri T.S. Krishna Murthi,
former Chief Election Commissioner of India. The function was
presided over by Professor Dr Vishnu Potty, Vice-Chancellor,
SCSVMV.

In the conference there were forty-six papers in all, covering
various branches of mathematics such as arithmetic, algebra,
astronomy and geometry both in manuscripts and printed texts.
Speakers came from various parts of India. There was also one
professor who had come all the way from the University of
Switzerland. Here forty-two papers are compiled in this volume.
Being the centenary year of these two stalwarts of mathematics,
Professor M.D. Srinivas highlighted the seminal contributions
of both of them. Professor Saraswati Amma has written many
papers covering Jaina mathematics, the use of geometric methods
in arithmetic progression and so on. But her magnum opus was
Geometry in Ancient and Medieval India. It surveys the entire course
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of development of geometry in India from the Sulbasitras to
the works of the Kerala School. Professor Shukla has brought
out landmark editions of eleven important works on Indian
mathematics and astronomy starting from Siirya Siddhanta to
Ganita Kaumudi of Narayana Pandita.

Manuscripts

There are almanacs belonging to different schools such as Sara,
Arya, Brahma and Ganesa. The pratibhagT tables are very popular
among the paficanga makers of Karnataka and Andhra regions. In
her paper, K. Rupa has discussed some features of pratibhagiganita
(PRB) and tyagarti manuscript Grahaganitapadakani belonging to
the saura-paksa. A comparison of parameters in these tables among
themselves as also with modern is attempted.

Sita Sundar Ram in her paper on the manuscript of
Siiryaprakasa, a commentary on Bhaskara’s Bijjaganita, has analysed
the text from various angles to highlight the contribution of
Stiryadasa. Itis evident that Stiryadasa is not only a mathematician
but also a versatile poet.

Recently, the critical edition of the commentary Ganitamytalahart
of Ramakrishna on Bhaskara’s LilavatThas been taken up as a project
under the National Mission for Manuscripts by Ramakalyani. The
date of the text has been differently noted in the colophon and the
New Catalogus Catalogorum. The date is to be fixed based on other
evidences. The author has discussed some important features
noticed in the manuscripts.

The text Ganakananda is very popular among the paficanga
makers of the saura-paksa in Andhra and Karnataka regions.
Padmaja Venugopal has edited the text and given valuable English
expositions. Her work is based on a single edited text in Telugu
script.

Eclipses are natural phenomena which played an important
role in the religious life of ancient India. They occupied a
significant place in the astronomical texts. The Grahanamala of
Hemangadathakkura is one such text which lists many eclipses
occurring between 1620 and 1708 ce. Vanaja, Shailaja and S.
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Balachandra Rao have critically studied the text and compared
many results therein with modern ones.

The tables of KaranakutiithalasarinT which relies on the
Karanakutithala of Bhaskara II of twelfth century are based on
brahma-paksa. The author and time of the text are not known
though manuscripts of the same are available in many libraries.
M. Shailaja has obtained with rationale, the mathematical model
for the construction of tables.

Among the tables of saura-paksa which are used for compiling
the paficangas, the Makarandasarini is very popular. These tables
with explanatory slokas are composed by Makaranda at Kasi in
1478. As noted by S.K. Uma, this text has some unique features
such as determination of ahargana in the sexagesimal system.

The significance of mathematics and its applications was well
realized in ancient times. Consequently, there are a number of texts
on the subject. There are very renowned national libraries which
have a number of manuscripts on mathematics both published and
unpublished. Bhuvaneswari takes three of these in Tamil Nadu
and discusses the manuscripts available, scope for critical edition
and future research.

Astronomical tables known as sarin7 are usually a collection of
necessary data and rules for standard astronomical data. Shubha
along with B.S. Shylaja and P. Vinay has studied the manuscript
Mahadevisarint and compared the positions of certain planets with
modern calculations.

Algebra

Long before the time of Fibonacci (twelfth century) the sequence
was known in India. It was applied in connection with metrical
science by Pingala, Hemacandra and others. The concept of
Fibonacci numbers was more advanced in the Ganitakaumudr of
Narayana Pandita. Vinod Mishra has discussed the development
of Fibonacci sequence and possible applications in statistics, coding
theory, medicine and others.

The definition given by various ancient Indian mathematicians
for the term karant matches with the modern mathematical term
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surd. Sulbasiitras deal with the rules and measurements for
constructing the fire altar, where the words dvikarant and trikarant
occur. They were denoted by ka 2, ka 3 and so on. Padmapriya has
discussed the treatment of surds in ancient mathematical texts.

Bhaskaracarya in his Bijaganita has devoted a whole chapter to
surds or square roots of irrational numbers. S.A. Katre in his paper
has analysed the methods employed by Bhaskara for finding the
square roots of quadratic surds.

A fore-shadowing of Banach’s fixed point theorem appears in
the iterative methods of Indian mathematicians from at least the
sixth century. The Indian manuscript tradition does not contain
drawings but Habash Al-Hasib’s contains some drawings though
not for the iterative methods. Johannes Thomann has discussed
some possibilities through a reading of the related texts.

Arithmetic

The topic of arithmetic progression has been in Indian mathematics
for a long period and every mathematician has dealt with it.
The aim of Medha Limaye has been to compare and contrast
the method of exposing the concept and developing solution
techniques in the medieval and modern texts. The geometric
representation of the arithmetic progression series by Sridhara
and its link to recreational mathematics by Narayana Pandita are
also discussed.

The Lilavatt of Bhaskara is perhaps the most popular text
in mathematics which has been critically edited by various
mathematicians in different languages all over the world.
Bapudeva Sastri, a reputed mathematician of the nineteenth
century, is one of those who has critically edited the text with new
sittras and explanations. In her paper, Vijayalakshmi has thrown
light on some of his techniques and examples.

The Paficavimsatika and the Parikarmacatustaya are two texts
of unknown authorship which have been recently edited by well-
known mathematician and Indologist Takao Hayashi. The contents
of the texts dealing with the basic mathematical operations are
studied by Umamahesh in his paper.
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Astronomy

Parameswara belongs to the Kerala School of Astronomy and
Mathematics and is the author of several texts including Drgganita.
The text Vakyakarana of Parameswara is unique and Venkateswara
Pai has taken for analysis and explanation some algorithms in
obtaining the vakyas.

The observational aspects of Indian astronomers are covered
in almost all texts. Measurements had to be accurate and the
division of angula for example into vyarngula is noticed in several
texts. Hence new words were coined for the need. B.S. Shylaja has
made a list of such new words and discusses them.

The infinite series expansion for the sine and cosine functions
is generally ascribed to Madhava of Sangamagrama. There is a
short work Mahajya which describes the infinite series for the jya R
sin 8 and sara {R (1 — cos 0)}. Rajarajeswari worked on a manuscript
of this for her MPhil thesis submitted to the University of Madras.
She has translated the work into English. In the present paper she
has explained some derivations.

It was the standard Indian practice to revise the parameters
associated with the sun and the moon after critically testing them
during eclipses. Hannah Thangam has discussed a simplified
version of the calculations pertaining to lunar eclipses in the
Tantrasamgraha. For some recent lunar eclipses there was very
good agreement with the values computed using Tantrasamgraha
and the tabulated values.

For the mathematicians and astronomers of India, the trairasika
(rule of three) and the theorem of the right angle play a crucial
part in the derivation of all the results related to the planetary
positions. To substantiate, M.S. Sriram considered some examples
from Bhaskara’s Grahaganita, one of them being the derivation
of a second-order interpolation formula due to the renowned
Brahmagupta of the seventh century.

Indian mathematics encompasses the era of Kerala School
of Mathematics which has been reckoned as the golden age in
the history of mathematics. Starting from texts of Madhava of
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Sangamagrama, Anil Narayanan traced the lineage of Kerala
tradition. He has stressed the feature of continuity in the tradition
by taking an annual called Suddhadrgganita into account.

The only paper in Sanskrit was presented by S. Murali. In
this he has stressed the importance of kala (timing) to perform
rituals. He has explained briefly the kalanirnaya for both social
and individual rituals.

Geometry

The Manava Sulbasiitras, one of the four major Sulbastitras of
significance in terms of mathematical contents, has received
relatively less attention compared to the Baudhayana, Apastamba
Sulbastitras. S.G. Dani discussed various general features and
certain unique constructions from the Manava Sulbasiitras, placing
it in the overall context of Sulba literature.

The major part of mathematical principles was passed on from
generation to generation and some of them have been recorded orally
in siitra forms. The Sulbastitras depict major theorems in modern
geometry. Sudhakar Agarkar has highlighted the geometrical
knowledge of ancient Indians as presented in Sulbastras.

The important branch of mathematics which received most
attention was geometry. Most civilizations had detailed texts on
the subject. In his paper, Shrenik Bendi has explored how geometry
was developed and discussed various results obtained by Vedic
and Jaina scholars.

In his paper on T.A. Saraswati Amma, Chandrasekharan has
analysed the methods used by her in some important topics such
as segments of circles, cyclic quadrilaterals, trigonometric and
inverse trigonometric series. He has also suggested extending
her work on areas where she has only touched upon briefly due
to paucity of time.

General

A unique website https: indiamathstory.com was presented by
Sarada Devi. The website covers many mathematics conferences,
details of reference books, resource persons, questions—answers,
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riddles and so on. It is indeed a continuous saga as it has room
for various additions in the future.

The Vedas are the oldest unrecorded transmission of sound.
The Vedic mantras had to be heard from a guru and memorized
along with the sound. There are eight vikrtis for chanting the Vedas.
Of these, the gana pada is very complex. The mantras classified
by Sage Vyasa serve as an astro-chronological computation
methodology. This technology when mastered and adapted can
greatly enhance the knowledge transmission. Rajendran has listed
those which are useful for current technology.

Modern Themes

The following are various papers in modern mathematics
presented by the staff and students of the Mathematics Department
of Sri Chandrasekharendra Saraswati Vishwa Mahavidyalaya,
Enathur.

¢ Inher paper “A Note on Confusion Matrix and Its Real Life
Application”, T.N. Kavitha has discussed the origin of the
confusion matrix and definitions of various persons are
given in a detailed manner.

® In the nineteenth century, hydrodynamics advanced
sufficiently to derive the equation of motion of a viscous fluid
by Navier and Stokes, only a laminar flow between parallel
plates was solved. In the present age, with the progress in
computers and numerical techniques in hydrodynamics, it is
now possible to obtain numerical solutions of Navier-Stokes
equation. E. Geeta and M. Larani discuss this in “Historical
Development of Fluid Dynamics”.

¢ A. Dhanalakshmi and K. Srinivasa Rao have reviewed the
Hosoya Polinomial and Weiner Index and some of the
methodology used in it so far in “Role of Weiner Index in
Chemical Graph Theory”.

¢ In the paper “The Origin of Semiring-valued Graph”, Ramya
and T.N. Kavitha discuss the origin of Semiring-valued
graph and its application fields.
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In “History of Optimization Models in Evolutionary
Algorithms”, K. Bharathi has discussed about the history
of the framework, related algorithms developed and their
applications and some of the methodologies used in it.

Graph theory has uses beyond simple problem formulation.
Sometimes a part of a large problem corresponds exactly
to a graph-theoretic problem, and that problem can be
completely solved. C. Yamuna and T.N. Kavitha analyse
this “Graph Used to Find Crime”.

B. Akila presents the application of calculus in the transition
curve for a rail track in her paper “A Discussion on Real-Life
Application of Mathematics”.

Operations research includes a great deal of problem-solving
techniques like mathematical models, statistics algorithms
to aid in decision making. J. Sengamalaselvi, in her paper
“History of Operations Research” traces the history of
Operations Research.

The machine learning methods analyses and extracts
knowledge from available data and provides an easier way
to understand the graph structured data: proteins, protein—
protein interaction, protein structures along chemical
pathways, social networks, WorldWideWeb, Program flow.
The prime objective of Vijayalakshmi, in her paper “Graph
Kernels in Protein Study” is to present a survey of graph
kernels in protein study.

In “Spectral Techniques in Protein Study: A Survey”, K.
Divya and Vijayalakshmi give a survey of graph spectral
techniques used in protein study. This survey consists of
description of methods of graph spectra used in different
study areas of protein like protein domain decomposition,
protein function prediction and similarity.

“Review of Weiner Index and Its Applications” the aim of
this article is to review the history of the Wiener Index and
its progress achieved in the recent years. V. Kasthuri and A.
Dhanalakshmi have reviewed the development of the index
and its applications in various fields.
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¢ In “MATLAB in Protein Study”, D. Vijayalakshmi and A.
Shakila brief about the use of MATLAB in various studies of
proteins encode, amount of protein adsorption on particle,
sequence alignments, protein structure tessellations which
help in making the studies easy.

The Valedictory Function of the conference was held on
29 November 2018. The Valedictory Address was delivered by Dr
V. Kannan, Former Pro-Vice-Chancellor, University of Hyderabad.

The conference ended on a happy note with the Blessings of
His Holiness Sankara Vijayendra Sarasvati Svamiji of Kafici Mutt
and with assurances to meet again in the next Conference on
History of Mathematics.

We are deeply beholden to many people including the scholars
who have presented the articles, in the successful conduct of the
conference. In this connection our special thanks are due to Dr
Pratapananda Jha, Director and Dr Sangamitra Basu, Coordinator,
Publications of the National Mission for Manuscripts, who stood
by us from the beginning of the conference till the publication of
its proceedings. We are also deeply indebted to Dr M.K. Tamil Selvi
(Associate Professor, Alpha College of Engineering, Chennai), for
reviewing all the papers on modern topics in mathematics.

Dr. Sita Sundar Ram

(Secretary, The Samskrita Academy, Chennai)

Dr. V. Ramakalyani

(Project Consultant, HoMI Project, IIT, Gandhinagar & Member,
The Samskrita Academy, Chennai)






Tribute to
T.A. Saraswati Amma and K.S. Shukla!

M.D. Srinivas

T.A. Saraswati Amma (1918-2000)

Tekkath Amayankoth Kalam Saraswati Amma was born in
Cherpulassery, Palakkad, Kerala, in the Kollam year 1094
(1918-19). She completed her BSc with
Physics and Mathematics from Madras
University, and Masters degree in Sanskrit
from Banaras Hindu University. In 1957,
she joined the Department of Sanskrit,
Madras University, and worked with the
renowned Sanskrit scholar V. Raghavan,
who encouraged her to work on the history
of Indian Mathematics. In 1961, Saraswati
Amma joined the faculty of Department of
Sanskrit, Ranchi Women’s College, where
she worked for the next twelve years. In 1964, Saraswati Amma
was awarded the PhD degree by the Ranchi University for her

T.A. Saraswati Amma

! Excerpts from the talk given by Prof. M.D. Srinivas: “Recollecting the
Seminal Contributions of T.A. Saraswati Amma and K.S. Shukla”, at
the Annual Conference on History and Development of Mathematics,
2018. — Editors
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dissertation (which was Series submitted in January 1963) on
“Geometry in Ancient and Medieval India”. While at Ranchi,
she also supervised the thesis of R.C. Gupta on “Trigonometry in
Ancient and Medieval India”. During 1973-80, Saraswati Amma
served as Principal, L.N.T. Mahila Vidyalaya, Dhanbad. After
retirement, Saraswati Amma returned to Kerala and stayed in
Ernakulam and later at Ottappalam.

Publications of Saraswati Amma

1. “Sredhi-ksetras or Diagrammatic Representation of
Mathematical Series”, Journal of Oriental Research, 28 (1958-
59): 74-85.

2. “The Cyclic Quadrilateral in Indian Mathematics”,
Proceedings of the All-India Oriental Conference, 21 (1961): 295-
310.

3. “The Mathematics of the First Four Mahadhikaras of the
Trilokaprajiiapti”, J. of the Ganganath [ha Research Inst., 18
(1961-62): 27-51.

4. “Mahavira’s Treatment of Series”, Journal of Ranchi University,
I (1962): 39-50.

5. “The Development of Mathematical Series in India after
Bhaskara I1”, Bulletin of the National Inst. of Sciences of India,
No. 21 (1963): 320-43.

6. “Development of Mathematical Ideas in India”, Indian
Journal of History of Science, 4 (1069): 59-78.

7. “Sanskrit and Mathematics”, Paper read at the First
International Sanskrit Conference, New Delhi, 1972, see
Summary of Papers, vol. III, pp. 15-16, published in the
Proceedings (of the conference), vol. III, part I, pp. 196-200
(New Delhi, 1980) Also reprinted in the “Souvenir of the
World Sanskrit Conference, New Delhi, 2001, 63-78”

8. “The Treatment of Geometrical Progressions in India”, Paper
sent to Indian Science Congress for Symposium on History
of Mathematics (Delhi, 1975). For a summary, see Advance
Notes on Symposia, pp. 7-8.
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9. “Indian Methods of Calculating the Volume of the Frustrum
of a Pyramid”, in Sanskrit and Indology: Dr. V. Raghavan
Felicitation Volume, Delhi, pp. 335-39, 1975.

10. “Bhaskaracarya”, in Cultural Leaders of Indian Scientists, ed.
Raghavan, New Delhi, 1976, pp. 100-106.

11. Reviews of Candracchayaganita, Siddhantadarpana and
Sphutanirnaya-tantra, Vishveshvaranand Indological ]., 15 (1977):
173-76.

12. Geometry in Ancient and Medieval India, Delhi, 1979; xii + 280
pp., rev. 2" edn, Delhi 1999. The book was reviewed by S.
Balacandra Rao in Deccan Herald Magazine dated 21 October
1979; by AK. Bag in Ganita Bharati, vol. 3 (1981), pp. 53-54;
by Michio Yano in Historia Mathematica 10 (1983): 467-70; by
AL Volodarsky in Mathematical Reviews 84 (1984): 2516-17;
by D.G. Dhavale in the Annals of Bhandarkar Oriental Research
Institute, vol. 69 (Pune, 1988) and by J.N. Kapur in JHS, 24
(1989): 93-94.

13. Review (by T.A. Saraswati Amma) of Geometry according to
Sulabasiitra (authored by R.P. Kulkarni, Pune, 1983), Ganita
Bharatt, 8 (1986): 64-65. See vol. II (1989): 60-62 for Kulkarni’s
reply to the review.

Saraswati Amma’s magnum opus, however, is her book
Geometry in Ancient and Medieval India. Saraswati Amma’s book
has been widely acclaimed as a worthy successor to the volumes
of Datta and Singh, as it presents a truly majestic survey of the
entire course of development of Geometry in India, from the
Sulbasiitras to the work of the Kerala School. Saraswati Amma
has also taken great pains to present original citations and
translations of important verses, both from published works as
well as unpublished manuscripts. Some of the works cited by her,
such as the commentary of Parame$vara on Lildvati, are yet to see
the light of the day. Saraswati Amma'’s book still constitutes the
standard reference for students on Indian Geometry.
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K.S. Shukla (1918-2007)

Kripa Shankar Shukla was born on 12 June 1918 in Lucknow.
He completed his undergraduate and postgraduate studies in
Mathematics at Allahabad University. In 1941, Shukla joined the
Department of Mathematics, Lucknow University, to work with
Prof. Avadhesh Narayan Singh (1905-
54). Professor Singh, the renowned

3 collaborator of Bibhutibhusan Datta

-r-v& (1888-1958), had joined Lucknow
T e University in 1928.

Shukla’s first paper, published

4 in 1945, presented a clear and

comprehensive survey of the second
correction (due to evection) for the
Moon. In 1955, Shukla was awarded the
K.S. Shukla D Litt degree from Lucknow University
for his thesis on “Astronomy in the
Seventh-century India: Bhaskara I and His Works”. Dr. Shukla
became the worthy successor of Professor Singh to lead the research
programme on Indian Astronomy and Mathematics at Lucknow
University. Though he retired as Professor of Mathematics in 1979,
he continued to guide researchers and work relentlessly to publish
a number of outstanding articles and books, including an edition
and translation of Vatesvarasiddhanta (c.904), the largest known
Indian astronomical work with over 1,400 verses, brought out by
INSA in 1985-86.

Professor Shukla wrote popular textbooks on Trigonometry
(1951) and Algebra (1957). He also published Hindi translations
of the first volume of History of Hindu Mathematics by B.B. Datta
and A.N. Singh (in 1956), and the textbook on Calculus by A.N.
Upadhyay (1980).

Professor Shukla’s Editions and Translations of
Source-Works of Indian Astronomy and Mathematics

Professor Shukla brought out landmark editions of eleven
important source-works of Indian Astronomy and Mathematics.
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The books edited by K.S. Shukla and published by Lucknow
University, Lucknow:

1.

ISA N

o

Stryasiddhanta with commentary of Parame$vara (1957).
Patiganita of Sridharacérya, ed. and tr. with Notes (1959).
Mahabhaskartya of Bhaskara I, ed. and tr. with Notes (1960).
Laghubhaskartya of Bhaskara I, ed. and tr. with Notes (1963).

Dhikotidakarana of éﬁpati, ed. and tr. with Notes, Akhila
Bharatiya Sanskrit Parishad, Lucknow (1969).

Karanaratna of Devacarya, ed. and tr. with Notes (1979).

7. Bijaganitavatarmsa of Narayana Pandita, ed., Akhila Bharatiya

Sanskrit Parishad, Lucknow (1970).

The following books are edited by K.S. Shukla and published by

10.

11.
12.

Indian National Science Academy, New Delhi:

Aryabhatiya of Aryabhata, ed. and tr. with Notes, with by
K.V. Sarma (1976).

Aryabhattya of Aryabhata with the commentary of Bhaskara
I(1976).

Vatesvarasiddhanta of VateSvara, ed. and tr. with Notes, 2
vols. (1985-86).

Laghumanasa of Mafijula, ed. and tr. with Notes (1990).

Professor Shukla also collaborated with renowned scholar
Samarendra Nath Sen (1918-92), in editing the pioneering
History of Indian Astronomy brought out by the Indian
National Science Academy in 1985 (2" edn published in
2000).

Professor Shukla also wrote over forty important articles, which
have ushered in an entirely new perspective on the historiography
of Indian Astronomy and Mathematics. In 1954, Shukla published
an article on “Acarya Jayadeva: The Mathematician” where he
brought to light the verses of Jayadeva on wvargaprakrti and the
cakravala method, as cited in a manuscript of the commentary
Sundart of Udayadivakara (c.1073) on Laghubhaskariya. This
commentary still remains unpublished.






A Comparative Study of
Pratibhagt Ganitam and Tyagarti
Manuscript Grahaganita-Padakani

K. Rupa
Padmaja Venugopal
S.K. Uma
S. Balachandra Rao

Abstract: Compilers of annual calendrical-cum-astronomical
almanacs (paficangas) depend on traditional astronomical tables
called differently as sarints, padakas, vakyas and kostakas. There
are a large number of such tables belonging to different schools
(paksas) like Saura, Arya, Brahma and Ganesa.

In the present paper we discuss some features of Pratibhagt
Ganitam (PRB) and Tyagarti manuscript Grahaganitapadakani
belonging to the saura-paksa. A comparison of parameters in
these tables among themselves as also with modern is attempted.

Keywords: Astronomical tables, paficangas, pratibhagr,
Grahaganitapadakani.

Introduction

THE Pratibhagi Ganitam' tables are very popular among the paficanga

! A copy of the Pratibhagt Ganitam (PRB) manuscript procured from the
Oriental Research Institute (ORI), Mysore.
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makers in Karnataka and Andhra regions. Most possibly the name
of the text comes from the fact that the relevant tables are computed
for each degree (pratibhaga in Kannada). Pratibhagi in contrast to
the Siddhanta and Karana texts provides tables for each degree.

The Grahaganitapadakani, this manuscript belongs to a small
place called Tyagarti (also Tagarti) of Sagar taluka in Shimoga
district of Karnataka. This manuscript is based on the Siirya-
Siddhanta.

Pratibhagi Ganitam

The Pratibhagt Ganitam tables are very popular among the paficanga
makers in Karnataka and Andhra regions. Most possibly the
name of the text comes from the fact that the relevant tables were
computed for each degree (pratibhaga).

Aryabhata I (b.476 ck) and the now popular Siirya-Siddhanta
provide R sin differences (R = 3438') to get R sin for every 3°45'".
Some Karana texts (handbooks) provide brief tables for the manda
and $ighra equations for the respective anomalies at even higher
interval (step-lengths). For example, Ganesa Daivajiia in his
Grahalaghavam (1520 cg) tabulates the manda and $ighra equations
of the planets at intervals of 15°. Another popular handbook, the
Karanakutithalam of Bhaskara II (b.1114 cE) gives the jya khandas
(blocks of R sin values) for every 10°. In such cases intermediate
values are obtained by interpolation.

Now, the Pratibhagt Ganitam in contrast to the Siddhanta and
Karana texts provides tables for each degree. In the photocopy
with us, no mention of either the author or of the period of the
composition is mentioned. The mean positions of the heavenly
bodies have to be worked out using the Kali ahargana, the elapsed
number of civil days for the given date from the beginning of the
Kali-Yuga (the mean midnight between 17 and 18 February 3102
BCE). Therefore, the Pratibhagt Ganitam text has no need to mention
or use a later epoch.

The popularity of the Pratibhagi Ganitam in parts of Karnataka
and Andhra regions is very clear from the fact that a good number
of manuscripts of the main text as also its commentaries are listed
in the Catalogue of ORI, Mysore.
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fig. 2.1: First page of the Pratibhagi Ganitam

i

The important table in Pratibhagi Ganitam are on:

1. the mean motions of the sun, the moon, apogee (mandocca)

and the ascending node (Rahu) of the moon and the five
planets;

the mandaphala (equation of centre) of the bodies;

the sighraphala (equation of conjunction) of each planet;

the sun’s declination (kranti); and

S

the moon’s latitude (viksepa, Sara).

The tables of mean motions of the bodies for each day from
1 to 9 days, every 10 days from 10 to 90 days, every 100 (niiru
in Kannada) days from 1 to 9 hundreds, every 1,000 (savira in
Kannada) from 1,000 to 9,000, from 10,000 to 9,000, 1 to 9 lakh
(hundred thousand, laksa in Sanskrit and Kannada) and finally
for 10 and 20 lakh (i.e. one and two million) days.

Mean Motion, Revolutions and Sidereal Periods
in the Pratibhagi Ganitam

From the mean motion of the sun for two million days given
in the Pratibhagi Ganitam, we have 54758 6525°18'33"02"" (the
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superscript S stands for “signs”, i.e. risis of the zodiac). This gives
us the sun’s mean daily motion, SDM = 0°.985602617263794. From
SDM, we obtain the length of the nirayana (sidereal) solar year =
365.2587703139661 days and savana-dinas (civil days) in a mahayuga
(of 432 x 10* years) as 1,577,917,888 days.

The number of civil days in a mahayuga according to the Siirya-
Siddhanta is 1,577,917,828 so that the bija (correction) for civil days
is +60.

We list the mean daily motions, revolutions (bhagnas) and the
sidereal periods of the bodies according to Pratibhagt Ganitam in
Table 2.1.

Note: In Table 2.1, (i) the mean daily motions are given correct to 15
decimal precision (on computer), (ii) the revolutions in a mahayuga
(of 432 x 10* solar years) are given to the nearest integer, and
(iii) the sidereal periods are correct to 4 or 5 decimal places.

Tyagarti Manuscript Grahaganitapadakani

We procured recently a copy of a manuscript, called
Grahaganitapadakani® from a private collection. The manuscript
belongs to a small place called Tyagarti (also Tagarti) of Sagar

Table 2.1: Daily Motion, Revolutions and Sidereal Periods
in Pratibhagi Ganitam

Body Mean Daily Motion Revolutions in Sidereal
Mahayuga Period
Moon 13°.17635250091553 57,753,339 27.32167
Moon’s mandocca 0°.1113829091191292 488,203 3232.0937
Rahu 0°.0529848113656044 232,238 6794.4
Kuja 0°.5240193605422974 2,296,832 686.9975
Budha's sighrocca 4°.092318058013916 17,937,061 87.9697
Guru 0°.08309634029865265 364,220 4332.32076
Sukra’s §ighrocca 1°.60214638710022 7,022,376 224.69857
Sani 0°.03343930840492249 146,568 10765.7729

2 The Tyagarti manuscript was procured by the present authors from
Dr Jagadish of Shimoga.
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taluka in Shimoga district of Karnataka. The latitude (aksa) of the
place is given in terms of aksabha (palabha). This value coincides
closely with the known modern value of the latitude of Tyagarti.

The Grahaganitapadakani explicitly mentions that it is based
on the Siirya-Siddhanta. Even like the Pratibhagi Ganitam, the
Grahaganitapadakani does not need and does not mention a
contemporary epoch. Both of them need the Kali ahargana for
a given date. Kali ahargana (KA) represents the number of civil
days elapsed since the beginning of the Kali-Yuga, viz. the mean
midnight between 17 and 18 February 3102 BCE.

This Kali ahargana accumulated to more than ten lakh (one million)
days around 365 BCE. For example, as on 1 August 2011, KA = 1,867,309,
more than 1.8 million days. Therefore, both the Pratibhagi Ganitam and
the Grahaganitapadakani manuscripts provide the mean motion tables
even for a lakh, ten lakh and a crore (ten million) days for the sake
of accuracy. These data help us to obtain the sidereal period and the
bhagnas (revolutions in a mahayuga) of a heavenly body.

The Grahaganitapadakani contains 32 folios of tables for
astronomical computations. One or two folios are missing in
between. For example, the folio for the mean motion of Saturn
(Sanimadhyapadakani) is missing in the bundle of folios.

Interestingly, the manuscript is in Nagari script with numerals
completely in Kannada script. Even many Kannada words, by

fig. 2.2: Folio from Tyagarti manuscript
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the way of instructions or descriptions, are in the Nagari script.
Folio 31 (back) mentions aksaliptahh 842117", i.e. the latitude in
arc minutes is 842 117. This means the local latitude ¢ = 842'17" =
14°02'17". Further, folio 32 mentions latikodayavisuvacchayangula 3.
This means that the equinoctial shadow (called aksabha or palabha)
is 3 angulas (with the gnomon of length 12 arnigulas). This gives:

latitude, ¢ = tan (34, ) = tan " (0.25) = 14°02'10".48

Folio 11 (front) mentions kalivarsa 4813. Now, Kali year 4813
corresponds to 1712 ck. In the same folio the mandoccas (apogees)
and the patas (nodes) of the planets are given.

Although for obtaining the mean positions, contemporary
epoch is not needed, the author of the Grahaganitapadakani perhaps
desired updation of the apogee and nodes of the planets. However,
the rates of motion of these special points as given in the Sirya-
Siddhanta are unrealistic from the point of view of our modern
known results.

In addition to giving the Kali year as 4813 (1712 cE),
Grahaganitapadakani mentions the nirayana mean position of the sun
as 11%*10°08'03" which gives the date as 22 March of the year 1712
cE with ayanari$a (amount of equinoctial precession) as about 18°.
From this data the Grahaganitapadakani can be dated as 22 March
1712 cE, three centuries old.

Solar Year, Civil Days, Revolutions, etc. in
Grahaganitapadakani

The Grahaganitapadakani gives the sun’s mean motion for 1 crore
(107) days as 10%06°33'20" (along with 27,377 revolutions as can be
calculated). From this we get
(i) The sun’s mean daily motion, SDM = 0°.9852676868.
Therefore, in a mahayuga of 4,320,000 solar years, the number
of civil days (savana-dinas):
4,320,000 x 360°
SDM

=1,577,917,792
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Table 2.3: Mean Daily Motions, Revolutions and Bijas in

Grahaganitapadakani
Body Mean Motion for 1 Crore Days Revolutions in Bija
Mahayuga
Revolution ~ Ra D M S TYGMS SS

Moon 366,009 9 11 27 8 57,753,332 57,753,336 —4
Moon'’s 3,093 11 19 6 20 488,202 488,203 -1
mandocca

Rahu 1,471 9 18 8 0 232,237 232,238 -1
Kuja 14,556 1 3 46 40 2,296,832 2,296,832 0

Budha'’s 113,675 6 0 26 30 17,937,059 17,937,060 -1
sighrocca

Guru 2,308 2 23 25 20 364,219 364,220 -1
Sukra’s 44504 0 23 56 0 7,022,375  7022,376 -1
§ighrocca

The corresponding value according to the Siirya-Siddhanta is
1,577,917,828. Therefore, bija (correction) of civil days is — 36

and

(ii) the length of the nirayana solar year = 360°/SDM =

365.2587563 days.

Based on the mean motions of the bodies for ten million days in
the Grahaganitapadakani, we have worked out bhagnas (revolutions)

and hence the bija as shown in Table 2.3.

In Table 2.3 we observe:

i. the mean motions are given for one crore (10 million) days
in terms of revolutions, rasis (signs), degrees (ansa), minutes
(kalas) and seconds (vikalas),

ii. revolutions in a mahayuga are to the nearest integer,

iii. the last column gives the bijas (correction) to the revolutions
given in the Siirya-Siddhanta, and

iv. details of Sani do not appear in the table since the related
folio is missing in the Grahaganitapadakani.
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Mandaphalas and Sighraphalas in Pratigami
Ganitam and Grahaganitapadakani

fig. 2.3: Folio from the Pratigami Ganitam consisting of Sukra’s
mandaphala and $ighraphala

In finding the true longitudes of the sun and the moon we need
apply only the major correction, mandaphala (equation of centre).
But, in the case of the five planets, besides the mandaphala, the
other major equation to be applied is $ighraphalas.

Mandaphala in the Saura Tables

The mandapala (equation of centre) of a heavenly body is given by
the classical expression:

sin(MP) = g sin (MK), 1)

where MP is the required mandaphala, MK is the mandakendra
(anomaly from the apogee), p is the mandaparidhi (periphery of the
related epicycle), R = 360°, the periphery of the deferant circle. The
mandakendra is defined as MK = (mandocca — mean planet) where
mandocca is the mean apogee.

Aryabhata (b.476 CE) takes the peripheries of the sun and the
moon as constants at 13.5° and 31.5° respectively and those for
the five planets are variable ones. On the other hand, the Siirya-
Siddhanta and the tables under consideration here adopt variable
peripheries for all the seven bodies. Table 2.4 lists the limits of these
paridhis (peripheries) according to the Siirya-Siddhanta.



PrATIBHAGI GANITAM AND GRAHAGANITA-PADAKANI | 25

Table 2.4: Manda Paridhis according to the Siirya-Siddhanta

Body Manda Paridhi
(MK = 0°, 180°) (MK =90°, 270°)

Sun 14° 13°40'
Moon 320 31°40'

Kuja 75° 720

Budha 30° 28°

Guru 33° 32°

Sukra 120 11°

Sani 49° 48°

The manda paridhi is maximum at the end of an even quadrant (i.e.
for MK = 0°, 180°) and minimum at the end of an odd quadrant
(i.e. for MK = 90°, 270°).

If the peripheries at the ends of even and odd quadrants are
denoted respectively by p and p_, then the variable periphery for
mandakendra is given by

p=p,—@p-p,)x IsnMK)l, )

where | sin (MK) | means the numerical or absolute value of sin (MK).

Thus, according to the Siirya-Siddhanta, the mandaphala is given

by (1) using (2). The values of mandaphala of the sun as per the

Grahaganitapadakani and the Pratigami Ganitam, for mandakendra at

intervals of 10°, are compared with the actual ones, obtained from
(1) and (2) in Table 2.5.

Table 2.5: Mandaphala of the Sun

MK Mandaphala (Equation of Centre)
TYGMS PRB Modern
Kavik Kavik Kavik
10° 23 07 23 07 23 07
20° 45 19 45 19 45 21
30° 66 03 66 03 66 03
40° 84 36 84 35 84 37
50° 100 31 100 33 100 33
60° 113 25 113 21 113 24
70° 122 47 122 47 122 50
80° 128 31 128 32 128 36

90° 130 31 130 31 130 31
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In Table 2.5, we have compared the mandaphala values for the sun
whose manda paridhi varies from 13°40' to 14°. We notice that the
values differ by a maximum of 5 arc seconds.

According to the Indian classical texts, the greatest mandaphala
among the seven heavenly bodies is for Kuja (Mars) whose manda
paridhi varies from 72° to 75°. For mandakendra = 90°, the manda
paridhi, p = p_=72°so that the corresponding mandaphala = 72°/ 27
~ 11°27'33" = 687'33". To examine how the mandaphala values for
a planet according to the saura-paksa tables under consideration
compare with one another, these are shown in Table 2.6.

We notice in Tables 2.7 and 2.8 that (i) the Grahaganitapadakani
gives the mandaphala of Kuja, Budha and Guru only in kalas, to the
nearest arc minute while the Pratigami Ganitam provides the same
both in kalds and vikalds. We notice that the values almost coincide
with a difference of few arc seconds.

Table 2.6: Mandaphala of Kuja

MK Mandaphala (Equation of Centre)

TYGMS PRB Formula

Kalas Kalas Vikalas Kalas Vikalas
10° 123 123 31 123 31
20° 242 241 31 241 48
30° 352 351 31 351 32
40° 449 449 23 449 48
50° 534 533 47 533 58
60° 602 601 57 601 49
70° 651 651 15 651 36
80° 681 681 29 681 59
90° 692 692 03 692 13

Table 2.7: Mandaphala of Budha

MK Mandaphala (Equation of Centre)

TYGMS PRB Formula

Kalas Kalas Vikalas Kalas Vikalas
10° 49 49 10 49 10
20° 96 96 41 95 45
30° 138 138 28 138 30
40° 176 176 12 176 19
50° 208 208 11 208 22
60° 234 233 53 233 57
70° 252 252 24 252 33
80° 264 263 41 263 51

90° 268 267 34 267 39




Table 2.8: Mandaphala of Guru
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MK Mandaphala (Equation of Centre)

TYGMS PRB Formula

Kalas Kalas Vikalas Kalas  Vikalas
10° 54 54 26 542 6
20° 107 106 36 106 40
30° 155 155 1 155 13
40° 199 198 33 198 43
50° 236 235 47 235 58
60° 266 266 0 266 0
70° 288 287 54 288 1
80° 301 301 19 301 27
90° 305 305 58 305 58

In fig. 2.4 the variation of the mandaphala with the mandakendra
(anomaly from the apogee) is shown graphically for the five
planets. The behaviour of the graphs is sinusoidal with MP = 0°
for MK = 0°, 180° and reaching the maximum at MK = 90°.
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fig. 2.4: Variation of MP of the planets MK

Sighraphalas in Pratigami Ganitam
and Grahaganitapadakani

As pointed out earlier in obtaining the true planets we apply two
major equations which are referred to as the manda-sariiskara and
the sighra-sanskara. While the former corresponds to the equation
of centre, the latter to the transformation from the heliocentric to
the geocentric frame of reference for the five taragrahas.
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The classical procedure for sighraphalas is based on the

expression:
P

Sin(SP) = g

[Rsin(SK)],
where SP is the required sighraphalas, p is the Sighraphalas,
the periphery of the Sighra epicycle, R = 3438' and SKR is the
§ighrakarna, the sighra hypotenuse given by

SKR? = (sphutakoti)® + (dohphala). 4
Example: Find the $ighra correction for Sani (Saturn) given the
following:

Sani’s gighrakendra = 62°.0406 and Sani’s corrected $ighra
paridhi, p = 39°.88328.

We have

i. Dohphala = %w&gxsm(&mma ~336"4284. ®)
ii. Kotiphala = %xmgst@z%ow@ =178'5765. ©)
iii Sphutakoti = 3438'+178.5765 = 3616.5765. @)
iv. Stghrakarna = \/(336.4284)" + (3616.5765) = 3632.1907. ®)

 Rsin (SP) = 3438x336.4284 oo 9
v (SP) Gy io0, = 1844166 ©)
vi. Sighraphala, SP = sin™' = {31213%66} =5°1853". (10)

The sighraphala is additive or subtractive according as the
§ighrakendra is less than or greater than 180°.

In the above example, since SK = 62°.0406 < 180°, SP > 0, i.e.
SP =+ 5°18'53".

It should be noted that in the case of the $ighra correction also,
as for the mandaphala, the $ighra paridhi (periphery) p is a variable
given by

p=p.~(p,~p,)x[sin(SK)| a

The peripheries p, for different planets, at the ends of even

and odd quadrants according to the Siirya-Siddhanta are given in
Table 2.9.
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The sighra paridhi for Kuja, Budha and Sukra is greater at the
end of the even quadrants (SK = 0°, 180°) than at the odd quadrants
(SK =90°, 270°). But it is the other way for Guru and Sani.

Among the five taragrahas, Sukra (Venus) has the maximum
§ighra paridhi and hence we choose to tabulate its value according
to the different sarin?s and padakas, at intervals of 15° for SK = (0°
to 180° in Table 2.10.

In Tables 2.10-12 the $ighrapahala of Sukra, Kuja and Budha are
compared according to the two astronomical tables, the Pratibhagt
Ganitam and the Grahaganitapadakani with the corresponding
values according to those obtained from formula based on the
Stirya-Siddhanta, as the tables are based on the Stirya-Siddhanta.

Table 2.9: Sighra Paridhi of Planets

Planet sighra Paridhi

SK =0°,180° SK=90°,270°
Kuja 235° 232°
Budha 133° 132°
Guru 70° 72°
Sukra 262° 260°

Sani 39° 40°
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Table 2.10: Sighrapahala of Sukra

SK PBR TYGMS Modern
0° 0° 0° 0°
15° 6°18'17" 6°18' 6°18'16"
30° 12°32'19" 12°33' 12°33'14"
45° 18°42'21" 18°42' 18°42'13"
60° 24°43'32" 24°44' 24°41'47"
75° 30°27'32" 30°28' 30°27'01"
90° 35°51'32" 35°52' 35°50'16"
105° 40°39'06" 40°39' 40°38'19"
120° 44°27'30" 44°28' 44°26'16"
135° 46°23'05" 46°23' 46°21'23"
150° 44°16'37" 44°17" 44°14'56"
165° 32°14'13" 32°14' 32°12'36"
180° 0° 0° 0°

Table 2.11: Sighrapahala of Kuja

SK PBR TYGMS Modern
0° 0° 0° 0°
30° 703'44" 703' 703'44"

60° 1375'59" 1376' 1374'40"
90° 1968'53" 1969’ 1967'58"

120° 2374'8" 2374' 2372"27"

150° 2191'22" 2191' 2189'57"

180° 0° 0° 0°

Table 2.12: Sighrapahala of Budha

SK PBR TYGMS Modern

0° 0° 0° 0°
30° 476'29" 477' 476'39"
60° 902'1" 902' 902'0"
90° 1209'10" 1209' 1208'10"
120° 1276'40" 1278' 1276'17"
150° 906'58" 907' 906'59"
180° 0° 0° 0°

In Table 2.10 the first column the sighrakendra, the “anomaly of
conjunction” is taken from 0° to 180° at intervals of 15°. In Tables
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fig. 2.6: Sukra’s (karkadi) s’Tghmphalal,wa folio from TYGMS

2.11 and 2.12 the first column the sighrakendra, the “anomaly of
conjunction” is taken from 0° to 180° at intervals of 30°.

The Pratibhagi Ganitam gives the Sighrapahala values in kala
and vikalas and the Grahaganitapadakani only in kalas. We notice
that the three texts of sarinis (or padakas) are loyal to the basic text
Stirya-Siddhanta on which these are based and their sighrapahala
values are much closer to the formula-based last column.

Conclusion

In this paper we have studied mean motion, revolutions, sidereal
periods, mandaphala and $ighraphala according to the Pratibhagt
Ganitam and the Grahaganitapadakani manuscripts and compared
their values with the modern formula.
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An Interesting Manuscript
Dealing with Algebra

Sita Sundar Ram

Abstract: The Bijaganita of Bhaskaracarya of the twelfth century
forms the second part of his magnum opus Siddhantasiromani.
The Siiryaprakasa of Sturyadasa and the Bijapallava of Krsna
Daivajfia are the commentaries available to us. The text
Bijaganita, from the fourth chapter to the end of the text with
the commentary Siryaprakasa have been taken for critical edition
and translation as a project under the Indian Science National
Academy. Several manuscripts have been collated to arrive at
an error-free text. Since the Bijapallava, the other commentary
is already available as an edited text; some comparison could
be done for alternate readings. In this paper, the manuscript
Stryaprakasa of Stryadasa has been analysed from different
angles to highlight the contribution of Stiryadasa.

Keywords: Siiryaprakasa, Sturyadasa, Bijaganita, commentary,
manuscript.

THE Bjacanita of Bhaskaracarya of the twelfth century forms the
second part of his magnum opus Siddhantasiromani. It is one of the
earliest texts devoted entirely to algebra. According to Dr Pingree in
his Census of the exact sciences, there are at least six commentaries
on the Bijaganita. Of these, the Siryaprakasa of Stiryadasa and the
Bijapallava of Krsna Daivajna are available to us.
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The Bijapallava has been edited and published from Varanasi,
Tanjore and Jammu. The first three chapters of the Siiryaprakasa
from the beginning to the chapter on Kuttaka were taken up for
doctoral thesis by Pushpakumari Jain. This has been published
by MS University, Baroda. The rest of the text, from the fourth
chapter to the end of the text have been taken for critical edition
and translation as a project under the Indian Science National
Academy. Several manuscripts have been collated to arrive at an
error-free text.

The manuscripts (of Stiryaprakasa of Stryadasa) compared are:
(%) India Office, London, 2824 (1891), ff.71.
(@) Prajnapathasala Mandala, Wai 9777/11-2/551.
() British Library, San 1.O. 1533a.
() British Museum, London, 447, ff.46, nineteenth century.
(¥) British Museum, London, 448, ff.40, nineteenth century.

Problems Identified

* Legibility was very poor in three manuscripts in (%), (&) and
(=)

* Two of the manuscripts had a number of mathematical
errors — for instance, the numbers were wrongly given; the
denominators were missing in the fractions () and ().

* Portions of the text were deranged in manuscript (9).

¢ The manuscripts had to be deligently studied and compared
to avoid mathematical errors.

¢ Thesiitras giving the rules and the examples were found only
in manuscripts (1) and (%) and missing in (), (&) and (¥).
Omissions

The following are instances where a manuscript omits an important
but it is found in another.

1. (F) omits FTIBRARAETY Baamigsraaarar izt
a7l (Ekavarna).
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2. (@) omits AT 3%/4& Te | 91 o ® 3 /&¥ (Ekavarna).

3. o et fongmmol A wvAEd efq wedt ol 2332/26%
TH: 2R304E00/CUER A LRE0/2ER TEIUl THYH ¢30/2E%
31 ®UO 3TN Fd S /28’11 was the version in some
manuscripts. The corrected version is given below.
(Vargaprakrti)

A S Rzl A wroAedl gfa wed Ol ¢33%/28%
T Q0IouE00/CUER T ¥2E0/2E] TETUl THYH ¢3R0/26R
T : ®Ieq H<R Fd SMd /28R 11 (Vargaprakrti)

4. Here the necessary passage is added. Before T fgstehfTesguo
(F)T (¥) and (¥) add den Feeqa wufag fge: wiTseant
g 3% whieud:| (Vargaprakrti).

5. (¥) omits HME FR: &Y F: § Tg:AU: g ad T A fg
HU 9 d 9 qo 9 A ®9aqeT qeA (Vargaprakrti)

Mathematical Errors

1. =M % ¢ 38R
F L 3 4R

(T) wrongly reads & 3. This is a very grave mathematical
error found in the particular manuscript. ( Vargaprakrti)

2. The correct reading here is oI & 2&2/4 T 43¥/4 & I (F)

reads & Qu&L S 4u3¥ T (F) and (TN) read F &L S 4%
leaving out the denominators. (Vargaprakrti)

3. T8 THigaqfidy &MUy is the correct reading which was only

in one manuscript. The said rule is not applicable when the
additive is three as is given below. (Cakravala)

(), (@), () and (%) read THEHERTY

4. T Fd AE: F ¢ ¥ 9 & ¢ is the right reading. But
manuscript (¥) reads S ¢ (Cakravala)

5. F9: & 3/’ S /R & 2l is correct. (F) and (7T) read & 4.
With additive as 5, the correct solution is not obtained.
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Emendation

1. Sherd ot F [4Tee ]I
@), (@), (M), (F) and () read ¢ ¢ 4 which is incorrect. The
corrected version has been indicated within square brackets.

2. Again (%), (@), (1), () and (¥) read F ¢/ whereas the
corrected version iSQ?@' [ 2/3] ST 2/2 & ¢1 It has been
indicated within square brackets.

3. T T T U & 29 (F), (@), (T), () and (F) wrongly add
TateEres 1% 9raHTe. There is no second root to be found

in this example.

4. =goTt SfOTST $Tee: SHHTT GeOTHIATHA Shal 37er Jqor [ e
femfgfafefafaar] | qen =qur saauEr=Te sTefgyfTaEs: | qe
=quT Fefas: g AT HE: S|
The four tradershave 5, 3, 6 and 8 horses, 2, 7,4 and 1 camel,
8,2,1and 3 mulesand 7, 1, 2 and 1 ox respectively.

All the manuscripts have left out the number of mules. It
had to be added. (Anekavarna)

5. 9 HElud =R : Taeared forieref has been amended as [+t
TE T Taeare wE: far ).
The lines as they appear in the MSS seem to be addressed
to the king, whereas it actually means “Oh (friend) please
bring for the amusement of the king, 100 pigeons and other
such birds amounting to 100 for a price of 100 drammas”
(Anekavarna).

Wrong Placement

FHE R ... 3AY: comprising of fourteen lines was wrongly
placed in () leading to a lot of confusion in reading the text.
Comparing with other manuscripts helped in putting the entire
section in its proper place.

1 All omit [3wee= fggfgfafafafa].
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Verse Not Found in Stryaprakana
The following example on interest rates is not found in the
Stryaprakasa but in the Bijapallava.

Toheh ¥ T4 ¥AN Hore o foenen afiferes)

TIhedd €4 qod: Hdl: wa o qd:|

Information in Colophon

LTS GATHEAID FEa ST GorgeerHagaEad |
T, GAYRN UgagEcataaraasa quf quf g agfgfay-
AfauhavTETssT)
Stryadasa here says that he is the son of the astrologer Jfianaraja;
he has written the commentary called Siryaprakasa for the text

Bijaganita; and this is the chapter dealing with equations with one
unknown. (Ekavarna)

This information about his father and the names of the text
and chapter are found at the beginning and end of every chapter.

Different Reading

Since the Bijapallava, the other commentary is already available
as an edited text, some comparison could be done for alternate
readings:
1. The following verse which explains the method to solve
quadratic equations is taken from the extant algebra text of
Sridharécarya and quoted by Stiryadasa. (Madhyama)

SqREdEH ®U: Yegd U
TR TEIEHl Tell qdl Ter |

The first line being the same, the second line is quite different
in the Bijapallava of Krsna Daivajiia. It is as follows:

FTAEEY: JeIgd U
JafeE®E i : FEEA fuTEnE||

Both explain Sridhara’s method but the readings are
different.
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2. In the following example, Stiryadasa has taken the reading
dasayuk meaning “along with ten”, against Krsna who uses
the reading dasabhuk meaning “after spending ten”. Both,
therefore, have different solutions.

Ryas 39T fgET faum Siv qegs = fm)
T2 TR TS e e a7 aq R gl

A trader paying Rs. 10 as tax on entering a town, doubled his
remaining capital and paid Rs. 10 as exit tax. Thus in three
towns (visited by him) his original capital tripled. Tell me
what was the original capital? (Ekavarna)

Stiryadasa’s Solution

Let the trader’s original capital be x

After giving tax in first city, the money he had = x - 10
After the wealth doubled, it is = 2x — 20
After giving away 10 more, it is = 2x — 30

After giving tax in second city, the money he had = 2x — 40
After the wealth doubled, it is = 4x — 80
After giving away 10 more, it is = 4x — 90

After giving tax in third city, the money he had = 4x — 100
After the wealth doubled, it is = 8x — 200
After giving away 10 more, it is = 8x — 210

Now his capital has tripled; therefore, 8x — 210 = 3x

Solving the equation, his original capital is x = 42.

Krsna’s Solution

Let the trader’s original capital be x

After giving tax in first city, the money he had = x - 10
After the wealth doubled, it is = 2x — 20
After spending 10 and giving away 10 more, it is = 2x — 40

After giving tax in second city, the money he had = 2x - 50
After the wealth doubled, it is = 4x — 100
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After spending 10 and giving away 10 more, it is = 4x — 120
After giving tax in third city, the money he had = 4x — 130
After the wealth doubled, it is = 8x — 260

After spending 10 and giving away 10 more, it is = 8x — 280
Now his capital has tripled; therefore, 8x — 280 = 3x

Solving the equation, his original capital is x = 56.

Mathematical Innovation
zaaeef orefy: wmford getgae=m affetursafais oy
gty fafeq: @ =em

The method to arrive at the square root on both sides without
resorting to squaring of the terms has been explained by us in
our (algebra) text. This is as follows:

sk M fgon faeeee serw Te diehed €99
FuiEdrl feore wuemitad: qq 9&H Jo

Double the coefficient of the square of the unknown. (This is
now the unknown term.) Keep the coefficient of the first degree
term as the absolute number. (This is one side.) On the other side,
add twice the product of the (new) coefficient of the unknown

and the absolute term to the square of the (new) absolute term.
Equating the two sides yields the square roots. (Madhyama)

To explain Stiryadasa’s method:
Let ax* + bx + c = 0 be the given equation.
Then ax* + bx = —c.

Then according to Stryadasa, on one side we take 2ax + b; on the
other we take — 4ac + b%. Then equate the two sides.

i(2ax+b) =+/b* —4dac

Example: Let the equation be 2x* — 9x = 18.

According to Stryadasa’s rule, the square root on the unknown
side is 4x — 9. On the other side, multiply the absolute number 18
by the coefficient of unknown 4. This is equal to 72. Twice 72 is 144;
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adding the square of the coefficient of the first degree term of the
unknown (9?). So r.h.s. is 225 and its square root is 15.

4x -9 =15.

Solving, the value of the unknown x is obtained as 6.

Interesting Information

The following is an example about rice, lentils and costs, where
Stiryadasa adds some interesting information.

EXAMPLE 1
Y AUGAHHHATHE SO AT M =
I SARHA Tar afvrer, ifenui
AR TUGATITA G rn-ad far
fargegstt oo f& aa: wedsuar arefai

If three and a half measures of rice can be had for 1 dramma and
8 measures of green gram can be had for the same amount, take
these 13 kakinis, Oh merchant! and give me quickly two parts
of rice and one part of green gram, for we must make a hasty
meal and depart, since the traveller (who accompanies me) has
already gone ahead.

ford oAt sfa farogen, o= faggs:) fag 9@ fafya= @@
SRR T Yz | | WA SJelTH&eR HiRh, AT ee e e
forgerst w1 q sfa sAmRet At aforsl aF gesfa sk

According to some, ksipra is a synonym for mixed rice. ... Some
person living in Gujarat on his way to have darsana of Lord Krsna,
became hungry and thirsty and the route being unsafe does not
want to get separated from his co-traveller. Hence he wants the
merchant to make haste. (Ekavarna)

EXAMPLE 2

I Fufa AUEHoT JHON TUTE TR THSS F O
qfa JufAaewitaeT & q80 Hed HiqY TRy T: H||

If a bamboo, measuring 32 cubits, and standing upon level
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ground, is broken at one place by the force of the wind, and the
tip of the bamboo meets the ground at 16 cubits, tell me dear
mathematician, at how many cubits from the root is it broken?

o S ToreR fgfrafor yoron Jvp: uyfe qaeeTq T g 9|y
g e UrHd S o F dfe ohiay By 79 sfd gl
o @i g Gelee wEyEeREiaey| den fadsfy el
FHd YEAENTEA! 0T TEH|

Dear mathematician, if a bamboo, measuring 32 cubits, and
standing upon level ground, is broken at one place by the force
of the wind, and the tip of the bamboo meets the ground at 16
cubits, tell me at how many cubits from the root is it broken?

This is the meaning. Here the word ariga is used to denote a lot of
affection. Then again probably ganaka refers to young students (of
mathematics). (Madhyama)

Poetic Fancy

Stryadasa goes lyrical while explaining the following example.
Bhaskara has given the following verse as an illustration for
quadratic equations. Stiryadasa adds his own information about
Arjuna.

EXAMPLE 1
ef: HUGHE AROATYT ST 0 H3Y

e e qq el e =g
vied wfesReyfy: Hiffisss = wH®
feesee foR: IR &fd 7 ASA: Hedll

The son of Prtha with great anger, took some arrows to kill
Karna in the war. With half the number, he eliminated Karna'’s
arrows. With four times the square root of the total number of
arrows, he struck the horses of the chariot and sent 6 arrows
against (the charioteer) Salya. With 3 arrows he struck Karna’s
umbrella, flagmast and bow. With one arrow, he cut off Karna’s
head. How many arrows had he in all?
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Saryadasa comments:

A eATer |l e T THATE HUUaeh < o g < IQ R o ol -
VIfHAisheTeheich] Sl Tal SAfThREpd FTIhH0T FSTATYREHT :
TR ANTed e Sed | Ul &unq eraeiiq seued:|

What it means is that Dhanafijaya or Arjuna who bowed to the
lotus feet of Mukunda belonging to the Yadava clan, ... killed
Salya who was like a thorn in the heart of his army, and Karna
in a moment.

In the following example given by Bhaskara, Stiryadasa imagines
the joy of the herd of monkeys.

EXAMPLE 2
IS A Hafidl SIevTfd SanT: |
HehRARYfaAEEs g it greer o fRam

In a deep dense forest, a number of monkeys equal to the square
of 1/8™ of their total number was chattering away merrily.
The noise and echo of their shouting were enjoyed by 12 other
monkeys on the hill. What was the total number of monkeys?

sme:  ffaqdererea=Ifadaii e a=sE -
TN : TR hiAGaihiathel T qeaarias=aan

TR T FH RPN ST @ oo H TR R T TSR IR -
ARfEAHEHMT: H9: Tdd = R I 3

Stryadasa adds that one-eighth of the herd of monkeys was
dancing ... out of love for one another, filled with joy, making a
lot of noise. This noise and echo of their shouting were enjoyed
by 12 other monkeys on the hill. (Madhyama)

Other Authors

Stiryadasa mentions several authors before his time. Some of them
are familiar to us.

In at least a couple of instances, Stiryadasa quotes the
Amarako$a of Amarasimha (sixth century ck).
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HE. HIAISY Toh: Hoh: TR GNE:|
hich: TehYAhaTeh! eI || STHUT :|

The above quotation enumerates different kinds of storks and
cranes.

Tl g AUSATHfd ST :|
Amara (kosd) says cakravala means a circle.

Stiryadasa pays homage to Brahmagupta (son of Jisnu, seventh
century cg) and Caturvedacarya (Prthtidakaswami, commentator
of the Brahmasphutasiddhanta, seventh century ce). These earlier
authors speak of a type (of equation) called madhyamaharana
(quadratic equations).

STERTUTRTAT ST STEIqagTe HEAHRvme 98 aafd geael:|

(Madhyama)

Mention of Own Work

In some places Stiryadasa mentions his own work. These are not
available now:

T FHAMMT T | SRR STEA: Mo e, Fefaafa|

How is it possible is the question. The answer has been well
explained by me in my own work Ganitarahasya.

Mention of Sulbasiitras Theorem

Il TR FIRAheEETOR SRy el 3SR e
qpeads vt gfa wfafg: |

Because in the Grahaganita, in the chapter on the Three Questions,
while dealing with the first latitudinal triangle, since the twelve
angula gnomon and the shadow are taking the place of the
altitude and the base, it is well known that the square root of
the sum of their squares is the hypotenuse.

This is the well-known result from the Sulbastitras, now famous
as the Pythagoras Theorem.
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Conclusion

Itis evident that the author Stiryadasa is not only a mathematician
but also a versatile poet. He has given some beautiful descriptions
while commenting on some examples. These portions both in verse
and prose reveal his erudition and mathematical skills.
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Edition of Manuscript
Ganitamrtalahari of Ramakrsna

V. Ramakalyani

Abstract: Editing a Sanskrit mathematics manuscript is a
challenge as it requires good vocabulary of technical words.
Critical edition takes into account all the available manuscripts
of the same text. The critical edition of the commentary on the
Lilavatt, viz. the GanitamrtalaharT of Ramakrsna, is taken up as
a project by the author. Some of the salient features noticed in
this manuscript will be discussed in this paper.

Keywords: Critical edition, manuscript, author, commentary.

Introduction

A criTicAL edition or textual criticism is that which restores an
author’s writing to its authentic form for the sake of publication.
It seeks to restore, or reconstruct, the text, as far as possible, to the
form in which it could have been originally made by the author.
It is a criticism, or discussion, about the text itself, i.e. the verbal
expression or wording of the composition.

The critical edition of the Ganitamytalahari (GL) of Ramakrsna, a
commentary on the Lilgvat7 of Bhaskara II, was undertaken in 2019
as a project for National Mission for Manuscripts, since this has
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not been edited and published.! About sixty-eight commentaries
on the Lilavat7 are listed out in catalogues. But a few of them,
viz. the Buddhivilasint of Ganesa Daivajia, the Lilavat-vivarana of
Mahidhara and the Kriyakramakar of Sankara and Narayana are
published till now. Each commentary conveys Bhaskara’s ideas in
its unique way and hence each one of them is important. When a
manuscriptis edited and published, the original text will be made
available to all and hence editing of manuscripts is the need of the
hour to bring out the hidden knowledge in the manuscripts to light.

The Material Required for Critical Edition

The material is of two types: primary and secondary. Primary
material or critical apparatus consists of all the manuscripts of
the work that are available. At first, all the available manuscripts
present in different libraries are to be collected, which is not an
easy task. At present, photocopy or digitized copy is available
which is same as the manuscript. The secondary materials are
those which are supportive of the edition. Manuscripts are of two
kinds: autograph and copies; autograph is that which is written
in the author’s own hand and copies are reproductions of the
original manuscript. It is difficult to get the autographs which were
written centuries before. The handwritten copies in the manuscript
libraries usually consist scribal errors and hence a few manuscripts
are to be compared and collated for the critical edition.

Recording the Materials

The introduction to the edition consists of a list of the entire
critical apparatus which was consulted and collated, manuscripts
accepted or rejected and the manuscripts which have been collated
only in part, together with the reasons.

The manuscripts of the Ganitamyrtalahart were collected from
India Office, London - 2804; Bhandarkar Oriental Research
Institute, Pune — BORI.281 of vis (i) Dahilaksmi XXXVIIIL.2;

! The book is published now — Ganitamytalahari of Ramakrsna Daivajfia,
ed. V. Ramakalyani, New Delhi: National Mission for Manuscripts
and D.K. Printworld, 2021.
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The Royal Asiatic Society of Mumbai — BBRAS.271; Rajasthan
Oriental Research Institute, Jodhpur — RORI.IV.2809, XVI.2897-
98, XXV.3959 and The Oriental Institute, Baroda I1.12688 (inc.).
The secondary material collected like ancient commentaries and
anthologies are also recorded.

Qualifications Necessary for the Editor

Expert knowledge of the language in which the work is composed
and the subject (Sanskrit and mathematics in this context) dealt
with by the text is necessary for the editor. Knowledge of words
employed in a secondary sense special to a particular discipline,
technical terms of the subject and comprehension of the spirit of
the author’s entire composition are important for the editor. For
example, generally mukha means “face”. In arithmetic progression
mukha means “the first term”; in geometry it is “the side of a
figure”. The synonyms of mukha such as vadana and vaktra are
also employed in the place of mukha. Moreover, the editor needs
to have the capacity to translate the text into English or the local
language and understand the real import so that it is possible to
identify the correct reading, when variant readings are seen in
different manuscripts.

Deciding the Place, Family and Date of the Author

It is necessary for the author to study the introductory pages,
colophon and the concluding part in the last page of the
manuscript. The information about the author, his place of birth
or stay, his teacher, lineage or his parents may be available in the
introductory pages along with invocation. The information about
the date of writing the work and also the details about the author’s
place and parents may be seen at the last page.

The manuscript begins as follows:
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The above page is edited and given here:

o TR 9 |

et T Fa .
TRITE YRS TSTH SRR 11211
I ag formfy STl HeyereRt
AT Sl SIeTeh UTHRT A |
wWadhH v feurfa feargsafayd
T 9% B dgIRAe FaaTay 1R
TSI TIAEHd: e gt |
AT ST eh a: SRHHITae:
Fd T fe areRted et = afgem 131
TN AR ATHI S ST geal fgen = foma-
TocareReRaTl FagTI R UTeh TR =T : IRIaR <R fgen
T SRR : FAHIRTOTAITSe  SARROTAaarel  feraaRat
AT AT R AT Ao eh e WiTed  RreAterems
SRAfashifedet ffdes fammiftd Syge sHd —
Hifd i A S fosd fafre
A FashgRdaaus Tl |
T 9 Maearae aguiiausl gohe
HfeeeRe eI efereaelenad e 11 211

2 In the edited text of Lilavat, ed. Apte 1937, it is SIf=A.
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s | Od: WEUu fqemee SRpiiae G etieer-
feerdor: Ul il sfq seieaar afen feramaenceiafa w=iem:
T JEURH Feed S e faftmfte yehe sAfagmaee:
JEITEREdeh o 3fd |

Here, after saluting Sri Ganesa, the author Ramakrsna salutes the
lotus feet of Sr1 Nrsimmha, who gives success and his guru who is the
cause of all knowledge. The author Ramakrsna introduces himself
as the one who is serving the lotus feet of his guru Sri Somanatha
and living at Jalapura near Sahyadri Ranges (Western Ghats).
He also says that the author of Siddhanta Siromani, i.e. Bhaskara
II, after Padadhikara, wishing to write mathematics as two parts,
wrote the Vyaktaganita which is basis for the Grahaganita and he
is writing the commentary for this Vyaktaganita.

The manuscript ends as follows:

WA A s <25 T TN T RIS A W | B AN TG HTAY):
qanfeTRgaam ﬂlwmmm@g@@g%w ey

oA 21 N S A A ERTERE  wwa ETRA arata
a SIS alc el PR TSRV STEREE i =il
adlangdlaranm 'm@sgm&gﬁq? '
; : _ .

The edited text is as follows:
B AR Ieead i AIeIe™: THa: |

LT GaeeHuE
RS fd AHaRiE g3 |
AT TSI ReTedae
iforeerd Teafdar faram
T TR IO g Sehile [ehH () ToTdmaerera
TRTIEIEH |
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Fuduel ¢Re0 A (TG L& o) W[ HIMARN)® v o
e e wefael garfereueR fe s 1
(T IR 1R

EREIEIE Rt KGR s o L) I R FARIECE R NG E L C R
Ao dered 9qoT | a1

Here, it is stated that Ramakrsna was the son of Laksmana. He has
received knowledge from Sri Somanatha, who is Sri Vigvasirya.
This is written in the year nandabhrartuma, i.e. nanda — 9, abhra -0,
rtu—6 and ma (moon) — 1; which gives Saka year 1609; but in three
manuscripts it is given in numeral as Saka 1260 which means 1338
ck. The date of the work is to be decided with other evidences.

The Ganitamrtalahar? does not contain the upapattis like the
Buddhivilasini (1545 cE) or the Kriyakarmakart (1534-58 cg). The
later commentaries contain elaborate explanations and proofs.
This leads one to the guess that the Ganitamrtalahari, which has
simple explanations, could be an earlier commentary. Ramakrsna
has quoted, in his Ganitamrtalahari, from the works of the
mathematicians Gangadhara (1434 ce), Gane$a Daivajiia (1545 cE),
Krsna Daivajiia (1601 ce) and Muniévara (1603 ce). From this it can
be concluded that as denoted in numerals in three manuscripts
Ramakrsna does not belong to Saka 1260 (1338 cE) and he must
be later than 1603 ce. The manuscripts from Rajasthan Oriental
Research Institute, give Ramakrsna’s date as Saka 1609 in numerals
also. So his date can be confirmed as 1687 ck.

Fixing the Definitive Reading of the Text

By collating the collected manuscripts, i.e. comparing them, it is
to be decided which among the variant readings is the possible
correct one. The principles to be followed: obvious mistakes of
the scribe can be corrected; it is possible that older copy is closer
to the original; a reading that violates the rule of grammar can be
rejected; internal evidence, i.e. the method in general by which
the author deals with his topic and the overall manner in which
he expresses himself; as this is a mathematics text, the correctness

® The words in the parentheses are variant readings.
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of calculations can be taken into account to decide the correctness
of the reading.

Let us consider an example of bhuja-koti-karna nyaya:

SEas SRR @ifn 3 a amn{ R
ﬁiﬁﬁaahiaaasqﬁ "‘ﬂ?\ QQ ¥ o

eaﬂawfa !
%ﬂ@ﬂmqaaﬁ%ﬁq&%ﬁ%ﬁﬁv@h@m@ 1

Following the bhuja-koti-karna nyaya (known as Pythagoras
Theorem now) a rule is given to find the base and hypotenuse
separately when sum of the base and hypotenuse and altitude are
known. A copy of the page from one manuscriptis given here. The
variant readings are given in the brackets in the edited text below.

The edited text is as follows:

WS Fsfafaamro ¥ : Fd Aafaaraard|
vied aedwIfid: HY: TAfaeal ST ||
srearedf: Wy v eAfefaarur gdyeHERi et
(TdgRETEIH, FUEIH)* fIaRat T 9 Tl AT aeTaie
HUYLFEHTTdR=R A &4 Y | st (stfafirer
Fd) e Fe e aREagEiR qieEET @)
3TN YA (T ) SR AfoTsh [ Saeg —
e wudel farel qguR reTEvel fom:
W gEdtegd BRI TawHTOR |
Tealsfe faerresmadiadss Temi
fard sife iR my: T (Freeh iR ) Tidfa: Il

S — Wyad ol foomfa | agm a= faaaR

* Underlined text is the preferred reading.

° Texts in the brackets are variant reading.
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FEaegd WY swieed et w: fem: | By T
(FsEt, W) Jesaaud qomne fids wuiTen 4:
AUG | T Hid T UhdAl ALl Tl WA HHAA
faretreentatid frafd: (framid, frafrd: ) eeddfasma af i
IR | SRR FAM: | 3T WH: § ST dql: ¢} SAfefaeralur
9 WF WG A 3 | IR 3 ACECTE 9 T % |
e 93 AT : HSAdeATe HeATTEnT: 8% |

In the above, FIYLMIEAM is the definite reading, as “the position
of the snake that is first seen” is most suitable and the same is

given in the next line of the text; S¥af¥T¥is the decided reading
as according to the rule, the expression finally is to be divided by
2 [see (1)] AR deR: |3 is the reading accepted in the texts
already published and also is meaningful. s/, fHAfd: are the
suitable meaningful readings.

In the edited text above, the rule and example are given for
finding the base and hypotenuse separately, when sum of base
and hypotenuse and altitude are known.

The question in Lilavat7 152:

A snake’s hole is at the foot of a pillar, nine cubits high; a peacock
is on its top. Seeing a snake at a distance of thrice the pillar
gliding towards his hole, he pounces obliquely upon him. Say

quickly at how many cubits from the snake’s hole they meet,
both proceeding an equal distance’. — Colebrooke 1993: 97

In the fig. 4.1 below, the distance of meeting point C from hole B
is b; the distance between hole and first position of snake, BD is b
+ h; height of pillar BA is a; then,

{(h b)— (h+b)} 1)

Length of the distance of the point from the foot of the pillar

[(27) G )} 12.

Fig. 4.1 is drawn according to the text:
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A

B b C h D
fig. 4.1: Peacock-snack problem
Some Special Features Noted
SIXFOLD ALGEBRA

Bhaskara poses a problem (Lildvat7 62), “Find two quantities x and
y such that x> + y>— 1 is also a square”. Then he says that those
who know the six established units in algebra, in spite of being
experts, find this difficult like the dull headed.

The page from the manuscript is given here:

Ek @ 2
u ;\;;ﬁf aa@a’iima a\;ﬂmﬁm ﬂwaaq’hﬁéﬁm é%ﬁ;ﬁ

mfsf?h AaEh) aﬂamm qg‘
E%fnar@ @K & A qg
=

| ;Ea?miﬁr %% n@qzxqaa =
Qraqa'smm gsma G |
&i?.-?@? nm§ kil Waam 3
i 'mﬁg'a.a aﬁﬁﬁﬁ@ﬂgigé%f m%@ﬁ%
! G A qﬁg Genfa@ay |

| % U e A %ﬁr?sﬁaaa;% z_szﬁxam

1

I ErCEChEE mﬂmﬁmﬁmﬁm ﬁt&q’qﬁm@i —:;ﬁ:

A;\/Y\ St

The edited text is as follows:

eI Hiafaangd /e qome o= o 99 firs 7=
forreafq s qeaisfa Het: WermatsriuG qRemEa=: 1|

sl T YAl FfdfaanTaT] araree L. e afe
qovsl wod: | § faa @ et 99 9% ggewdur weEq I
FNTATATTTAE SIS0 SSTTOTARH 0T S Tha ST T
THATAHEIAREIT  IR=THhaviers fgfas sHwaviaqea-
RIS ERE e R CIC R EE U EI S L E A EIC i C R CA ST
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o, wfasgfdy ufag sgwatyefa 9 d@iwds .. a9
El'rgf%f Eﬂﬁ'ﬁfﬁm'g SRR a’f{@ﬁ Wﬂm
TRd: FHACHE: A ST qieh T oA A wen
TEATTSI 1 a1l 9evd A Yed: LM dTcteRl TIAHG 1 q
TRt faef< soed:|
In the second line of the LilavatT given above, S@rmaisRTOTG (sixfold
algebra) is explained here, which is not seen in the other known

commentaries. Thavfarsi fgfa4 — Equations with one variable:
linear and quadratic (madhyamaharana); sFauieters fafaem —
Equations with more than one variable: linear, quadratic and

indeterminate; ﬂTﬁﬂ"{ — Equations with product of variables. Thus,
there are six important units of algebra and this is according to the

earlier acaryas as he puts it BE G kD Hﬁﬁﬁ'ﬁfz‘"’.

TABLE FOR COMBINATIONS

The LilavatT verse to find the total combinations of letters in a metre:
JER i T ¥ 9R S &l
THIRATAIS SY Thid Hg=adl JoH 1|
Friend! Tell me quickly in a Gayatri metre how many

combinations of one, two, etc. of long vowels are there in a line?
How many there will be separately.

The manuscript reads as follows:

Y i A TS T 1 P 1 i i 2 = =
= = = ?'E\%le\‘f
LLEEEE it
== — = — = = \= =
e it e & 3 = = el
5T % =3 N

] - - =

T =T =TT - ==
3 =T

The edited version of the above page is given:
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T HESTE dl TR AU U] Jfd|
TUTSHATAT SHAaH STl : TN HEIHHOT Toh: Hef e we:|
T AR AT o TR RT: QE099RLE
¥ 2§ N 24=,C,
R 9g 9 ¢ 24x23+(1x2)=276=,C,
3 (%) ¥ W 9 24x23x22+(1x2x3)=2024=,C,
% R083& 2% & 2024 x 21/4 = 10626 = ,,C,
4 ¥Wo¥ o 4 21Cs
& QAURE R ¥ 2Cs
M IGRo¥ R 3 es
¢ /¥R 3 2 24Cs
Q 300uo0¥ ¥ g 21Co
Ro 2R&LRLE R R¥ 2:Coo
23 RBRERWY R 3 Ch
R RVo¥LUE 3 R 2Co
3 RBREY¥Y ¥ R? »Chs
¥ 2R&IR4G Y Ro 2Cu
R 304 o¥ & 2R 2Cis
28 [CEIRCT 9 134 21Cls
R 3¥GR 0¥ 2 Y 1xCr
(S 2R¥4RE N & 2Cis
2R IUo¥  Ro 4 2Cro
Ro QOERE R ¥ 2Ca
2 RoR¥ 2R 23 21Co
R Reg %3 R 21Cos
R ¥ ¥ 1§ 2:Cos
R¥ R Qo C

24724

Normally, Gayatri metre has four lines of six syllables each.
Bhaskara in his Visana says “the combinations for 4 lines of 24
letters, taking the various combinations and adding them, the
total number of combinations become 16,777,216 (which is = 64%)”.
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Here Ramakrsna gives a table representing combinations
obtained when choosing 1,2, ..., 24 syllables, which are respectively
c,.,.C C

2471 2472, T 24724,
There are more special features in the Ganitamytalahar? which
can be known from the text itself.

Conclusion

Critical edition of a Sanskrit text, that too a technical text like
mathematics, is a challenging work. Procuring the manuscripts
from different libraries is another challenge. The National Mission
for Manuscripts is encouraging the scholars to edit the unpublished
manuscripts. More organizations must come forward to meet this
purpose so that the unknown treasure of our land can be made
known to the world. Apart from mathematics, there are quite a
lot of Indian astronomical manuscripts in the libraries all over
the world. The youngsters should come forward to study Indian
astronomy and mathematics to unravel the unstudied old texts.
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Abstract: In this paper we present some salient features of a
prominent handbook and tables belonging to the saura-paksa,

based on the popular Indian astronomical treatise Sirya-
Siddhanta (SS).
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The GANAKANANDA is a popular text in Andhra and Karnataka
regions. The epochal date of the text is 16 March 1447 and is based
on the Sirya-Siddhanta. The Telugu translation by Vella Lakshmi
Nrusimha Sastrigaru of Machlipatnam is taken up. It is a handbook
(karana text) comprising of textual part and astronomical tables.
The famous Andhra astronomer Stirya, son of Baladitya, composed
his famous karana-cum-tables, called the Ganakananda. His more
illustrious protégé Yalaya composed his exhaustive commentary
Kalpavallt on the well-known treatise the Sirya-Siddhanta.

Yalaya belonged to the Kasyapa gotra and his genealogy was
as follows. Kalpa Yajva (great grandfather) — Yalaya (grandfather)
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— Sridhara (father) — Yalaya. Yalaya quotes from his preceptors
three works, viz. (i) the Ganakananda composed in 1447 c, (ii) the
Daivajfiabharana, and (iii) the Daivajiiabhiisana. Yalaya’s residence
was a small town to the north of Addanki (latitude 15°49 N,
longitude 80°01 E) called Skandasomesvara in Andhra Pradesh.
This home town of Yalaya lay towards the dgneya (south-east) of
Srisaila, the famous pilgrimage centre.

Interestingly, Yalaya records some contemporary astronomical
events. A few of them are the following;:

i. Lunar eclipse on Saturday, Phalguna, piirnima, Saka 1407,

corresponding to 18 February 1486 ck.

ii. Solar eclipse on Friday, Phalguna amavasya, Saka 1389, i.e.
25 March 1468 ck.

iii. Solar eclipse on Friday, Bhadrapada amavasya, Saka 1407,
i.e. 9 September 1485 ck, visible at his native place.

iv. Jupiter — Moon conjunction on Saturday, Asadha piirnima,
Saka 1408, i.e. 17 June 1486 CE.

v. Commencement of adhika (intercalary) Savana, sukla
pratipada, Saka 1408, i.e. Sunday, 2 July 1486 cE.

I have verified the veracity of the above recordings by using
the software prepared by me based on modern computations.

Procedure to Find Dyugana for the Date 18-02-1486
according to the Ganakananda Tables

In the text Ganakananda, he considers dyugana instead of ahargana
(heap of days from a chosen fixed epoch) for any given date, which
is a very smaller unit compared to ahargana. To find dyugana for any
given Christian day first find the Kali days from the Kali beginning
and then subtract the Kali days of the epoch of Ganakananda, 16
March 1447 ce. Now,

Kali ahargana for the date 18-02-1486 = 1,675,402
Kali ahargana for the epoch 16-03-1447 = 1,661,183
Therefore, dyugana = 14,219.
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To Find the mean positions of the heavenly bodies, the Ganakananda
gives the following procedures.

Multiply dyugana (ahargana — the number of days elapsed since the
chosen fixed epoch) by 600 and divide by 16,893. The result will
be in revolutions, etc. of the moon. Since the text is based on the
Stirya-Siddhanta, the number of revolutions of moon in a mahayuga

(MY) is 57,753,336 and the civil days in MY is 1,577,917,828.

i. Mean daily motion of the moon=—1723330_ t1ance mean

. L 1577917828
position of the moon is given by

Ax600 _[ 57753336 ) - {157791%%28 X600 ] _( 600 j
16393 (1577917828 57753336 16393.00)

ii. Dyugana divided by 687 gives:4 the revolutions, etc. of Kuja

(dharanisutalh). Mean Kuja = YR

According to the Siirya-Siddhanta mean Kuja =
2296832 1

1577917828 1577917828 + 2296832 *

2296832 j
1577917828

1
_ ( 1588917828J _ ( 1 )
2296832 686.9974

Mean Kuja = 6’817 (one revolution of Kuja = 687 days).

Mean daily motion (MDM) = (

iii. Multiply dyugana by 33 and divide by 2903 to give
revolutions, etc. of the Budha sighrocca.

Budbha sighra (sighrocca) = [(ﬁ)x 33}

33
MDM of Budha = ( 17937060 j = [1577917828J = [ 33 j
1577917828 17937070 2903.00017
iv. Mean Guru: Multiply dyugana by 10 and divide by 43323 to
give revolutions of Guru.

Ax10
MeanGuru:[ - j.ForA:l,

43323

10
364220 j _ [1577917828 x1oj _ ( 10 j
1577917828 364220 43323 )

Acc.to SS= (
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. Dyuganax10 .
Mean Sukra sighrocca =  — 5,7 ) revolutions
For A =1, according to SS, MDM

10
_ 7022376  _ (1577917828x10] _ ( 10 j _ ( 10 )
1577917828 7022376 2246.98 2247 )

SO Dyugm_mj . _ [ A ) .
Mean Sani —M( 10766 revolutions = 10766 revolutions
Acc. to SS,the MDM = (Mj
1577917828

1
_ [1577917828 J _ ( 1 )
146568 10766 )
Moon’s apogee or moon’s mandocca = [M]
revolutions. 32321

Dyugana
6794

Moon’s node (Rahu) = ( j revolutions.

1. MDM of the sun = ( ﬁ;g;] revolutions = 0°59'81°.58".
2. MDM of the moon = (M) =79°34'52°84".
16393

3. The Telugu commentator Chella Lakshmi Narasimha
Sastri has given the mean positions for the sun and the moon
for his ephocal date 6 June 1856 as follows:

Mean Ravi 53°20'38" For 6 June 1856

Epochal mean Ravi ~ 346°52'03" Mean positions from 12 noon

16 March 1447 66°28'35" Motion from the epoch to the
given date

Mean moon 90°30'0" Positon for 6 June 1856

Epochal mean moon  338°46'33"

16 March 1447 111°43'27" Motion from the epoch to the
given date

I have compared the mean positions of the heavenly bodies
for the epoch of Ganakananda (16 March 1447 noon) with that
of Grahalaghavam (1520 cE), the Siirya-Siddhanta and modern
tropical values. It is interesting to note that the values
obtained according to the various texts are comparable with
the modern values (Table 5.1).
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Table 5.1: Mean Epochal Positions (16 March 1447 Noon)

Body Mean Position  Acc.to SS ~ Acc. to GL  Acc. to Modern
Acc. to GNK Tropical
for Mid-noon (12"27m)

Ravi 11R16°52'3"  11R16°52'3" 11R16°51'52" 0Rr2°51'52"

Candra 11R8°46'33" 11R8°46'33"  11R8°36'41"  11R23°51'52"

Kuja 0f12°20'46" 0%12°20'45" 0R13°1329" 0R27°27'56"

Budha 7R1°12'44"  7R1°12'43"  7R12°39'51" 7R06°51'51"

Guru 5k8°16'20"  5R8°1622'  5R6°27'36" 5 26°27'29"

Sukra 1189°9'21"  1189°9'23"  11R9°20'1"  11R20°11'52"

Sani 3R18°49'36" 3718°49'35" 3R23°34"36" 4R12°35'34"

Candrocca  2817°27'12" 2R17°23'16"  2R17°43'39" 3R1°22'20"

Rahu 0R2°30'0"  0%2°3021"  0R0°51'56" 0%16°12'58"

Note: The last column has the tropical mean longitudes tabulated.
For comparison with sidereal longitudes ayanarisa (precession of
equinox) has to be subtracted. Since the text is based on the Siirya-
Siddhanta, ayanamsa according to the Sirya-Siddhanta is used.

Acc.to SS: ((1447 —522)x ij =13°52'30"
3600

Acc. toGL: =15°25'0"

(1447-522]
Procedure to Compute True Positions of
the Sun, the Moon and the Planets

To find the mean positions of the sun, the moon and the planets,
the method explained in the Ganakananda is that the dyugana is
multiplied by gunakara sankhye (multiplier) and later divide the
resulting product by the bhagahara sarikhye (divider) continuously
by multiplying the remainder at each case by 12, later by 30 and
then by 60 and 60. Then the mean planet is the quotient obtained
in each case after it is multiplied by 12. Table 5.2 gives the list of
gunakara sankhye and bhagahara sarikhye of heavenly bodies.
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Table 5.2: Gunakara Sankhye and Bhagahara Sankhye

of Heavenly Bodies
Bodies Gunakara Sarnkhye Bhagahara Sankhye
Sun 31 11323
Moon 600 16393
Moon’s apogee (candrocca) 10 32321
Moon’s ascending node (Rahu) 1 6794
Mars 1 6794
Mercury 33 2913
Jupiter 10 43323
Venus 10 2247
Saturn 1 10766

MEAN AND TRUE LONGITUDE OF
THE SUN FOR THE DATE 18-02-1486

Dyugana for the given date 14219 is multiplied by gunakara sarnkhye
31, which gives 440789. Now dividing it by bhagahara sarikhye
11323, it gives 38 as quotient and 10515 as remainder. Multiply
the remainder 10515 by 12 and then divide it by bhagahara sarikhye,
quotientis 11 and remainder is 1627. Again multiply the remainder
1627 by 30 and divide it by bhagahara sarnikhye, quotient is 4 and
remainder is 3518. Then successively multiply the remainders by 60
and find the quotients and remainders in each case, which results
in quotient as 18 and remainder 7266 in one case and quotient as
38 and remainder 5686 in an other case. The first quotient 38 is the
difference between the given year and the year of epoch in case of
the sun is called dhruvabda, leaving this value consider the other
quotients. Now the quotients in all cases form 11°4°18'38".

Adding epochal value to this results to mean sun
=11°4°18'38" + 11°16°52'07" = 10:21°10'45".
Therefore,

mean sun = 10°21°10'45" = 321°10'45".

A new correction, called trigunabda correction, is applied to
mean body; according to this correction, the dhruvabda is multiplied
by 3 and then divided that number by trigunabda bhagahara sarikhye
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Table 5.3: Trigunabda Bhagahara Sankhye

Bodies Trigunabda
Bhagahara Sarnkhye

Sun 4399
Moon 2272
Mars 4297
Mercury 33239
Jupiter 20734
Venus 804
Saturn 11653
Moon’s apogee 33674
Moon'’s ascending node 2634

successively by multiplying the remainders by 60. The trigunabda
bhagahara sarikhye for each heavenly body is listed in Table 5.3.

According to trigunabda correction, the dhruvabda 38 multiplied
by 3 gives 114, divide this number by trigunabda bhagahara sarikhye
of the sun 4399 successively by multiplying the remainders by 60.
Which gives the quotients as 0, 1, 33 in successive cases, so 0°1'33"
is the trigunabda correction for the mean sun, which has to be

subtracted from the mean sun.

Mean sun - trigunabda phala = 321°10'45" - 0°1'33" = 321°09'12".

According to the Ganakananda tables, the mandoccas of the sun
and the five planets for the epoch are listed in Table 5.4.

Table 5.4: Mandocca’s of Heavenly Bodies

Bodies Mandoccas Mandocca Correction
Bhagahara Sankhye

Sun 2517°16'36" 518
Mars 4¢10°02'20" 980
Mercury 7510°27'33" 544
Jupiter 521°20'24" 222
Venus 2519°51'12" 374
Saturn 7526°37'32" 5128
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The mandocca correction to the given year is done to the
dhruvabda 38 by dividing it by bhagahara sankhye 518 given in the
above table for mandocca correction of the sun twice; by multiplying
the remainder by 60, it gives 0 and 4 as the quotients in two cases,
which is 0'4", by adding this to the epochal mandocca of the sun,
mandocca for the given year is obtained, i.e. mandocca of the sun
for the given year = 2°17°16'36" + 0'4" = 2517°16'40".

To find the true sun, consider manda kendra = mandocca —
trigunabda corrected mean sun

mk =77°16'40" — 321°09'12" + 360°

= 116°07'28" < 180°
Therefore,

bhuja of mk = 116°07'28" — 90° = 26°07'28".

From manda padakantara table of the sun, mandaphala for 26° =
58'0" for the difference 07'28" = difference x antara from the table

— O7|28” X 1'30” — 0'8”
Thus the mandaphala = 58'0" + 0'8" = 0°58'8"
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fig. 5.1: Ravi mandapadaka table, a folio from
Ganakananda manuscript
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Since mk < 180° true sun = trigunabda corrected mean sun +
mandaphala

=321°09'12" + 0°58'8".
True longitude of the sun = 322°8'20" for the mid-noon of
18-02-1486.

MEAN AND TRUE LONGITUDE OF THE
MOON FOR THE DATE 18-02-1486

To find the mean moon, dyugana of the given date 14129 is
multiplied by gunakara sankhye 600, which gives 8531400. Now
dividing it by bhagahara sankhye 16393, it gives 520 as quotient
and 7040 as remainder. Multiply the remainder 7040 by 12 and
then divide it by bhagahara sankhye, quotient is 5 and remainder
is 2515. Again multiply the remainder 2515 by 30 and divide it
by bhagahara sankhye, quotient is 4 and remainder is 9878. Then
successively multiply the remainders by 60 and find the quotients
and remainders in each case, which results in quotient = 36 and
remainder = 2532 in one case and quotient = 9 and remainder =
4382 in the other case. Neglecting the quotient obtained in the
first case, the remaining quotients form = 5°4°36'9". To this result
adding epochal value, mean moon can be obtained.
Mean moon = 54°36'9" + 11°08°46'33"
= 4°13°22'42".

After finding the mean moon the trigunabda correction is applied.
The dhruvabda 38 is multiplied by 3 gives 114; dividing this number
by trigunabda bhagahara sarikhye of the moon 2272, successively by
multiplying the remainders by 60. It gives the quotients as 0, 3, 24
in successive cases, so 0°3'24" is the correction for the mean moon,
which has to be subtracted from the mean moon.

trigunabda corrected mean moon = 4°13°22'42" — 0°3'24"
=4°13°19'18".
Similarly, the moon’s apogee (candrocca) is obtained for the
dyugana 206962 by using gunakara sarikhye 10 and bhagahara sarikhye
32321. It results to 0°11°59'05" adding the epoch value 2°13°27'12",

mean candrocca can be obtained as 7°7°12'14". For this trigunabda
correction is applied, which results 0°0'4".
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fig 5.2: Mandapadaka of candra, a folio from
the Ganakananda manuscript

trigunabda corrected mean candrocca = 2°25°26'17" —0°0'04"
=77°12'10"
To find the true moon, consider manda kendra = candrocca trigunabda
corrected mean moon

mk =217°12'10" - 133°19'18
=83°52'52" < 180°.
Therefore
bhuja of mk = 83°52'52".
From manda padakantara table of the moon, mandaphala for 83°
=300'32"
And for the difference 52'52"
= difference x antara from the table
=52'562" x 0'39" = 0' 35"
Thus, the mandaphala
=300'32" + 0'35"= 5°32'35".
Since mk < 180°,
True moon = trigunabda corrected mean moon + mandaphala
=133°19'18" + 5°32'35"
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Therefore,

True longitude of the moon = 138°51'53" for the midnoon of
18-02-1486.

MEAN AND TRUE LONGITUDE OF THE MARS
FOR THE DATE 18-02-1486

To find the mean Mars, dyugana of the given date 14129 is multiplied
by gunakara sarikhye 1 and dividing it by bhagahara sarikhye 687 and
successively multiplying the remainders by 12, 30, 60 and 60 as
done in case of the sun and the moon. The quotients obtained are
8, 11, 0 and 16, which form as 8°11°0'16".
Mean Mars = 251°0'16" + 12°20'46" = 263°21'02".

Sighrocca = 321°10'47"
After finding the mean Mars, the trigunabda correction is applied.
The dhruvabda 38 multiplied by 3 gives 114; dividing this number
by trigunabda bhagahara sarnikhye of the Mars 4297, successively by
multiplying the remainders by 60. It gives the quotients as 0, 0,
1 in successive cases, so 0°0'1" is the trigunabda correction for the
mean Mars, which has to be subtracted from the mean Mars. Since
this value is very small, this correction is negligible.

Trigunabda corrected mean Mars = 263°21'02".

As the author of the Ganakananda is the follower of the text
Stirya-Siddhanta (belongs to saura-paksa school), he also adopts
same procedure to compute true position of the planets. The four
corrections are applied to mean planets are same as that in the
Siirya-Siddhanta and in the following steps.

First correction (half-sighra correction):

Sighrakendra (sk,) = sighrocca — mean planet.

Note: The mean sun is considered as $ighrocca for the superior
planets, whereas, for the interior planets it is vice versa (it means
that mean sun is considered as mean planet and mean planet is
considered as $ighrocca). For Mars,

sk, =321°10'47" — 263°21'2" = 57°49"45" < 180°
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fig. 5.3: éz‘ghmpaduku of Kuja, a folio from the Ganakananda manuscript

From the above Ganakananda tables, for sk = 57°, the sighraphala
(SE,) = 1310'5" and for the remaining sk = 49'45" the difference in
the sighraphala table is considered and it is to be multiplied, i.e.

49'45" x 21'32" = 17'51".
Sighraphala (SE,) =1310'5" +17'51" = 1327'5" = 22°8'1".

Thus, first corrected Mars = mean planet + %(SEl)

=263°21'02" + %(22°8'1")
P =274°2572".
Second Correction (Half-manda Correction)
Mandocca of Mars for the given year = 4°10°02'20" - 0'3" = 4°10°02'17"
(calculated by using the Table 5.3).
Mandakendra (mk,) = mandocca — first corrected Mars (P,)
=130°02'17" — 274°25'2" = 215°37'15".

From the Ganakananda tables, for mk = 215°, the mandaphala (ME )

= 402' 13" and the remaining mk = 37'15" is multiplied by the
difference in the mandaphala table, i.e.

37'15" x 6'46" = 4'12"

Mandaphala (ME ) =-7°7'57".

Second corrected Mars = P, + lz(ME1)
P, =270°51'4".
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Third Correction (Full-manda Correction)

Mandakendra (mk,) = mandocca - second corrected Mars (P))

=130°02'17" — 270°51'4" = 219°11'13".

From the Ganakananda tables, for mk = 219°, the mandaphala (ME))
= — 7°45"24" by proceeding as above.

Thus, third corrected Mars = mean planet + ME,

P, =255°35'38".

Fourth Correction (Full-$ighra Correction)

Sighrakendra (sk,) = sighrocca — P,

= 321°10'47" — 255°35'38" = 65°35'9" < 180°.

From the Ganakananda tables, for sk = 65°, the sighraphala
(SE,) = 1480'40" and the remaining sk = 35'09" is multiplied by
the difference in the sighraphala table, i.e. 35'09" x 20'56" = 12'16".

Sighraphala (SE,) =1480'40" + 12'16" = 1492'56" = 24°52'56".
Thus, fourth corrected Mars

=P, + SE, = 255°35'38" + 24°52'56": P, = 280°28'35".
Therefore, the true longitude of Mars = 280°28'35".

Yalaya’s example of Lunar Eclipse on 18-02-1486 is compared
with modern values in the Table 5.5:

Table 5.5: Yalaya’s Example of Lunar Eclipse (18 Feb. 1486)

IST Modern
Beginning of eclipse 20h 23 20m 31™
Beginning of totality 21" 34™ 21" 42m
Middle of eclipse 220 10™ 22h 18
End of totality 22h 46™ 22 54m

End of eclipse 23057 24h5m
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Table 5.6: Sun’s Sidereal True Longitude for 3 April 2012

Text Mean Sun Equation of centre True sidereal Sun
MKS 347°19'7" 2°10'32" 349°29'39"
GNK 348°2'49" 2°10'32" 350°13'20"
Modern 347°44'30" 1°54'16" 349°38'46"

This particular date is chosen since around that date every year
the sun’s equation of centre (mandaphala) is maximum. In Table
5.6, we observe that the mean longitude and the equation of centre
are close in their values as per the Makarandasarint to the modern
ones. But the sun’s true longitude differs from the modern value
by about 9'7" and the equation of centre (mandaphala) by 16'16".
These differences are mainly because in modern computations,
gravitational periodic terms are considered. In the classical Indian
texts, even as in European tradition before Kepler, epicyclic theory
was adopted. The results obviously vary a bit compared to those
of Kepler’s heliocentric elliptical theory. The equation of centre
(mandaphala) in siddhantas is governed by the radii of the epicycles.

Sun’s Declination (Kranti)

In the computations of solar eclipses and transits we need to use
the declination (kranti) of the sun. In Table 5.7, we compare the
values of the sun's declination (8) for two days when the sun’s rays
fall directly on the Sivalingam at the famous Ganigadharesvara
Temple in Bengaluru (see Shylaja 2008). From Table 5.7, we notice
that on two days of the year 2012, viz. 14 January and 28 November,
the declination of the sun has the values 21°2'29.13" south and
21°8'51.91" south respectively according to the Makarandasarint
and the corresponding values according to the Ganakananda are
21°10'10.64" south and 21°16'36.97" south. It should be noted that
the declination is calculated according to these texts for the same

Table 5.7: Sun’s Declination (8) at 17"15™ (IST)

Text 14 January 2012 28 November 2012
MKS 21°2'29.13" S 21°8'51.91" S
GNK 21°10'10.64" S 21°16'36.97" S

Modern 21°11'S 21°17'S
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time. The difference in arcminutes for the two dates according
to a particular text indicates that the corresponding azimuths
and the altitudes of the sun slightly differ. The difference in the
values of 6 according to the two classical texts as compared to the
modern values is due to the fact that the Indian classical texts
took the obliquity of the ecliptic as 24° while the modern known
value is around 23°26'. It is significant to note that the values of
the Ganakananda are closer to the modern ones.

Transits and Occultations

The procedure for transits and occultations are similar to that of
solar eclipse. The participating bodies in the case of transits will
be the sun and the planets (Mercury or Venus) and for occultation
moon and the planet or the star will be under consideration.
The transits of Mercury and Venus occur when either of them
is in conjunction with sun as observed from earth, subject to
the prescribed limits. The transit of Venus is a less frequent
phenomenon as compared to that of Mercury. For example, after
the transit of Venus in June 2004 the next occurrence was on 6 June
2012. After that, the subsequent Venus transit will be about 105.5
years later, i.e. in December 2117.

While detailed working of planetary conjunctions is discussed
in all traditional Indian astronomical texts under the chapter
“Grahayuti”, it has to be noted that the transits of Mercury and
Venus are not explicitly mentioned. This is mainly because when
either of these inferior planets is close to sun it is said to be
“combust” (asta) and hence not visible to the naked eye. Transit (of
Mercury or Venus) is called sartkramana (of the concerned planet)
or gadhasta. In a transit of Mercury or Venus the concerned tiny
planet passes across the bright and wide disc of the sun as a small
black dot.

Conclusion

In the preceding sections we have introduced some features of the
astronomical tables belonging to the saura-paksa. Examples given
by Yalaya on the lunar and solar eclipses are listed. Computing
the mean positions of heavenly bodies using the procedures
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discussed in the Ganakananda are explained. The mean epochal
positions according to the Ganakananda are compared with the
Stirya-Siddhanta, the Grahalaghavam and tropical mean longitudes.
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Karana Kuttihala Sarini

Its Importance and Analysis
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Abstract: The tables of Karana Kutiithala Sarini are based on the
Karana Kutithala of Bhaskara II (twelfth century). These tables
are based on brahma-paksa, though the author and period of
construction of tables are not known but the manuscripts are
available in libraries of oriental research institutes.

There are at least five extant manuscripts of the tables of the
Karana Kutithala SarinT with some expository details in table
headings and marginal notes. For this paper we have used
the manuscript of the Karana Kutithala Sarini from BORI, Pune
501/1895-1902.

The importance of the Karana Kutithala SarinT tables lies in that
the compilers of annual astronomical almanacs (paficarngas) of
brahma-paksa use these tables.

In this paper, the mathematical model for the construction of
tables are obtained with rationales. An example is worked out
to compare the results with modern ephemerical values.

Keywords: Ahargana, mandakendra, mandaparidhi, mandaphala,
sighraphala.
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Introduction

The determination of mean and true positions of the sun, the moon
and the planets, computation of solar declination (kranti), lunar
latitude (sara), the three problems relating to time, direction and
place, risings and settings and conjunctions of the planets are the
important parts of classical Indian astronomical texts.

In the Karana Kutiihala of Bhaskara II, the above all topics are
dealt with handy and simplified procedures and useful values for
ksepaka, parakhya, maximum mandaphala, and maximum $ighraphala,
and the denominators to compute mandaphala are listed. The
computation of ahargana is also reduced by taking a contemporary
date as the epoch instead of considering the beginning of
mahayuga as the epochal point as in his Siddhanta-Siromani, thereby
decreasing the tedious computations into a simple way.

The tables of the Karana Kutiihala Sarini are based on the
astronomical handbook Karana Kutiihala. These tables are based
on brahma-paksa — school of astronomy adhered to by Bhaskara
IT, which follows the parameters of the Brahmasphutasiddhanta
of Brahmagupta (628 ce). The Karana Kutiihala Sarini consists of:

i. Mean motion tables of the sun, the moon, moon’s mandocca
(apogee), moon’s pata and that of five planets (Mars,
Mercury, Jupiter, Venus and Saturn) in days (D), months
(M), years (Y) and 20-year periods (20YP).

ii. Mandaphala tables or tables of the equation of the centre of
the sun and the moon for manda anomaly from 0° to 90°.

iii. Table of solar declination and of lunar latitude for the
arguments from 0° to 90°.

iv. Mandaphala tables of planets (tables of the equation of the
centre for the planets for manda anomaly from 0° to 90°).

v. Sighraphala tables of the planets (tables of the equation of the
conjunction for planets for sighra anomaly from 0° to 180°).

In this paper, mainly the analysis is focused on the differences
that have been introduced in the tables from the text and we have
analysed how these tables of the Karana Kutithala Sarint are useful
to almanac makers to compute day-to-day calculations of motions,
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positions, phenomena, etc. so that it can be compiled for the entire
year. Thus, the study reveals the relation between the text and the
astronomical tables more precisely.

The Text: Karana Kutaihala

The mean positions of the heavenly bodies are obtained by finding
the number of days elapsed (ahargana A) from the epochal date,
i.e. from the mean sunrise at Ujjain on 24 February 1183 ck till the
given date. Then by using the formulae and adding the epochal
mean positions called ksepaka to them (listed in Table 6.1), the
mean positions of the heavenly bodies for the given date can be
computed.

In chapter 2, the “Spastadhikara” of the Karana Kutithala,
Bhaskara explains the method of finding the true positions of the
sun and the moon by applying the manda sariskara and to those of
five planets (Mars, Mercury, Jupiter, Venus and Saturn) by applying

Table 6.1: Epochal Mean Positions (Ksepaka) and
Formulae to Find Mean Longitude

Heavenly Bodies Ksepaka (K) Mean Longitudes of the Body
Sun 10829°13' (A-@j +K
903
Moon 10%29°05'50 (144) ( T 5600 +K
A A K
Mandocca of moon 4r15°12'59" 9) "2012)
Moon’s pita 9’17°25'09" (éj +(ij +K
19 2700
RA1014'71"" %)o ( A )0
Mars 7%21°14'21 ( or) o) K
Mercury’s §ighrocca 2°21°14'30" (44 +(ﬁjo—(i)o +K
y 8 43 1421
~ o (8]
Jupiter 2%04°00'51 (12 17 +K
Venus's $ighrocca 8%18°05'55 (7451 o) K

wisr (8] (5]
Saturn 4R03°43'17 (30 + 367 +K
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two corrections called the manda and the sighra sariiskaras. For
this purpose, the text has provided tables of mandoccas (apogees),
parakhyas, maximum mandaphala and sighraphalas. Since the model
of epicycle is adopted for true positions of planets, the manda
peripheries used are as given in the Siddhanta-Siromani and they
are fixed. The mandocca of the sun is 78° and those of five planets
(Mars, Mercury, Jupiter, Venus and Saturn) are respectively 128°30',
225°,172°30', 81° and 261°.

The mandakendra (anomaly of equation of the centre) is the
difference between mandocca and the mean planet.

Mandakendra (mk) = Mandocca — Mean Planet.

The mandaparidhis of all heavenly bodies, maximum mandaphalas

in each case and denominators to compute mandaphala are listed
in Table 6.2.

The mandaphala of heavenly body is calculated by using

jyﬁ(bhuﬁ(mk)) x 10} B (Rsine(bhuﬁ(mk)) x 10}
D - D ’

Mandaphala(MP) = [
where D is the denominator of the respective planets and mk is
the mandakendra.

For the sun and the moon, the only correction applied is

equation of centre (mandaphala).

Table 6.2: Mandaparidhi, Maximum Mandaphalas
and Denominators

Heavenly ~ Mandaparidhis Maximum  Denominator
bodies Mandaphala

Sun 13°40' 2°10'30" 550
Moon 31°36' 5°01'45" 238
Mars 70° 11°08'27" 107
Mercury 38° 6°02'52" 198
Jupiter 33° 5°15'07" 228
Venus 11° 1°45'02" 784

Saturn 50° 7°57'27" 157
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Therefore,

True sun = Mean Sun + Mandaphala
and
True moon = Mean moon + mandaphala.

In the Karana Kutiihala, the radius R of the deferent circle is 120°
instead of the usual 360°. Corresponding to the value of radius
as 120°, the parakhya’s of each planet is given as 81°, 44°, 23°, 87°
and 13° respectively for five planets, which will be used in finding
ighraphala of the planet. If the radius R is taken as 360°, then paridhi
= 3 x parakhya. Thus, the periphery of sighra epicycle is 243°,132°,
69°, 261° and 39° respectively for five planets.

In the case of superior planets the Mars, Jupiter and Saturn,
the mean sun is considered as sighrocca, for inferior planets the
Mercury and Venus some special point is considered as their
§ighroccas and the mean sun is treated as the mean planet.

Sighrakendra = Sighrocca — Mean Planet.

In both the cases of mandakendra and sighrakendra, generally if 0° <
kendra < 180°, then the phala is positive and if 180° < kendra < 360°
the phala is negative.

i. Bhuja = kendra, if kendra < 90°.

ii. Bhuja = 180°— kendra, if 90° < kendra < 180°.
iii. Bhuja = kendra —180°, if 180° < kendra < 270°.
iv. Bhuja = 360° - kendra, if 270° < kendra < 360°.

According to the Karana Kutiihala, the sighraphala of planets is
found by using the formula
. parakhya x bhujajya
sighraphala = sin™ | ™ grfakarna |,
where, sighrakarna (SK) is given by

SK = \(parakhya)* + 2 x (parakhya) x kotija + (120)>

and

Bhujajya = R sin (bhuja), kotijya = R cos (bhuja).
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Table 6.3: Procedure to Find True Position of Planets
according to Karana Kutitihala

For All Planets (Except Mars) For Mars

P, =MP + ME, 1’1=MP+MZEl
P,=P +SE, p2:1)1+%
P,=MP + ME, P, = MP +ME,
P,=P,+SE, P, =P, +SE,

Where ME is the correction corresponding to the manda
equation and SE corresponds to the sighra equation.

To find the true positions of five planets the manda and $ighra
corrections are applied successively one after the other as listed
in Table 6.3.

The Tables: Karana Kuttihala Sarini

The Karana Kutithala SarinT tables are the derived values of
planetary mean motions with corrections for computing true
motions for a given terrestrial location based on the first two
chapters of the Karana Kutithala.

In the Karana Kutithala Sarini, the mean motion tables are given
for 1 to 30 days, then for 1 to 12 months, then for 1 to 20 years
and later the table is extended to 1 to 30 periods of 20 years each
(it means that the mean motion is provided for 600 years). This
method of giving the motion for the period of 20-year periods
is unique. The epochal values according to the Karana Kutithala
Sarint are same as that of the text Karana Kutiihala and the date is
24 February 1183 ce. The mean daily motions are given up to fourth
sub-seconds, thereby considering the fraction of motion also to
the computation of positions of heavenly bodies. The mean daily
motions are listed in Table 6.4.

Maximum equation of the centre (mandaphala) of bodies, given
in the Karana Kutiihala Sarini, is slightly different as that of the
Karana Kutithala and it attains its maximum at manda anomaly
=90° for all planets except for Mercury. For Mercury, the mandaphala
is maximum for manda anomaly = 88°, whereas in the main text it
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Table 6.4: Mean Daily Motions according to the
Karana Kutiihala Sarini

Heavenly Bodies Mean Daily Motion
Sun 0°59'8"10"'12v40"
Moon 13°10'34"52"'3150¢
Mars 0°31'26"28"09"¥50"
Mercury’s sighrocca 4°05'32"21"'01V0"
Jupiter 0°04'59"08'"541 0V
Venus's $ighrocca 1°36'7"43""49"50¢
Saturn 0°02'00" 23"'03V30"
Lunar apogee 0°06'40"53""50110"
Lunar node - 0°03'10"48""2530"

attains maximum at 90° for all planets. The maximum equation of
the centre (mandaphala) for the bodies is listed in Table 6.5.

Even maximum equation of the conjunction (sighraphala) of
planets also differs from those of the Karana Kutiihala. From the
tables of the Karana Kutiihala Sarini, the sighra anomaly at which
the sighraphala attains its maximum value can be easily noted. From
the tables of sighraphala (the equation of the conjunction) of the
five planets in the Karana Kutiihala Sarini, the values of maximum
equation of the conjunction is listed in Table 6.6.

Table 6.5: Maximum Equation of the Centre (Mandaphala)

of the Bodies
Heavenly Bodies Maximum Mandaphala - Maximum Mandaphala
according to KKS according to KK is at 90°
Sun 2°10'54"at 90° 2°10'30"
Moon 5°02'31"at 90° 5°01'45"
Mars 11°12'53"at 90° 11°08'30"
Mercury 6°25'25" at 88° 6°02'52"
Jupiter 5°15'47" at 90° 5°15'30"
Venus 1°31'50" at 90° 1°45'02"

Saturn 7°38'35" at 90° 7°57'27"
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Table 6.6: Maximum Equation of Conjunction (Sighraphala)
of the Five Planets

Planets Maximum Sighraphala  Maximum Sighraphala
according to KKS according to KK

Mars 41°18'16" at 130° 42°27'14"

Mercury 21°37'11" at 110° 21°30'36"

Jupiter 10°59'01" at 100° 11°03'00"

Venus 46°18'41" at 130° 46°28'08"

Saturn 06°10'24" at 100° 06°13'10"

Comparison of Karana Kutiihala and Karana Kutiihala Sarini

The true positions of the sun, the moon and the five planets are
computed according to both the Karana Kutithala and the Karana
Kutiihala Sarint and the values are compared with the published
ephemeris.

True positions of the Sun and the Moon according to the
Karana kuttihala

Kali ahargana for 28-11-2018 = 1869985
Kali ahargana for the epoch 24-02-1183 = 1564737

Difference in days = 305248, therefore the Karana Kutithala
ahargana = 305248. Here the Kali ahargana is computed from beginning
of Kali-Yuga (i.e. from the day between 17-18 February 3102 BCE).

Finding Mean Sun and True Sun according to Karana Kutithala

Mean Sun = (1 - EJA +K,
903

where A = Karana Kutithala ahargana, K = Ksepaka
= 10%29°13' for the sun

= [@j x 305248 + 107 29°13'
903
=222°43'38"

Mandakendra (mk) = Mandocca — Mean Sun
=78° — 222°43'38" + 360°
=215°16'22" > 180°.

.. MP is Negative
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Bhuja = Mandakendra — 180°, if 180°< m < 270°
=35°16'22"

Mandaphala (MP) = % =1°15'35"

True Sun = Mean Sun — MP
=222°43'38" — 1°15'35" = 221°28'03".

Finding Mean Moon and True Moon
according to the Karana Kutiihala

Mean moon =[14_E_LJA + K,
17 8600 '

where K = 10829°05'50"
=13.17635431 x 305248 + 10829°05'50"
=104°53'51".
1

Moon’s mandocca = (1+—jA + K where K = 4R15°12'59"
9 4012

= 0.111360363 x 305248 + 4%15°12'59"
=287°44'40".
Mandakendra (mk) = Mandocca — Mean Moon
= 287°44'40" - 104°53'51"
=182°50'49" > 180°
. MP is negative.
Bhuja = Kendra —180°, if 180° < kendra < 270°
=2°50'49".
Mandaphala (MP) = Rsin(mk)x10 _ o150
True moon = Mean Mooi3§ MP
=104°53'51" - 0°15'02" = 104°38'49".
TRUE POSITIONS OF THE SUN AND THE MOON
ACCORDING TO THE KARANA KUTUHALA SARINI

For the same date 28-11-2018, by considering the Karana Kutithala
ahargana = 305248 days and using the tables, mean and true positions
of the sun, the moon and the planets are found in the following
section.
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After finding the ahargana from the epochal date, divide it by 30.
The integer part denotes the number of months completed and the
remainder "D" in days. Then the number of months divided by 12
gives the integer number as the completed years of 360 days each
and the remainder "M" in months. The number of years divided
by 20 gives the number "YP"-20 year-periods and the remainder
"Y" in years.

Now, 305248 days is divided successively by 30, 12, 20 to get
42YP, 7Y, 10M, 28D.

Note: In the Karana Kutithala Sarini, the ksepaka (K) value is already
added to the values of periods of twenty years. So again adding K is
not necessary, directly it gives the mean position. While considering
the values of 20YP for more than 600 years, twice or more than twice
the epochal value will be considered from the table so that ksepaka
(K) must be subtracted correspondingly once or more than once.

Finding Mean and True Sun

From the tables of the Karana Kutiihala Sarini, the mean sun is
shown in fig. 6.1:

Motion for 30YP = 3R09°25'41"12"", where 18 = 30°

Motion for 12YP = 5R15°18'04"29" (in both YPs the epochal
value K is included)

Motion for 7Y = 10R23°43'08"24""

Motion for 10M = 9R25°40'51"00"

Motion for 28D =0724°38'24"15" by adding all these and subtracting
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fig. 6.1: Mean motion table of the sun, a folio from the
Karana Kutithala Sarint
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K =10%29°13' once and then by removing the cycles
of 12 rasts. We get
Mean sun = 7812°30'41"39"" = 222°30'41"39"
Mandocca of the sun = 78°
Mandakendra (mk) = Mandocca — Mean Sun
=78°—222°30'41"39"" + 360°
=215°29'19" > 180°
Bhuja = Mandakendra — 180°, if 180° < m < 270°
=35°29'19"
From Ravi manda tables (the mandaphala (MP)) is given for every
degree up to 90°) (fig. 6.2)
Mandaphala (MP) = 1°14'43" + 0°29'19" x 0°1'53" = 1°15'38".
True sun = Mean sun + MP
=222°30'41" - 1°15'38"
True sun = 221°15'03" = 7811°15'03"

Finding Mean and True Moon

Mean Moon from the tables for the date 28-11-2018 is as follows:
Motion for 30YP = 8821°30'41"22"™

Motion for 12YP = 2826°06'34"19"

Motion for 7Y = 2824°24'43"17"

Motion for 10M = 11822°54'22"39"
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fig. 6.2: Mandaphala table of the sun, a folio from the Karana Kutithala Sarint
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/ig 6.3: Daily motion table of the moon for 30 days,
a folio from the Karana Kutithala Sarint
Motion for 28D = 0%08°56'16"30" by adding all these and subtracting
K =10%29°05'50" once and then removing the cycles of 12 rasis
Mean moon = 3R14°46'48"07"" = 104°46'48"07"".

Finding Mandocca of the Moon
From the tables of candrocca:
Motion for 30YP = 2809°03'17"49™
Motion for 12YP = 1806°45'07"13"
Motion for 7Y = 9%10°37'41"12"
Motion for 10M = 1R03°24'29"11"

Motion for 28D = 0%03°07'04"04" by adding all these we get
148 02°57'39"29"" and subtracting K = 4% 15°12'59" and then by
removing the cycles of 12 rasts.

Mandocca of the moon = 287°44'40"
Mandakendra (mk) = Mandocca — Mean Moon

=177°02'08" < 180°
Bhuja = 2°57'52"
From candra manda tables,
Mandaphala (MP) = 0°10'35" + 0°57'52" x 0°68'15" = 1°16'24"
True moon = Mean Moon + MP

=104°46'48" + 1°16'24"

True moon = 106°03'12" = 3*16°03'12".
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Table 6.7: True (Nirayana) Longitudes of the Sun,
the Moon and the Planets

Heavenly Karana Kutithala Karana Kutithala Modern (acc. to

Bodies (Mean Sunrise Sarini (Mean Ephemeris)
at Ujjain) Sunrise at Ujjain)  at 5:30 a.m. IST

Sun 7811°28'03" 7811°15'03" 7811°34'10"
Moon 3R14°38'49" 3r16°03'12" 3r15°05'28"
Mars 10%10°56'14" 10%13°26' 10713°26'
Mercury 7810°52'42" 7810°42'21" 7810°06'
Jupiter 7r14°27'40" 7R14°27'22" 7810°12'

Venus 6701°17'20" 6%01°27'13" 6r03°27'
Saturn 8r10°54'06" 8r10°51'51" 8r13°23'

Similarly, we can find the true positions of the five planets by
finding their mean planet first, later first manda corrected planet
followed by first $ighra corrected planet again manda correction to
the mean planet followed by second $ighra correction that gives
the true position of the planet.

By using both the Karana Kutithala and the Karana Kutithala
Sarint the true longitudes of heavenly bodies, the sun, the moon
and that of five planets are found and the same are compared with
that of ephemerical values and it is listed in Table 6.7.

Conclusion

We have discussed the procedures of both the Karana Kutithala and
the Karana Kutithala SarinT to find the true longitudes of the sun,
the moon and the planets in the above sections. We can notice that
the values obtained from both the Karana Kutiihala and the Karana
Kuttihala SarinT are almost same but when it is compared with
ephemerical values slight variation is found hence the revision in
the parameters is required. On revision of daily motion of the sun,
the moon and the planets we can obtain the position that matches
with the ephemerical values. By using tables computation can be
made easier, especially for the traditional almanac makers for the
compilation of annual almanacs.
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Hemangada Thakkura’s Grahanamala
Eclipses from 1620 to 2708 ce

V. Vanaja
M. Shailaja
S. Balachandra Rao

Abstract: Eclipses are the natural phenomena which frequently
occur in nature. The event of an eclipse plays an important role
in the religious life of mankind and also occupies an important
place in the classical Siddantic astronomy in India. Hemangada
Thakkura (Saka 1530-90) has listed the data of circumstances of
both solar and lunar eclipses visible in India from 1620 to 2708
CE in his text Grahanamala. This text gives the circumstances
of around 1,437 eclipses for a long period of 1,089 years. The
listed data is based on the solar and lunar calendrical terms
such as saka, dyuvynda (ahargana), i.e. number of days since
the beginning of that solar year, instans of full moon and new
moon, weekday, naksatra, yoga, half-duration, beginning and
end time of the eclipse. In the present paper we have critically
studied the text Grahanamala and the given circumstances of
the eclipses are verified by using different Indian classical
Siddantic text procedures. We have also compared the results
with modern ones.
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Keywords: Lunar eclipse, solar eclipse, saka, dyuvynda (ahargana),
naksatra, yoga, instances of full moon and new moon, half-
duration, beginning (sparsa), ending (moksa).

Introduction
THE text Grahanamala was written by Mahamahopadhyaya
Hemangada Thakkura (Saka 1530-90) and it was edited by Pandit
Shri Vrajkishore Jha, a Professor of Kameshwar Singh Darbhanga
Sanskrit University, Kameshwar Nagar, Darbhanga, in the year
1983 ck. In this book he has listed 1,437 eclipses among them 399
solar eclipses and 1,038 lunar eclipses starting from Saka 1542
(1620 ck) to 2630 (2708 ck). The contents of the book is as follows
(problem identification):

1. Saka

2. Dyuvrnda (ahargana), i.e. number of days since the beginning

of that solar year.

Instant of full moon and new moon.
Naksatra from Asvini, etc. for eclipse day.

Yoga (Viskambha in Dandas, etc).

o Gk W

Weekday; number of elapsed days in the corresponding solar
month.

N

Name of the lunar month and half-duration of the eclipse.
8. Beginning of the eclipse (sparsa kala).
9. End of the eclipse (moksa kala).

10. Moon’s latitude (South or North).

To verify the given data of the eclipses we used the Indian
Siddhantic procedures. According to the data to get the eclipsed
date and its circumstances we should have the information
regarding our Indian calendrical system of both lunar as well as
solar.

Calendar Analysis

The text Grahanamala gives the data in the following format:
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Here Saka era starts from 78 ck and it is very widely used for both
solar and lunar calendars. The data of these eclipses start from Saka
1542 and end in Saka 2630 which is equivalent to the Christian
calendar year from 1620 to 2708 ck. Specified tithi name and
also its time in terms of danda (unit for time in that period, i.e. 1
civil day = 60 dandas) one for lunar eclipse, i.e. piirnima and other
one for solar eclipse, i.e. amavasya. For example, the given Saka is
1542, add 78 to this to get the Christian year, i.e 1542 + 78 = 1620 ck.

Dyuvrnda

Dyuvrnda is nothing but the number of days elapsed from a
particular year from one mesa-sankramana to another mesa-
sankramana. The sun enters into Mesa rasi is known as mesa-
sankramana in solar year. Solar year is the time taken by the sun to
go around the ecliptic once with reference to the fixed stars. The
solar year starts when the sun enters the constellation Mesa. In
the current century this is around April (14 or 15). The solar year
is divided into twelve solar months. Using Siddhantic procedure
for the above-cited data, the mesa-sarikramana of 1542 Saka falls on
7 April 1620 ck that is on Sunday (this is in sixteenth century). To get
this result, we have used the Kali epoch as the midnight between
17 or 18 February 3102 BCE (Julian) and the weekday is considered
as Friday, so assumed that to get the dyuvrnda he considered as
the epoch as mesa-sarikramana of a particular year.
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Here we added dyuvrnda to mesa-sarkramana to get the eclipsed
date, for first example, dyuvrnda is 67 it falls on 14 June 1620 ck,
Sunday but that day eclipse did not occur and actual eclipse
occurred on 15 June 1620 ce, Monday. This we verified using
modern and Siddhantic procedures and also with the NASA data.
After dyuvrnda he mentioned instant of full moon or new moon.
According to Siddhantic procedure to get instant of full moon or
new moon, we need the true positions of the sun and the moon
and their daily motions from the ista kala of that day it can be
calculated as

(True Sun + 180) —TrueMoon I
I = X 24: 7
(MDM -SDM)

where MDM = daily motion of the moon; SDM = daily motion
of the sun.

He mentions that every lunar eclipse occurs on a full moon
day (pitrnima) and solar eclipse on a new moon day (amavasya),
and the time unit as danda that is considered as 1 civil day = 60
dandas which is equivalent to 24 hours. Therefore 1 hour = 2.5
dandas. Then he has given the time of naksatra and yoga of the
eclipsed day in dandas. The “asterism”, one of the 27 divisions of
the zodiac from Asvini to Revati, occupied by the nirayana moon
is mentioned. Yogn is the sum of the nirayana longitudes of the
sun and the moon is divided into 27 equal divisions. There are
27 nirayana yogas. They are viskambha, priti, ayusman, ..., indra,
vaidhrta. He has mentioned the name of naksatra and yoga using
the lunar month (a period from one new moon to the next new
moon). The lunar calendar of our Indian system of lunar months
are Caitra, Vai$akha, ..., Phalguna. For the calculation of these
paficanga elements, refer Balachandra Rao’s book Indian Astronomy:
Concepts and Procedures (2014).

In this text we found another important data in the form of
specific number and short week day name. Here the given number
belongs to the number of days elapsed in that solar month of
the luni—solar calendar.
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Example:

M 2R3 AR 20 JOM ¥y lu3 @t ¥ie R 218 3 R0
et feorerd QR TRT weIRE TRF wWelRo YW WEANl

Saka 1823 dyuvrnda 20 pirnima 45/53 svati 44/21 §i 12/6 su
20 wvaisakhi sthityarddha 1/27 sparsa 44/26 mukti 47 /20 Sara
saumyu Il

Year = 1823 = + 78 = 1901 c, in this particular year, the date of
mesa-sankramana was fallen on 13/04/1901 to this add 20 days to
get the actual eclipse date, i.e. 3 May 1901 cE and tithi was pirnima
the running naksatra and yoga of eclipsed day were svat7 and siddhi
respectively. In this data su corresponds to weekday sukravara
(Friday), the number 20 corresponds to the elapsed days in solar
month, i.e. Mesa, and lunar month is Vaisakha.

To predict the solar and lunar months of the year, fig. 71
will be useful. It is consisted of twelve lunar and solar months, the
beginning of the lunar year is at the instant of the new moon (i.e.
final moment of amavasya of the previous lunar month) occurring
in the course of the solar Caitra (i.e. when the sun is in Mina rasi).
The second month of the lunar calendar, viz. Vai$akha, starts at
the following new moon and so on. In the chart, N, N, N,, etc.
refer to new moons.

Here we have considered the computation of lunar eclipse
date and compared that with of the Modern NASA tables and
Siddantic procedures. We have obtained an algorithm using Scilab
software to compute lunar eclipse for the dates given in the text
Grahanamala.

Comparison of lunar eclipse circumstances according to the
Grahanamala, Siddhantic text and modern techniques for the date
31 January 2018. The Grahanamala data is as follows:

MR 23R AT R9R YOI 33133 T 316 W 00137 F 28

e feorerg IRy Rt 3¢l TR 38140 IR G

Sake = 1939 dyuvynda 292 piirnima 32 /32 pusya 29/41 pri 00/39
bu 16 Maght sthityarddha 4/25 sparsa = 28/07 mukti = 36/57 sara
saumya |\
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Computation of Lunar Eclipse by
Indian Siddhantic Procedure

Using the Indian Siddhantic procedure and its terms like true
positions of the sun, the moon and daily motions we constructed
the following algorithm to compute lunar eclipse and called it as
Improved Siddhantic Procedure (ISP).
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Example: Lunar eclipse on 31 January 2018, Wednesday.
Instant of opposition is 18"58=57¢ (IST).

At the instant of opposition

True sun: 286°56'33"; True Moon: 99°06'13"; Rahu: 110°49'38".
Sun’s daily motion, SDM: 1°.014722

Moon'’s daily motion, MDM: 14°.968611

(i)

(ii)

(iii)

Moon'’s latitude (candra sara) = p = 308' X sin (M — R) =
- 0.296808 = — 17'.808384.

Moon’s angular diameter (candra bimba) = MDIA =

2[939'6+(61'1)C°SGM] in minutes of arc where GM is the moon’s

anomaly (mandakendra) measured from its perigee and it is
given by

GM = 134°.9633964 + 13°.06499295T + - - -,

where T be the number of days completed since the epoch
1 January 2000, noon (GMT), i.e. 18"58=57¢ (IST). JD for this
particular date, i.e. 31 January 2018 is 2458150.

JD for 1'28™ = (18"58™17"30™) = 1}1278:‘ =0.061111 days.

.. the days from the epoch (1 ]anzuary 2000, noon GM) is
T =D for 31 January 2018 — JD for 1 January 2000.

T = 2458150.061111 — 2451545 = 6605.0611.

Using the value of T in GM it obtains the value

GM =134°.9633964 + 13°.06499295T + ... = 30°.029387

.. MDIA = 33'.083283.

GS = The sun’s mean anomaly from its perigee

=357°.529092 + 0°.985600231 T = 27°.4795.

Diameters of the earth’s shadow (chaya bimba):
SHDIA =2 [2545.4+228.9cos GM —16.4cos GS |

60
SHDIA =90'.967493
True daily motions of the sun and the moon:
vyarkendu sphuta nadr gati, VRKSN = (MDM - SDM) per nadi

in minutes of arc
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(MDM —SDM))
60
Note: One day = 60 nadis; 1 nadi = 60 vinadrs = 24 minutes

(iv) Bimba yogardham = D = MPAZSHPID — 651 005388,

(v) Bimba viyogardham = D' = SHPIA=MDIA _ 5g: 947105,
1

(vi) Sphuta sara = B = B x (1-55% | = - 0.295360 = — 17721513,

where [ is the moon’s latitude from step (i) above.

(vii) MDOT, it = VRKSN x [1+%] = 14'.021968.

(viii) If IB'l < D', then lunar eclipse occurs. If |B'l < D', then the
eclipse is total.
In this case IB'l < D', i.e. 17'.7216 < 28'.942105. Hence, the
eclipse is total.

(ix) ViRahu Candra, VRCH = (True Moon — True Rahu)
=-30314671 = - 3°18'53".

(x) Calculate: COR = |? (;|X59 vinadrs.

i.e. VRKSN = =13'953889

Xm
(a) If VRCHisin an odd quadrant (i.e. I or III), then subtract
the above value COR from the instant of opposition to
get the instant of the middle of the eclipse.

(b) If VRCH is in an even quadrant (i.e. II or IV), then add
the above value COR to the instant of opposition to get
the instant of the middle of the eclipse.

B1x59 049711,

10 x m

Now, VRCH =357°18'53". Since VRCH > 270°,i.e. VRCH
isin IV quadrant (even), the above value is additive from
the instant of opposition.

In the current example, COR =

. Middle of the eclipse = Instant of opposition + COR
= 18"58™57¢ + (h2m59s
= 19h01™56°
(xi) Half-duration of the eclipse (Sthiti)
HDUR = ¥P'~(B)" = 423905 nadi = 4.23905 x > = 1041m44°
(xii) Half—dura‘ciorrln of totality (marda)
THDUR = OV ~(B)" = 1631875 nadi = 1631875 x = 0'39"10°

m
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Summary of the Eclipse IST
Beginning of the eclipse (sparsa) = Middle - HDUR = 19"01™56° — 1"41™44¢
=17"20m128
(1) Beginning of totality (sammilana) = Middle - THDUR = 19"01™56° — 0"39™10°
= 18"22m46°
(2) Middle (madhya) = Instant of full moon + COR = 19"01™56°
(3) End of totality (unmilana) = Middle THDUR = 19" 01™ 56° + 0"39™10°
= 19M41™06°
(4) End of the eclipse (moksa) = Middle HDUR = 19" 01™ 56° + 1"41™m44¢
= 204340

2

Pramanam (Magnitude) = D-(B) - 1.339162.
MDIA

We are comparing these results with the Grahanamala data,
modern procedure and also with NASA. We can identify the
variation of the range in IST of 2 minutes in our ISP.

Now, we consider a few data related to solar eclipses as given
in the Grahanamala.

IMh QU3 FATT ¥3 STHETE IR 14 FITeHT 221R 3o 003 Yo 2% Tt Teereasd
212 TR %I iR wivel

Sake 1543 dyuvrnda 43 amavasya 22 /57 kyttika 11/2 am 00/42 su 14
jyaistht sthityardha 1/41 sparsa 24 /19 mukti 27 /41.

Table 7.1: Lunar Eclipse Circumstances in IST with
Different Procedures

Grahanamala ISP Modern NASA
Beginning of 171448 17720™m12¢ 17720m328 17"18m27¢
the eclipse
(sparsa)
Beginning of — 18M22m46° 1823m29¢ 18"21m47¢
totality
(sammilana)
Middle 19°00™48¢ 19"0156° 19°01m09¢ 18"59m49s
(madhya)
End of totality — 19741m06° 19h38m49s 19"37m51¢
(unmilana)
End of the 2046m48° 20"43™40° 20 41m46° 20"41m11¢

eclipse (moksa)
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IMh QU FATR 0% STHEAT 313% Tl R1%¥ Ho ¥¥IR3 d¥%o I3 !
frerd 132 TR 2% A 2uI¥al

$ake 1544 dyuvrnda 209 amavasya 13 /39 svati 2 /14 sau 44/23 by 23
karttiki sthityardha 2 /11 sparsa 11 /24 mukti 15/46.

RIEIRUNAN PATE ¥y, STHERAT L2 1 ITWAR 3%149 Yo oolo] H ] <t Feeres
2182 TR Wino TfF 201231

Sake 1545 dyuvrnda 345 amavasya 11/8 uttarabhadra 34/57 su
00/09 ma 11 caitrT sthityardha 1/11 sparsa 7 /50 mukti 10/12

M 2333 YATR &Y IHETEAT 33132 YEING L3133 ¢ uIR H 2% U feoredrg
2030 Tl 3133 FRA Y133 IR el

Sake 1932 dyuvrnda 264 amavasya 23 /31 piirvasadha 53 /33 dhru 25/2
ma 19 paust sthityardha 1/30 sparsa 22 /32 mukti 25/ 32 Sara sanmya

WM 2130 FATR 3 STHERAT 00lgR AWK ¥olR¥ T 2RI § Yy HIEHT
feorrg R0k TRt worse TR 1R IR A=

Sake 1937 dyuvrnda 329 amavasya 00/ 12 piirvabhadra 40/24 sa 19/1
bu 5 phalguni sthityardha 2 /19 sparsa 57 /41 mukti 2 /19 Sara yamya

M R2¥3 TATR Y, STHETEN 214 TE I¢IR T 1Ry °Y QU feererg
RQ T ¢lvy GRE 2313 IR AT

Sake 1941 dyuvrnda 255 amavasya 11/54 miila 28/9 br 42/15 br 9
paust sthityardha 2 /29 sparsa 8/45 mukti 13 /43 Sara yamya.

Computation of Solar Eclipse by
Indian Siddhantic Procedure

Using the Improved Siddhantic procedure, we verify one of the data
given in the Grahanamala. Consider an eclipse of data given in
the year 2016 ck.

According to the above data, the eclipsed date occurred on
9 March 2016 is considered as an example.

Example: Solar eclipse for the world in general was on 9 March 2016.
(i) For the given date at 5.30 a.m. (IST) from IAE.
1. True longitude of the sun = 324°45'58"



(if)

(iif)

(iv)

v)
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2. True longitude of the moon = 323°39'38"
3. True longitude of the Rahu = 147°42'

4. Sun’s true daily motion (SDM) = 59'59"

5. Moon’s true daily motion (MDM) = 14°58'04".

Instant of conjunction:

5h 30m Difference in true longitude of the sun and the moon <04

Difference in their daily motions

= 5"30™ + (04'44.94" x 24) = 5"30™ + 1"53m58¢

= 7h23m58° a.m. (IST).
Difference in time = instant of conjunction — 5.30 a.m.
= 1h53m58:.
True longitudes at the instant of conjunction:
True longitude of the sun = 324°50'43".
True longitude of the moon = 324°50'43".
Longitude of the Rahu = 147°41'41".
Find anomalies (GM and GS) of the moon and the sun (from
perigee).
Let T be the number of Julian days completed since the epoch
1 January 2000, noon (GMT), i.e. 17°30™.

Using the ahargana tables, find the JD for 9 March 2016.
In this example
T = No. of JD for 9 March 2016 at 7"23™58* — |D at epoch
T = 2457356.57914352 — 2451545 = 5811.57914352.
GM = 134°.9633964 + 13°.06499295T + ... + = 103°.186778.
GS =357°5291092 + 0°.985600231T + ... + = 325°.422838,

where GM and GS are the moon’s and the sun’s anomaly
from its perigee respectively.

The true angular diameters of the sun and the moon are
given as SDIA and MDIA respectively.
SDIA =2 [9612+(16.1)xcos GS] in minutes of arc

60
=32'481871 = 32'28".
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(vi)

(vii)
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MDIA =2 [9396+(16.)xcos GM | in minutes of arc
60
=30'.855383 = 30'51".
Moon’s horizontal parallax is given by
PAR = [3447.9+224.4 x cos (GM) |

in minutes of arc

60
=54'157677 = 54'9".
The sum of the semi-diameters of the moon and the sun

with addition of the moon’s parallax is denoted by D.

ie. D =PAR (M2AP1) _ g5 826304 = 8549,

The difference of the semi-diameters of the moon and the

sun with addition of the moon’s parallax is denoted by D1.
MDIA+ SDIA

ie. D1 =PAR (f) = 53.344433 = 53'20".

The moon’s latitude is B = 308' sin (M — R), where M and
R denote the true longitudes of the moon and Rahu at the
instant of conjunction.

Here, § = 15339750 = 1520".

The apparent latitude of the moon is given by

Bl = p22 15 264922 = 1515"
205

In this example, IB1l <D1,i.e.15'15" <53'20". Hence eclipse

is total.

Vyarkendu nadr gati = (W) in minutes = 13'.968056

=13'58".
The apparent rate of motion of vyarkendu nadi gati, denoted
by 1. It is given by 71 = VRK x %i =14'.036192 = 142"

(viii) Let Virahucandra, VRCH = True Moon — Rahu = 177°.145238

=177°8'43".

Note: If VRCH < 0, then add 360° to get the positive value

of it.

The middle of the eclipse: instant of Conjunction Time + COR,
99x|B1

where, COR = 10007‘511}'1 = 2m35s, called “correction” in nadi,

which is added or subtracted as VRCH is in even and odd

quadrant respectively.
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Middle of the eclipse = Instant of Conjunction + COR
= 7h23m58s + (h2m35°
= 7M26™m33%.m. (IST).
(x) Half-interval of the eclipse is given by
HDUR = Y200 =3 406861 = 2"24m24-.
THDUR = YOV =60 = 1.456626 = 1"27m24s.

The beginning and the end moments of the eclipse as also of
totality are obtained as follows:

Summary of the Eclipse

Beginning of the eclipse ~ : Middle - HDUR = 5"02™09¢ (IST).
Beginning of the totality : Middle - THDUR = 5"59™09 (IST).
Middle of the eclipse : 7h26m33¢ (IST).

End of the totality : Middle + THDUR = 8" 53™57¢ (IST).
End of the eclipse : Middle + HDUR = 9"50™58 (IST).

Table 7.2 gives the circumstances of the solar eclipse occurred
on 9 March 2016 with data of the Grahanamala, ISP, Modern and
NASA in Indian Standard Time (IST).

From Table 7.2, we can observe the circumstances of the solar
eclipse of the Grahanamala and the Siirya Siddhanta data which are
Table 7.2: Solar Eclipse Circumstances in IST
with Different Procedures

Event Grahanamala Stirya ISP Modern
Siddhanta
(Bangalore)
Beginning of ~ 5"04™24¢ 5h21m128 5h02m09¢ 4h49m48¢
the eclipse
(sparsa)
Beginning of — — 5h59m09¢ 5h49m43s
totality
(sammilana)
Middle 6M04m48¢ 6"05™ 36° 7h26m33¢ 7h28m19¢
(madhya)
End of — — 8h53m47¢ 9h06™m55¢
totality
(unmilana)
End of the 6M55m36° 6M49m00¢ 9h50m58° 10h06™50°

eclipse (moksa)
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comparable and computed for a particular place. The Siirya
Siddhanta data gives a place called Bangalore. According to the
text Grahanamala, the given data corresponds to Ujjaini because
the author of this text belongs to north India. The ISP and modern
procedures give data related to the world in general. However, the
middle of the eclipse calculations is comparable to one another
with respect to their procedures.

Conclusion

We have discussed the text the Grahanamala of Hemangada Thakkura
and the data of this text are verified by the Indian Siddhantic
procedures of both the eclipses. These data have variations with a few
minutes in IST. The lunar eclipse data differ in their circumstances
with 2 minutes for the world in general. The circumstances of the solar
eclipse are different for a particular place and the world in general.
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Makarandasarini
Some Special Features

S.K. Uma
Padmaja Venugopal
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Abstract: In our Indian society, for both civil and religious
purposes, the annual astronomical almanacs called paficargas
are almost a necessity. Compilation and use of annual paficangas
are a socio-religious necessity in our Hindu society. These
annual paficangas are compiled using traditional astronomical
tables called sarinis, padakas or kosthakas. These tables, in turn,
are constructed based on classical texts like the Siiryasiddhanta,
Aryabhatiyam, Brahmasphuta-siddhanta and Grahalaghava.
These texts have given rise to different siddhanta paksas
(schools of astronomy) called (i) Saurapaksa, (ii) Aryapaksa,
(iii) Brahmapaksa, and (iv) Ganesapaksa.

These different paksas conformed to the parameters and
procedures respectively of the Siryasiddhanta and Aryabhatiyam of
Aryabhata I (476 cE), Brahmasphutasiddhanta of Brahmagupta (628
cg) and Grahalaghava of Ganesa Daivajiia (1520 cE). Since the direct
application of the major texts is cumbersome and tedious for day-
to-day positions of heavenly bodies, the paficangas are compiled
annually based on sarins (tables) of different siddhanta paksas.



102 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

Among the tables of Saurapaksa, the most popular is the
Makarandasarini. These tables with explanatory $lokas are
composed by Makaranda, son of Ananda of Kasi in Saka 1400
(1478 cE). As compared to other Indian astronomical tables the
Makarandasarint has some unique and special features:

i. Determination of ahargana in the sexagesimal system.

ii. For obtaining the true position of the faragrahas, in other
systems the manda and sighra equations are generally
applied in four stages. But this procedure is reduced
to only three significant stages, viz. (a) half $ighra, (b)
manda, and (c) full $ighra. In this case the usual half
manda and full manda corrections are combined in a
mathematically justified manner.

iii. In the computations of lunar and solar eclipses, the
angular diameters of the sun, the moon and the earth’s
shadow are obtained from the moon’s naksatramana
(duration of naksatra) and the sun’s sarikranti.

Keywords: Ahargana, Makarandasarini, Saurapaksa. Makaranda,
§ighra, manda, angular diameters, bimbas, naksatrabhoga,

Staryasiddhanta.

Ahargana

LiteraLLy the word ahargana means “heap of days”. According to
Siddhantas, it is the number of mean civil days elapsed since a
chosen epoch at midnight or mean sunrise for the Ujjain meridian.
This meridian passes through Lanka, supposedly on the equator.
The calculation of ahargana depends on the calendar system it
follows. The traditional Hindu calendar follows both luni-solar
and solar systems. The former is pegged on to the latter through
intercalary months. In the present paper, the procedures for finding
ahargana have been presented in detail with concrete examples.

THE GENERAL PROCEDURE FOR FINDING AHARGANA

The process of finding ahargana essentially consists of the following
steps:

i. Convert the solar year elapsed (since the epoch) into lunar
months.
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ii. Add the number of adhikamasas during that period to give
the actual number of lunar months that have elapsed up to
the beginning of the current lunar year.

iii. Add the number of elapsed lunar months in the given year.

iv. Convert these actually elapsed number of lunar months into
tithis (by multiplying it by 30).
v. Add elapsed number of tithis in the current lunar month.

vi. Subtract the ksaya dinas and finally convert the elapsed
number of tithis into civil days.

Note: While finding adhikamasas, if an adhikamasa is due after the
lunar month of the current year, then 1 is to be subtracted from the
calculated number of adhikamasas. This is because an adhikamasa
which is yet to come in the course of current year would have
already been added.

AUDAYIKA AND ARDHARATRIKA SYSTEMS

In Indian astronomical texts, the Kali-Yuga is said to have started
either at the mean sunrise on 18 February 3102 BCE or at the
midnight between 17 and 18 February 3102 Bce. Accordingly, the
corresponding systems are called respectively Audayika (sun rise
system) and Ardharatrika (midnight system).

Interestingly, even the important astronomical parameters
are somewhat different in the two systems. In fact, the earliest
available systematic text, the Aryabhatiyam of Aryabhata I (b.476
CE) belongs to the Audayika system. It is believed that Aryabhata
wrote another text — popularly described as the Aryabhata
Siddhanta which belongs to the Ardharatrika system. Again, the
earliest text of Ardharatrika system available and popular is the
Khandakhadyaka of Brahmagupta (b.598 cg).

TO FIND AHARGANA SINCE THE KALI EPOCH

Before evolving a working procedure for finding the Kali ahargana,
we shall list some useful data for the purpose according to the
Stiryasiddhanta. In a mahayuga of 432 x 10* years, we have

(i) Number of sidereal revolutions of the moon: 57,753,336
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(i) Number of revolutions of the sun : 4,320,000
(iii) Number of lunar months in a mahayuga of
432 x 10* years given by (i) — (ii) : 53,433,336
Number of adhikamasas in a mahayuga

= No. of lunar months — (12 x number of solar years)

= 53,433,336 — ( 12 x 4,320,000)

= 53,433,336 - 51,840,000

=1,593,336.

Suppose we wish to find ahargana for the day on which x luni-

solar years, y lunar months and z lunar tithis have elapsed. Then

the number of adhikamasas in x completed solar years is given by
1,593,336 H

4,320,000

where INT (i.e. integer value) means only the quotient of the

expression in the square brackets is considered.

x, =INT {(x)X[

Now, since in the given luni-solar year, y lunar months and z
tithis have elapsed, we have

No. of lunar months elapsed since the epoch
z
=12x+x, +y+—,
1TV

where the number of elapsed tithis z is converted into a fraction of
a lunar month. The average duration of a lunar month is 29.530589
days. Therefore, the number of civil days N* elapsed since epoch:

N'=INT [(12x XY+ %)x 29.530589} .

Here also only the integer part of the expression in the square
brackets is considered.

Since in our calculations we have considered only mean
duration of a lunar month, the result may have a maximum
error of 1 day. Therefore, to get the actual ahargana N, addition or
subtraction of 1 to or from N' may be necessary.

This is decided by the verification of the weekday. The tentative
ahargana N' is divided by 7 and the remainder is expected to give
the weekday counted from the weekday of the chosen epoch. For
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example, the epoch of Kali-Yuga is known to have been a Friday.

Therefore, when N' is divided by 7, if the remainder is 0, then
the weekday must be a Friday, if 1 then Saturday, etc. However,
if the calculated weekday is a day earlier or later than the actual
weekday, then 1 is either added to or subtracted from N' so as to
get the calculated and actual weekday the same. Accordingly, the
actual ahargana N = N'+ 1.

It is important to note that the method described above is a
simplified version of the actual procedure described variously by
the Siddhantic texts.

Note: While finding the number of adhikamasas x, in the above
method if an adhikamasa is due after the given lunar month in the
given lunar year, then subtract 1 from x, to get the correct number
of adhikamasas.

Example: Find Kali ahargana corresponding to Caitra krsna trayodast
of Saka year 1913 (elapsed), i.e. for 12 April 1991.

Number of Kali years = 3179 + 1913 = 5092, since the beginning
of the Saka era, i.e. 78 cE, corresponds to 3,179 years (elapsed) of
Kali-Yuga.

.. Adhikamasas in 5,092 years = (1,593,336 /4,320,000) x 5,092
=1,878.0710.

Taking the integral part of the above value, x, =1,878.

Now, an adhikamasa is due just after the Caitra masa under
consideration. Although the adhikamasa is yet to occur, it has been
included already in the above value of x,. Therefore, the corrected
value of x, is 1,878 - 1 =1,877.

Since the month under consideration is Caitra, the number of
lunar months elapsed in the lunar year, y = 0. The current tithi is
trayodast of krsna paksa so that the elapsed number of tithis is 15 +
12=271ie.2z=27

.. Number of lunar months completed = (5,902 x 12) + 1,877 + 0
+27/30 = 62,981.9

The number of civil days N' = INT [62,981.9 x 29.530589].
=1INT [1,859,892.603] = 1,859,892.



106 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

Now, dividing N' by 7, the remainder is 6; counting 0 as Friday,
1 as Saturday, etc. the remainder 6 corresponds to Thursday. But,
from the calendar, 12 April 1991 was a Friday. Therefore, we have
the actual ahargana N = N' + 1 = 1,859,893 since the Kali epoch.

AHARGANA ACCORDING TO MAKARANDASARINI

The author of the Makarandasarini has incorporated many changes
to yield better results during his time. He has given aharganavallt
table for computing ahargana for the given day in sexagesimal
system by expressing it in units called ras7, amisa, kala and vikalas.
The adhikamasa concept of a lunar calendar is incorporated in the
tables of aharganavallt in such a way that finding aharganavallt
from the Makarandasarint tables is easier when compared to the
procedure for obtaining ahargana from other related astronomical
texts belonging to Saurapaksa.

The Aharganavalli expressed in rasi, arisa, kala and vikalds is
equivalent to ahargana days expressed as a sum of power of 60.
The Makarandasarint ahargana is counted from the beginning of
Kali-Yuga, Vaisakha Suddha pratipath Friday and is correct to the
midnight of the central meridian.

Remark: At the beginning of Kali-Yuga, i.e. at the midnight between
17 and 18 February 3102 Bck, all the mean heavenly bodies were
at 0° (Mesa). This means that was the instant of the mean Mesa
Sankranti and also the mean beginning of the lunar month.

Now, at that moment, mandakendra of the sun, MK = 78° — 0° = 78°.

.. Mandaphala, Equation of the centre = (14°/2) 7 sin 78°
= 2017947836

by taking the manda periphery = 14°
converting into days = 2°.17947836/59'8" = 2.21142111 days.

Since the equation of the centre is positive, true Mesa Sankranti
occurs 2 days earlier. That is the beginning of Kali-Yuga, being the
end of amavasya occurs 2 days after the true Mesa Sankranti. This
means it is the beginning of Vais$akha month. In other words, the
beginning of Caitra will have occurred around 19 January 3102
BCE (30 days before).
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Tables 8.1, 8.2 and 8.3 (below) give aharganavallT for a given date

IMAGE OF AHARGANAVALLI TABLE

In Table 8.1 aharganavalliis given for the tabulated Saka years with
an interval of 57 years, starting from Saka 1628 up to 2654 [i.e. 1706
CE to 2732 cg]. In the beginning, the first column gives vall7 for 57
years (called sesarnka ksepaka) in rasi, arisa, kala and vikalas. Also the
last row gives vara (weekday). The table can be generated by adding
vallt of ksepaka year 57, i.e. 015146159 and vira 1 to the previous
entries correspondingly. This is shown in Example 8.1 below.
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Table 8.1 Aharganavalli during Saka 1628-2654

Sesartka Rasi Armsa Kala Vikala Vara
Ksepaka 57

1628 0 46 59 1
1685 8 7 42 50 0
1742 8 13 29 49 1
1799 8 25 3 47 3
1856 8 30 50 46 4
1913 8 36 37 45 5
1970 8 42 24 44 6
2027 8 48 11 43 0
2084 8 53 58 42 1
2141 8 59 45 41 2
2198 9 5 31 40 3
2255 9 11 17 39 4
2312 9 17 4 38 5
2369 9 22 51 37 6
2426 9 28 38 36 0
2483 9 34 25 35 1
2540 9 — — — 2
2597 9 — — — 3
2654 9 — — — 4

Now, 57 solar years = 365.25 x 57 = 20,819 days and 20,819 when
multiples of 7 are removed gives sesa vara 1 (remaining vara after
dividing 20,819 by 7) including leap years.

Dividing 20,819 by 60 we obtain Q, = 346 and R = 59

Now, dividing Q, by 60 we get Q, =5and R, =46

Dividing Q, by 60 we get Q,=0and R,=5

Dividing Q, by 60 we get Q,=0and R,=0.

Thus, vallt corresponding to 57 years (ksepaka) = R, I R,IR,IR, =
015146159 and vara = 1.

Table 8.2 gives aharganavalli for the balance years for 1 to 57 in
rasi, amsa, kald and vikalas and also vara.



MAKARANDASARINI [ 109

Example 1:
Saka Year ~ Rasi  Amsa Kala  Vikala — Vara
1628 8 7 42 50 0
adding 0 5 46 59 1
1685 8 13 29 49 1
adding 0 5 46 59 1
1742 8 19 16 48 2

Now, the number of days in a mean lunar month = 29.53058795,
the number of days in a mean lunar year = 354.3670554 and the
number of days in year having an adhikamasa = 383.8976434 = 384
(approx.) since a lunar year having an adhikamasa (intercalary
month) will have 13 lunar months. Now, converting these days of
anormal lunar year of 354 days and the lunar year with adhikamasa
of 384 days into vallf and vara we obtain valli = 01015154 vara = 4
and vallf = 01016124 vara = 6 respectively. We observe that these
have been included in aharganavalli. Table 8.2 for the year 1, the
number of days is taken as 384, since it had an adhikamasa and
the corresponding wvallf components are given as 01016124 and
vara = 6. For the next year, the number of accumulated days will
be 384 + 354 = 738 and the vallf components corresponding to 738
days is 010112118 and vara = 4. Similarly, for year 3 the number
days is taken as 384 + 354 + 354 = 1,092. The vallf components are
010118112 and vara = 0 and so on as shown in the Example 2 below.

Example 2:
Year Rasi Amsa Kala Vikala Vira
1 0 0 6 24 6
adding 0 0 5 54 4
2 0 0 12 18 3
adding 0 0 5 54 4
3 0 0 18 12 0
adding 0 0 6 24 6
4 0 0 24 36 6
adding 0 0 5 54 4
5 0 0 30 30 3
adding 0 0 5 54 4
6 0 0 36 24 0
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Table 8.2: Aharganavalli for Years 1-57

Kostaka Aharganavallt

(Years) Rasi  Amida Kala  Vikalas Vara
1 0 0 6 24 6
2 0 0 12 18 3
3 0 0 18 13 1
4 0 0 24 37 0
5 0 0 30 31 4
6 0 0 36 55 4
7 0 0 42 49 0
8 0 0 48 44 5
9 0 0 55 8 4
10 0 1 1 2 1
11 0 1 6 56 5
12 0 1 13 20 4
13 0 1 19 15 2
14 0 1 25 9 6
15 0 1 31 33 5
16 0 1 37 27 2
17 0 1 43 51 1
18 0 1 49 45 5
19 0 1 55 40 3
20 0 2 2 54 2
21 0 2 7 58 6
22 0 2 13 52 3
23 0 2 20 16 2
24 0 2 26 11 0
25 0 2 32 5 4
26 0 2 38 29 3
27 0 2 44 23 0
28 0 2 50 47 6
29 0 2 56 42 4
30 0 3 2 36 1
31 0 3 9 0 0
32 0 3 14 54 4
33 0 3 20 49 2

Cont.
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Kostaka Aharganavallt

(Years) Rasi  Amisa Kala  Vikalas Vara
34 0 3 27 13 1
35 0 3 33 7 5
36 0 3 39 31 4
37 0 3 45 25 1
38 0 3 51 19 5
39 0 3 57 43 4
40 0 4 3 38 2
41 0 4 9 32 6
42 0 4 15 56 5
43 0 4 21 50 2
44 0 4 27 45 0
45 0 4 34 6
46 0 4 40 3 3
47 0 4 46 27 2
48 0 4 52 22 0
49 0 4 58 16 4
50 0 5 4 40 3
51 0 5 10 34 0
52 0 5 16 28 4
53 0 5 22 52 3
54 0 5 28 46 0
55 0 5 35 10 6
56 0 5 41 5 4
57 0 5 46 59 1

Table 8.3 gives paksikacalanam (fortnightly values) of aharganavallt
which is always additive.

In paksikacalanam of aharganavall given in Table 8.3, the last
but one entry, i.e. the fourth component of paksa valli gives the
number of civil days at the end of the paksa after removing the
multiples of 60.
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Table 8.3: Fortnightly Values of Aharganavalli
Lunar Months  Paksas Aharganavallt

Rasi  Amsa Kala Vikalas Vara

Caitra Sukla 0 0 0 15 1
Krsna 0 0 0 30 2
Vaisakha Sukla 0 0 0 44 2
Krsna 0 0 0 59 3
Jyestha Sukla 0 0 1 14 4
Krsna 0 0 1 29 5
Asadha Sukla 0 0 1 43 5
Krsna 0 0 2 58 6
Sravana Sukla 0 0 2 13 0
Krsna 0 0 2 28 1
Bhadrapada  Sukla 0 0 2 42 1
Krsna 0 0 2 57 2
Asvayuja Sukla 0 0 3 12 3
Krsna 0 0 3 27 4
Karttika Sukla 0 0 3 41 4
Krsna 0 0 3 56 5
Margasirsa Sukla 0 0 4 11 6
Krsna 0 0 4 26 0
Pusya Sukla 0 0 4 40 0
Krsna 0 0 4 55 1
Magha Sukla 0 0 5 10 2
Krsna 0 0 5 25 3
Phalguna Sukla 0 0 5 40 4
Krsna 0 0 5 54 4

Example: At the end of 7 paksas, the number of civil days
_ Duration of a lunar month <7 29.53058795 5
2 2
=103.3570578 = 43.357057 = 43

by removing multiples of 60 and taking the integer value.

7

PROCEDURE FOR FINDING AHARGANAVALLI
FROM THE MAKARANDASARINI TABLES

The working procedure for finding aharganavallt using the
MakarandasarinT tables is as given below:



ii.

iii.

iv.

Vi.

Vii.
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Subtract the nearest Saka year given in Table 8.1 from ista
Saka (given Saka year, for which aharganavallfis to be found)
and obtain the difference called Sesa (remainder).

Find the vall7 values corresponding to the nearest Saka year
given in the table and also for the sesa varsa (remainder)
using Tables 8.1 and 8.2 respectively. Also find the vara
corresponding to these given in the last columns of Tables
8.1 and 8.2.

Add the vallf and vara for the Saka year and the remainder
correspondingly. Remove the multiples of 7 from vara (when
it exceeds 7).

The above sum gives grahadinavallt or aharganavallf for the
ista Saka year (given Saka year).

Now, using Table 8.3, obtain the paksavalli and vara for the
given paksa of the running lunar month of the given Saka
year.

Add the paksavallt and vara obtained in the above step (v) to
the grahadinavalli or aharganavalli of ista Saka year obtained
in step (iv).

Add the elapsed number of tithis of the running paksa of the
lunar month to the sum obtained above in step (vi) in the
fourth component of the valli. This gives the aharganavallt
or aharganadinavallf for the given day of the Saka year.

Example: Given date: Saka 1534 Vaigakha sukla 15 corresponding
to 15 May 1612.

The nearest Saka year from Table 8.1 is 1514.
Given Saka year — Nearest Saka year from Table 8.1 = 1,534 — 1,514

=20 (Sesa)

Now, vallf corresponding to 1514 is — 7 156 | 08 | 52 and vara 5

Valli corresponding to Sesa varsa, 20 is — 0102102 104 and vara 2
Paksavallt for Vaisakha sukla 15 is — 0100100 | 44 and vara 2
Adding — 7158111140 and vara 2.

Thus, aharganavalli for the given day is 7158 | 11 140 and vara 2



114 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

(removing multiples of 7).
Note: (i) vara is counted from Sunday as 0.

(ii) While adding the vall components, multiples of 60 are
removed.

Example: The given date: Saka 1891 Sravana krsna pratipata
corresponding to 31 July 1969.

The nearest Saka year from Table 8.1 is 1856.

Given Saka year — Nearest Saka year from Table 8.1:
1891 - 1856 = 35 (sesa)

Now, valli corresponding to 1856 is — 8130150146 and vara 4
Vallt corresponding to Sesa varsa, 35 is — 0103133 107 and vara 1
Paksavallt for Sravana Krsna pratipata is — 0100102115 and vara 1
Adding — 8134126108 and vara 6

Thus, aharganavallt for the given day is 8134126108 and vira 6
(removing multiples of 7).

Example: Given date: Saka 1939 Vaisakha sukla 15 corresponding
to 10 May 2017, Wednesday

The nearest Saka year from Table 8.1 is 1913.

Given Saka year — Nearest Saka year from Table 8.1:
1939 — 1913 = 26 (Sesa)

Now, vallt corresponding to 1913 is — 8136 |37 145 and vara 5
Valli corresponding to Sesa varsa, 26 is — 0102138129 and vara 3
Paksavallt for Vaisakha sukla 15 is — 0100100144 and vara 2
Adding — 8139116158 and vira 3

Thus, aharganavalli for the given day is 8 139116 1 58 and vara 3
(removing multiples of 7).
Example: Given date: Saka 1939 Sravana krsna saptami (7)
corresponding to 14 August 2017, Monday:.

Nearest Saka year from Table 8.1 is 1913.

Given Saka year — Nearest Saka year from Table 8.1 = 1939 — 1913
=26 (Sesa)
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Now, vallf corresponding to 1913 is — 8136 137 145 and vara 5
Valli corresponding to Sesa varsa, 26 is — 0102138129 and vara 3
Paksavalli for Sravana $ukla is — 0100102113 and vara 0
number of tithis in the given paksa is — 0100100 |07 and vara 0
Adding — 8139118134 and vara 1

Thus, aharganavalli for the given day is 8 139118 1 34 and vara 1
(removing multiples of 7).
OBTAINING AHARGANAVALLI FROM KALI AHARGANA DAYS
Let A be the Kali ahargana for a given date.

1. Divide A by 60, consider the integer part of the quotient Q,
and remainder R,.

2. Divide Q, by 60, consider the quotient Q, and the remainder
R,.

3. Divide Q, by 60 and consider the quotient Q,and remainder
R

4. Divide Q, by 60 to get quotient Q, and remainder R,.

3

Now aharganavallt for the given date is givenby R, IR, IR, IR..

Example: Saka 1849, Margasira sukla 15 Thursday corresponding
to 8 December 1927.

The Kali ahargana for the given date, A = 1,836,758.
Now, dividing A by 60, integer part of the quotient Q, = 30,612 and
remainder R, =38
dividing Q, by 60, integer part of the quotient Q, = 510 and
remainder R,=12
dividing Q, by 60, integer part of the quotient Q, = 8 and
remainder R,=30
dividing Q, by 60, integer part of the quotient Q, = 0 and
remainder R,=8

Aharganavalli for the given dateis R, IR, IR, IR =8130112138.
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OBTAINING KALI AHARGANA DAYS FROM AHARGANAVALLI
Aharganavalli for the given date is of the form V_ | V, | V_ |V, which
is equal to the remainders R, IR, IR,IR,i.e. V=R, V,=R, V.=
R,V,=R,
Above steps 1, 2, 3 and 4 give the equations.
A=Q,x60+R,Q =Q,x60+R,Q,=Q,x60+R,,and Q,
=Q,x60+R,.
From the above equations we obtain
A=(Q, x 60) +R,
= ((Q,x 60) + R,) x 60 + R,
= (Q*x 60%) + (R, x 60) + R,
= ((Q, x 60) + R,) x 60>+ (R, x 60) + R,
=Q, x60° + (R, x 60°) + (R, x 60) + R,
=((Q, x 60) + R,) x 60° + (R, x 60°) + (R, x 60) + R,
=(Q, x 60%) + (R, x 60°) + (R, x 60°) + (R, x 60) + R,
A=(Q, x60% + (R, x 60°)+(R, x 60°) + (R, x 60) + R,. (1)
In the process of finding vallf from ahargana we repeat the
division by 60 till we get the quotient 0 and remainder less than

60. In the 4" stage we obtain Q,= 0 and R, < 60. In view of this
equation (1) becomes

A= (R, x60%) + (R, x 60%) + (R, x 60) + R,
ie. A=(V, x60%+(V,x60%)+(V,x60)+V, (2)
where V,, V,, V,, V, are components of valli (given in the
Makarandasarint Tables 8.1-8.3).

Example: For the given date: Saka 1891 Sravana krsna pratipata
corresponding to 3 July 1969, Thursday.

dinavallf for the given date =813412618, i.e.
V,=8,V,=34,V =26V, =8

ahargana, A = (V, x 60°) + (V, x 60°) + (V, x 60) +V,

=8 x 60°+ 34 x 60+ 26 x 60 + 8
= 1,728,000 + 122,400 + 1,560 + 8 = 1,851,968.

Using modern tables, ahargana for 31 July 1969 Thursday is
1,851,968.
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Example : Given date: Saka 1534 Vaigakha gukla 15 corresponding
to 15 May 1612 Tuesday.

aharganavalli=7158111140,i.e. V =7, V,=58,V,=11,V, = 40.
- ahargana, A = (V, x 60°) + (V, x 60°) + (V, x 60) + V,
=7 x 60°+ 58 x 602+ 11 x 60 + 40 = 1,721,500.

Using modern tables, ahargana for 15 May 1612 is 1,721,500.
Example: Given date: Saka 1939 Vaigakha sukla 15 corresponding
to 10 May 2017 Wednesday.
aharganavallt = 8139116158,i.e. V, =8,V =39, V, =16, V,=58.
- ahargana, A = (V| x 60°) + (V, x 60%) + (V, x 60) + V,

=8 x 60°+ 39 x 602+ 16 x 60 + 58 = 1,869,418.

Using modern tables ahargana for 10 May 2017 is 1,869,418.
Example: Given date: Saka 1939 Sravana krsna saptami (7)
corresponding to 14 August 2017 Monday.
aharganavallt =8139118134,i.e. V. =8,V,=39,V, =18,V ,=34.
ahargana, A = (V, x 60°) + (V,x 60°) + (V,x 60) + V,

=8 x 60°+ 39 x 607+ 18 x 60 + 34 = 1,869,514.

Finding True Positions of Five Star Planets

In finding the true position of star planets we need to apply
two major corrections, viz. mandaphala (the equation of centre)
and $ighraphala (the equation of conjunction). According to the
Makarandasarint, mandaphala of the five star planets differ from
those of the other texts. In the Siiryasiddanta, the true position of
star planet is obtained by applying successively four corrections.
Among these, manda correction is applied twice in between two
§ighra corrections. On the other hand, the Makarandasarint simplifies
the procedure by reducing it to three corrections. Here manda
correction is applied only once between two sighra corrections. In
the process, mandakarna has consolidated the two mandas of the
Stiryasiddanta into a single equation in the Makarandasarini. This
makes the mandaphala value of the Makarandasarini differ from
those of other texts.
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Mean sun is taken as $ighrocca for Kuja, Guru and Sani. For
Budha and Sukra, budhocca and Sukra stghrocca are obtained as
explained in the text. Mean sun is also considered as Mean Budha
and Mean Sukra.

Sighrakendra = mean planet — Sighrocca

If $ighrakendra is greater than 6, then subtract it by 12

PROCEDURE FOR FINDING SIGHRAPHALA
USING THE MAKARANDASARINI TABLES

1. Find sighrakendra of the planet.

2. Find the values (in degrees, etc.) in the column headed by
the number in ariisa (degree) place of sighrakendra, using
$ighra-mandaphala table of the corresponding planet. This is
called as first sighrarika.

3. Find the values from the next column (agrimarka). This is
called as second sighrarika.

4. Consider the difference (3) — (2) and multiply this difference
by the kala, vikala of sighrakendra and divide by 60 to obtain
the result in kalas.

5. The above result obtained in (4) is added to or subtracted
from first sighranka obtained in step (1). This is sighraphala
in degree, etc.

6. Sighraphala is additive if sighrakendra is < 180° and is
subtractive if $ighrakendra is > 180°.

FINDING MANDAPHALA USING TABLES
1. Find mandakendra of planet where

Mandakendra = mean planet — mandocca

2. If mandakendra > 6%, then subtract it from 12% and consider
degrees, etc.

3. Find the entries in the column headed by the number
present in degree position of mandakendra. This is called first
mandanka. Also find the entries in the next column to this
number (agrimarka) using mandaphala table. This is called
second mandarika.
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4. Consider the difference between first and second mandarikas

multiply this difference by kala, vikala, etc. of mandakendra
and divide by 60 to obtain the result in kalas.

Add this to or subtract kald from first mandanka obtained
against degree number of mandakendra. The result is called
mandaphala.

APPLICATION OF SIGHRA AND MANDA CORRECTIONS

1.

Obtain sighraphala as explained earlier, consider half of it
(ardhasighraphala).

This half sighraphala is added to or subtracted from mean
planet to get half sighra corrected mean planet.

Find mandaphala and add (or subtract) mandaphala as it is to
mean planet to get manda corrected planet.

Considering manda corrected planet as mean planet, obtain
second sighraphala and correct the manda corrected planet with
$ighra correction. This gives true position of the planet. Le.

if MP = mean planet
P, =" $ighra corrected planet
P, = manda corrected planet
P, = true planet,

then
P, = MP + Y Sighraphala
P,= MP + mandaphala
P, = P, + sighraphala.

FINDING TRUE DAILY MOTIONS OF PLANETS

1.

2.

3.

4.

Consider the mandarnka difference obtained in finding
mandaphala.

Multiply this mandankantara by mean daily motion of the
planet. The result will be in kalas.

Add this to or subtract this from (according as makaradi
rnam and karkadi dhanam) mean daily motion to get manda
corrected motion.

Stghrakendra gati = sighrocca gati — manda corrected motion.
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5. Consider the difference between $ighrarkas obtained during
second $ighra correction (antimasighraphalam) and multiply
this difference by sighrakendragati. Divide the product by 60.

6. Theabove resultis added to or subtracted from manda corrected
motion to obtain corrected daily motion of the planet.

7. Do the reverse for retrograde motion.

Note: In the present paper the tables for the manda and $ighra
corrections are given for Kuja and Budha. The tables for other
bodies are not given since these tables occupy a lot of space.

Kuja’s Mandaphala and Sighraphala Table

= s e g vem o T
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Example: Finding True Kuja

Mean Kuja = 9%29°21'13"; Mean Sun = 1*4°57'24" (mean positions are
taken from Vigvanatha’s example for the date Saka 1534 Vaisakha
$ukla 15 corresponding to 15 May 1612).

Sighrakendra = mean Kuja — mean Ravi (§7ghrocca)
=9129121113-114157124
=8124123149
Since sighrakendra > 6%, subtracting it from 12%, we get
Sighrakendra = 128 — 8% 124°123'149" = 385°36'11" = 95°36'11"
Bhujariia of sighrakendra = 95°36'11"
Number degree position = 95 remaining kaladi = 36'.

From the table of manda and sighraphala for Kuja the entry in
the column headed by 95, first sighrarika = 34 | 13 second sighrarka
=34129

difference (first —second) =34113-34129=-0116.
Now

Difference between Sighrarika x kaladi of bhujariisa
60
_ 0[16x 3611 —9|38|56
= = =
Now, first sighranka = (- 019139) =34113 + 019139 = 34122,
ie. Sighraphala = 34122139.

P, =Y sighra corrected planet

—0/9/38.93 ~ — 0/9/39

= mean planet — ¥ sighraphala
=9%29°21"13" + (34122139)/2
P, =10%16°32'32".
Mandocca of Kuja = 4% 110°
Mandakendra = P, Y2 $igh. corr. Kuja — Mandocca
=10%16"32'32" — 4% 10" = 6 6°32'32".5.
Since mandakandra > 6%, bhujarisa of mandakandr = 128 — 68 6°32'32".5
=173"27'27".5
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Mandarkas in the columns headed by 173 and 174; first
mandanka = 1136, second mandanka = 1122. Difference = 1136 —
1122 =0114.

Now,

Difference between mandakas x kaladi of bhujamsa
60

0[14x27'27"5
B
Mandaphala = first mandarnka — 016 124.42
=1136-016124.42=1129136 (+ve)
P,, manda corrected Kuja = mean planet + mandaphala
=9k29°21'13" +1°129'1 36"
=10%00°50'49" = 10%0°50'49"

Second sighrakendra = P,

= 0l6|24.42.

manda corrected planet — $ighraocca
=10%0°50'49" — 1% 14" 57" 24"
=265°53'25" = 8725°53'25"
Bhujamsa of sighrakendra = 128 — 8%25°53'25"
=94°6'35"
tirst sighranka = 33157 (corresponding to 94)
second $ighrarnka = 34113 (corresponding to 95)

D1fferenc6eo>< kaladi _ (33|57 —346L|013)>< 6'35 _ _0l4l45.33.

Sighraphala = First sighrarika — (- 011145.33)
=33157+011145.33 =33158145.33
Sighra corrected Kuja = manda corrected Kuja + sighraphala
=10%0°50'49" + 33°58'45".33
i.e. true Kuja = 1174°49'34"
To find True daily motion of Kuja:
Difference between mandarkas = 0114 = 14
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Mean motion of Kuja = 31126 |

Now,

=7[20/4(+ve)

14'x 3126 _ 440l4
60 60
Manda corrected daily motion = mean motion + 71204
=31126+7120=238146
Sighrocca gati = daily motion of Ravi = 5918.
Now,
Sighrakendra gati = §ighrocca gati — manda corrected gati
=5918-38146
=20122
Difference between sighrankas of second sighra correction
=33157-34113=-0116 = 16.

Now,
(Sighrakendra gati x 16) _ 325|52
= = 5[25.
60 60
True daily motion of Kuja = manda corrected motion + 5125
=38146 +5125
=44'111".

Example 2: Finding true position of Budha and true daily motion
of Budha (mean Budha = mean Ravi)

Sighrakendra of Budha = mean Budha — $ighrocca of Budha
= mean Sun — budhocca
= 1R4°57'24" — 3°1°44'33"
=—-56"47'9" + 12%
=10%3°12'151"|
Bhujariisa = 128 = 10R3°12' 51" | = 56°47'19" |
First sighrarnka corresponding to 56 = 14110

Second $ighrarnka corresponding to 57 = 14123

difference of sighrarnka x kala
60

Stghraphala = first sighrarnka —
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Budha’s Mandaphala and Sighraphala Table

1/2/3/4|5|6|7|8|9|10{11]12]{13|14|15|16]17|18|19|20|21|22|23|24(25|26(27 (28| 29 |30

0j0jO[1]|1]1]1]2]|2]|2]|2|3|3|3|4]|4]|4|4|5|5|5]|5|6|6|6[6[7[7][7 |7
17]33]49| 5 |21[37|53| 9 |26|42|58|14|30|46| 2 |18|34|50| 6 |21(37(53| 9 [24(39(55/10/25| 41 |57

5110]14]19(24|2833|38|43(47|52|56

o
N
o
=
'S

19/24)28|32|36|41|45(49|54|58| 2 | 6 | 10 |14

313233343536 3738|3940 4142|4344 45 46 |47 48|49 50 51|52 |53 |54|55|56 |57 58| 59 |60

8/8/8/8[9/9[9[9[10{10{10{10{11[11[11]11{12]12[12]12[13[13[13[13[13[14/14]|14| 14 |15
12]27|42|57|12|27|43|57|12|27|42|56|11|25(40|54| 8 [22)|36|49| 3 |17[31/44|57[10(23[36| 49 | 2
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14273951 3 [15(27[39|50| 2 [13]24|34|44|55| 6 [16|26|36|45/54| 3 |11]20|29(37|45(53| 0 |7

53]54|56(58| 0|2 |4 |6 |8|9[10/11]12|13]15[17|18|19[20|22|23|24|25|25|25(26|26|27|227|27

91[92(93 /94| 95 |96 |97 | 98 | 99 [100/101/102/103/104/105/106/107|108/109/110/111/112/113/114/115/116/117|118]119/120

20[20({20]20] 20 [20[20(20(21[21][21[21]21]21]21|21[21[21]21]21]21|21[21[21[21]21]|21]|21]|21 |21
14|21[28[35| 41 [46|51(56| 1 | 5 |10[14[18]21[23[25]|27|29|31|31[31|31|31[30[29(28|25|22|19|16

ENES
o

121|122[123[124] 125 [126[127|128[129[130[131/132|133|134|135/136|137|138/139140/141/142|143|144|145/146|147|148/149/150

21[21[21]20[2020/20[20[20[20[20[20/19[19[19/19|19[18|18|18|18 17|17 |17 17|16 16|16|15]15|15
12| 8|3 [57] 51 [44[36[29(21[13| 4 [54[43(32|20| 8 [55(42]27|13|59(42|24| 6 |48/29 | 9 |49/28| 6 |

0w

151[152[153154| 155 [156[157|158/159/160|161/162/163|164]165(166|167|168|169/170{171|172/173174/175/176/177/178|179/180

14]14]13[13] 13 [12[12]11[{11]10{10/ 9|9 [8[8 |7 |7 6|6 [5|5]|5[4|3[2|2|1]/1]0/[0
44(21(58(34| 9 [43[17[49[23 55|27 57|27 |57 |56|55]23|50|18|45|12|38| 4 |29|55]20/45 /11|36 0

P20 P20 2 ] 2 T T 6 O 0 T 0/0j0|0jOJOjOfO|OjOfO]O
19[15[11[ 6 | 2 [57[53]48]44[39/35(30(25/20[16[11]|6 | 1 |56(51[46/40|36|31[26/21[{15/10/5 |0

-

=14110 - [ (14110 —14/23) x 479" |
60
=14110-(-0110112.95)

=14120112.95.

P, = Half sighra corrected Budha = mean Budha + % sighraphala
=1%4°57'124"1 +14120112.95
=34°57'124"1 +711016.48
=42°7'130"1 = 1*12°7"130" |
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P, = Half sighra corrected Budha = 1%10°7" 130" |.

Mandocca of Budha = 7110.

Mandakendra = Half sighra corrected Budha — mandocca
=1R12°7'130" | — 7%10°
=182°7"130"| = 6%2°7'130" |

Bhujariida of mandakendra = 360° —182°7'130" | = 177°52"130" |

Mandaphala ( Differr;pplce in )X (lél}lllﬁd_i of )
= First Mandarka — "8 i

(0l15-0110)x52'30"
60
=0110137 (- ve)

Manda corrected Budha = mean Budha (mean Sun) — mandaphala
=1R4°57'124"1 — (- 0110137)
=1R4°57'124"| + 0°10' 137" |
=185°8'11'l =35°8'11"|

Second sighrakendra = manda corrected Budha — $ighrocca of Budha

=1R5°8"[1"] — 3Rk 1°44'133"|
=303"23"128"| = 10%3°23'128" |

Bhujariida of SK = 128 —10%3°23' 28" | =56°36'132" |

60

=015 - =0[15 - 0l4]22

Sighraphala ( Difference between) » (kalzizgli of )
e sigrarkas bhujamsa
= First sighrarnka — 0
14110 [(14\10 - 146\33) x 36‘32"}
=14110- (- 017154.93)
=14117154.93

True Budha = manda corrected Budha — sighraphala
=1R5°8' 11" —14°17'154"|.93.
True Budha = 1819°25' 155" | .93 = 49°25' [ 55" | .93.
To find true daily motion of Budha
Difference between mandarnkas = (0115-0110) =015
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Mean motion of Budha = mean motion of Sun = 5918
(Mean motion x difference between mandarikis)
=5918x015
=4155140 (-ve).
Manda corrected motion =59 18 — 4155 =54 113.
Mean daily motion of $ighrocca of Budha = 245 132.
Sighrakendra gati = sighrocca gati — manda corrected gati
=245132-54118 =191119.
Stghragatiphalam
= (sighrakendragati) x (difference between second sighrarikas)
=(191119) x (14110 - 14123)
=—41127
Stehra corrected motion = manda corrected motion — (- 41 127)
=54 | 13 + (41127)
=9511401,
i.e. true daily motion of Budha = 95'40".

Angular Diameter

Diameters of the sun, the moon and the earth’s shadow are
important in the computation of lunar and solar eclipses. In
astronomy, the sizes of objects in sky are often given in terms
of their angular diameters as seen from the earth. The angular
diameter of an object is the angle the object subtends as seen by the
observer on the earth. These angular diameters play an important
role in the procedures of computation of lunar and solar eclipses,
conjunction, occultation and transits.

In Indian classical astronomical texts, the procedures for
calculating angular diameters (bimbas) are given in different forms
in different texts. Majority of the Siddhantic texts give bimbas in
terms of the true daily motions of the sun and the moon. But some
other texts including astronomical tables like the Makarandasarint,
determine bimbas as a function of running naksatrabhoga or manda
anomalies of the sun and the moon.
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Image of the Table for Angular Diameters

The diameters are expressed in different units in different
texts. The famous classical Siddhantic text the S#aryasiddhanta
gives diameters in terms of linear unit yojana. In Brahmagupta’s
Khandakhadyaka and the vakya system, the angular diameters are
given in minutes of arc (kalds), whereas in the Karanakutithala of
Bhaskara Il and the Grahalaghava of Ganesa Daivajiia, the unit used
for diameter is angula.

OBTAINING DIAMETERS OF THE SUN,

THE MOON AND THE EARTH’S SHADOW-CONE

ACCORDING TO THE MAKARANDASARINI

The following tables (Tables 8.4-8.5) are given in the Makarandasarint
for computing angular diameters of the sun, the moon and earth’s
shadow-cone. In Table 8.4, the angular diameter of the moon

Table 8.4: Table for Finding the Moon’s Diameter
Naksatrabhoga 56 57 58 59 60 61 62 63 64 65 66
(in ghatis)

Candra bimba 1 11 11 10 10 10 10 10 10 9 9
(in angulas) 34 22 10 59 48 37 27 17 17 58 48

Pata bimbas 29 28 28 27 27 26 25 25 24 24 24
(in angulas) 34 54 16 38 2 27 13 20 49 18 48

Bimba candra 857 842 827 813 800 787 774 762 750 738 727
bhukti (in kalas)
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Table 8.5: Table for Finding the Sun’s Diameter

Sankranti Ravi Bimba Pata Bimbas Ravi Bhukti
(in Angulas) (in Angulas) (in Kalas)
Mesa 10 46 0 22 58 45
Vrsabha 10 35 0 31 57 42
Mithuna 10 27 0 37 56 58
Karkataka 10 26 0 37 56 57
Sirhha 10 33 0 31 57 33
Kanya 10 44 0 22 58 34
Tula 10 57 0 14 59 42
Vrécika 11 8 0 60 52
Dhanus 11 14 0 1 61 18
Makara 11 15 0 61 22
Kumbha 11 8 0 5 60 15
Mina 10 58 0 13 59 18

(candra bimba) and earth’s shadow (pata bimba) are given for
duration of a naksatra (naksatrabhoga) over the range from 56 to 66
ghatis. Also the corresponding moon’s motion is given in the last
row. Note that the word pata is used for the shadow and not for
the moon’s node.

In Table 8.5, the angular diameters of the sun (ravi bimba)
and correction to shadow diameter (pata bimbas) are given for
12 sankrantis. Corresponding motion the sun (ravi bhukti) is also
given in the last row.

PROCEDURE FOR FINDING DIAMETERS
ACCORDING TO THE MAKARANDASARINI

The following procedure is given in the Makarandasarint for finding
diameters:

1. Find the gataesya ghati (duration) of the running naksatra at
parvanta (full moon day or new moon day).

2. Consider the entry in the column headed by the number
represented by gataesya ghati of naksatra (taking only integer
part of ghati) corresponding to the row of candra bimba.

3. Find the entry in the next column (next to the column headed
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by gataesya ghatt of naksatra) corresponding to the row of
candra bimba. This entry is agrimarka.

Find the difference called agrimantara between the above
two entries obtained from steps 2 and 3. Now the remaining
fractional part of gataesya ghatt or vighatT is to be multiplied
by this difference agrimantara and divided by 60. Add
or subtract the result obtained to the first value or from
agrimarnka (the entries obtained in steps 2 and 3) respectively.

The above result gives angular diameter of the moon (candra
bimba) in angulas.

Similarly, we find the diameter of earth’s shadow-cone
(bhiibhabimbam) using Table 8.4 following the same
procedure. In this case, instead of candra bimba row, the
values corresponding to the row of pata bimbas are to be
considered. This diameter of shadow-cone should be
corrected using Table 8.5 as explained in the following steps.

Find the sarnkranti at parvanta by calculating the sun’s position
expressed in rasi, ariisa, kala and vikalas. Obtain pata bimba
value corresponding to running sarikranti and to the next
sankranti using Table 8.5 and take the difference between
the two values.

Multiply the above difference between two values by arisa,
kala and vikalas (degree, minutes and seconds) of the sun’s
position considered in step 7 and divide the product by 30.
This result will be in arnigulas.

Add the above result to the pata bimba value corresponding
to running sankranti obtained in step 7. This is the correction
factor to be added to the pata bimba obtained using Table 8.5
in step 6 to get corrected angular diameter of earth’s shadow
(bhiibhabimbam).

Same procedure is followed to find the diameter of the sun
using Table 8.5 corresponding the sarikranti at new moon on
the day of solar eclipse.

Example: Given date: Saka 1534 Vaisakha suddha 15, Monday.

For the above given date:
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Parvanta ghatt = 54 | 40 ghataesya ghatt (duration) of Anuradha naksatra
= 58136 ghati
True position of the sun = 1%6°30'37"
True position of the moon = 7%6°34'35"
Rahu = 1714°18'11".
To find diameter of the moon: Now from Table 8.4 the entry

corresponding to candra bimba row in the column headed by
gataesya ghatt number 58 is 11 10.

The entry corresponding to candra bimba row in the column
headed by next number 59 (agrimarka) is 10 1 59.

The difference agrimantara =10159 - 11110 = - 0111
The remaining fractional part of gataesya ghat or vighatT = 36
Now, (difference x remainder)/60 = [(-11) x 36]/60 = — 396/ 60
=-66=-6136
=- 016136 angulas
Diameter of the moon (candra bimba) =11110 + (- 016136)
= 1114 angulas.

To find diameter of the earth’s shadow-cone: From Table 8.4 the entry
corresponding to pata bimba row in the column headed by gataesya
ghatT number 58 is 28 116.

The entry corresponding to pata bimba row in the column
headed by next number 59 (agrimarika) is 27 | 38.

The difference = 27138 — 28116 = - 0138
(difference x remainder) /60 = [(- 38) x 36]/60 = — 22 148 ~ 22

Diameter of the shadow-cone (bhiibhabimbam) =28 116 + (— 01 38)
=27154

Correction to bhitbhabimbam using Table 8.5:
True position of the sun at parvanta = 1%6°30'37"

The number 1 in the rdsi position indicates that the current
sankranti is Vrsabha and the remaining degree, etc. in the sun’s
position is 6°30'37".
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Now, the entries in the column of Vrsabha and Mithuna
Sankranti corresponding to pata bimba are 0131 and 0137
respectively. The difference =0137 - 0131 =016.

(difference x remainder)/30 = (6 x 6°30'37")/30
=1.3020556 ~ 1 = 011 angulas

(ignoring the fraction)

Correction to bhitbhabimbam = 0131 + 011 = 0132 angulas

Corrected bhiibhabimbam =27 154 + 0132 = 28|26 angulas

Example: To find diameter of the sun: Given date: Saka 1532
Margasira krsna, 30 Wednesday.

Parvanta ghatt = 11159 True Sun = 8f5°26'20".

The number 8 in the rasi position indicates that the current
sankranti is Dhanu and the next is Makara. The entries in the

column headed by Dhanu and Makara corresponding ravi bimba
in Table 8.5 are 11 114 and 11 |15 respectively.

Their difference =11115-11114=011

Now the sun’s diameter = 11 | 14 + (difference x remainder) /30
=11114 + (011 x 5°26'20") /30
=11114+0110152
=11124152 ~ 11125 angulas.

Remark: The dates given in the above examples are taken from
Visvanatha’s commentary on the Makarandasarini.

Conclusion

In the present paper, we have discussed the procedures for
determining ahargana, true positions of the star planets and
the angular diameters of the sun, the moon and the earth’s
shadow according to the Makarandasarini in detail with concrete
examples. It is shown how easy it is to convert a given traditional
lunar calendar date to Kali days using vallf components of the
Makarandasarin’.

Interestingly, the Makarandasarint simplifies the procedure
for computation of true planets, composing separate tables
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for mandaphala by consolidating the two conventional ways of
applying manda equation twice. Also it gives the procedure for
obtaining the angular diameters using the total duration of the
running naksatra and the sun’s sarkranti taking the readily available
values from the traditional almanac (paicanga).
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Manuscripts on Indian Mathematics
K. Bhuvaneswari

As THE famous quote states:
J1er fomen wEon Awen HUE Feq |
TEEIISITHIEAT Tford e feerae 11
— Vedanga Jyotisa v. 4

Like the crests on the head of peacocks, like the gems on the heads

of the cobra, mathematics is at the top of the Vedangasastras.
Also, Mahaviracarya, in his Ganitasara-Sariigraha (1.16), states:

agfufdyer: fr I T=RER |

Afchfoageq daedad o faamfe Il

Whatever is there is all the three worlds, which are possessed
of moving and non-moving beings, all that indeed cannot exist
as apart from mathematics.

The significance of mathematics and its application in all walks
of life was well realized by the great seers of the Vedic period,
the poets of the classical period and kings of the past. In olden
days, mathematics was included in the Jyotisasastra, which is one
of the six Vedangas. Hence, numerous works were written on
mathematics, astrology and astronomy, the three major divisions
of the Jyotisasastra.
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Also, India has had a continuous lineage of mathematicians
and they had been pioneers in introducing various mathematical
concepts. Their seminal contributions had been the foundations
of many branches of mathematics and have led to further
developments. Their works are generally in padya (verse) form and
are mostly accompanied by prose commentaries of the author or
other scholars. There are many commentaries for each work by
different scholars.

As Sanskrit was the language of the learned and the medium
of higher education since the Vedic period, these texts and
commentaries are in Sanskrit, mostly available as manuscripts
either in palm leaf or in paper.

Manuscripts are carriers of culture and also act as link between
the present and the past. Hence, it becomes necessary that these
manuscripts are preserved well for the benefit of the posterity.
Since they are subject to easy destruction, preserving the old text is
always a difficult task. There had been lipikaras (scribes) appointed
by the kings to make copies of the available manuscripts, in the
script of the existing era. In spite of all such efforts, most of the
manuscripts available now are not older than 600 years. A few are
1,000 years old and some fragments of manuscripts are even, it is
said, 2,000 years old.

These manuscripts are preserved in various manuscript
libraries in and outside India. There are more than 300 manuscript
libraries both small and large all over India; and India is estimated
to have nearly three crore manuscripts.

Some of the major manuscripts libraries in India are:

1. The Sarasvati Bhavan Library of the Government Sanskrit
College, Benares now attached to Sampurnananda Sanskrit
University, established in 1791.

2. Tanjore Maharaja Serfoji’s Sarasvati Mahal Library
(TMSSML), established during the early part of nineteenth
century.

3. Ranvir Sanskrit Residential Institute, Jammu, established in
1857.
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4. Government Oriental Manuscripts Library (GOML),
Chennai, taking care of manuscripts since 1870.

5. Adyar Library and Research Centre, Chennai, established
in 1886.

6. Government Oriental Library, Mysore, established in 1891.

7. Central Library, Baroda, preserving Sanskrit manuscripts
since 1893.

8. Bhandarkar Oriental Research Institute, Bombay, established
in 1917.

9. Maharaja Palace Library, Trivandrum, established between
1817 and 1827 and later amalgamated into Oriental
Manuscript Library, Kerala University in 1937.

10. Sri Venkateswara University Oriental Research Institute,
established by Sri Venkateswara University in 1939.

11. Kuppuswami Sastri Research Institute, Chennai, established
in 1944.

As far as Tamil Nadu is concerned, the GOML, Adyar Library

& Research Centre and the TMSSML have a big collections of

manuscripts. In view of the vastness of the manuscripts on Jyotisa,

I restrict myself to the manuscripts on mathematics alone, available

in Tamil Nadu, for critical edition, publication and further research.

Lilavati of Bhaskara II of Twelfth Century

It is the most famous treatise in ancient Indian mathematics. It is
a part of the much larger treatise Siddhanta-Siromani. It is a work
on arithmetic.

There are as many as sixty-eight commentaries on this work.
But only a few (of Ganesa, Mahidhara and Sankaranarayana) have
been edited and printed so far. Some of the commentaries available
for further research are:

GOML — MD-13484; Paper MS; Devanagari; Complete

FHYSI1Ye1/ Karmapradipika by Narayana of sixteenth century.
It begins with guruvandanam to Bhaskara and Aryabhata



138 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

YO et oA Te 9o |
e faferead efiemacn: suysifues 1

The work ends again with salutations to Aryabhata and also carries
the name of the author as well.

TA-TREUTEA 9 HHSIeHY |

gf<eeg W dleh THRREYE E& 11
GOML — MD-13486; Palm Leaf; Grantha; Incomplete
efierrarditaeirg: / Lilavativilasa by Ranganatha of fifteenth century.

Stating the purpose of the work he is about to compose, the author
also mentions his name in the following sloka in the beginning of
his work:

AT raisd A< HEO |

feread Teamem daven ey 1|
This manuscript is slightly injured and breaks off in the Khata
Vyavahara.

GOML — MT-3938; Palm Leaf; Grantha; Slightly Injured; Incomplete

eferafdteeta: / Lilavativilasa by an anonymous author. It begins with
salutations to his guru and Goddess Sarasvati.

ol eSS ariYeRl = aifergd |
Aeradifaerd = FamsrHifaa-ge ||
The author has not mentioned the name of his guru. Since the text

is incomplete there is no colophon to find the name of the author
or the name of his guru.

GOML — MT-5160; Paper MS; Devanagari; Complete

efenrediegre] Lilavatioyakhya by Paramesvara of fourteenth century,
pupil of Rudra.

After offering salutations to gods, praying for the removal of
obstacles and successful completion of the work in the first two
slokas, the author mentions his name as Paramesvara:
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AeH fTeTETdd ;. TeHfead M |
RN BRI <]0g A: 11
YOTHITH ORI e STy |
NREdHT qe #ites = e 1
remn: SRty dReer: wEveR: |
HEIATH STeld Aeeedl: ey |

A copy of this MS is available in Adyar Library and Research
Institute.

GOML — MT-5244; Palm Leaf MS; Devanagari; Complete

Faaifel =] Sarvabodhintoyakhya by Mahapatra Sridhara of
seventeenth-eighteenth century, s/o Nima and Gauri.

It begins with an invocation to God Ganesa and Goddess
Sarasvati:
TRTIIEHTIAT TIofe TTfeder <o
feerear ANt~ gEremmeefd: |
fagmn e TR Ee RS
FH g ThEERES foeee | 1
forfamR &f9 TeSeasEamoig |
HeAUfaeme g T ||
The author mentions his name and the name of the commentary
in the following $loka:

TEARIERA Sieror fgs= |
R Send fshad TEafyet i

In the ending verses, the author mentions about his father and
mother:

forame sPafeAl TEwd: gae aeE
Hivaeafag s #erarE (areg: Ha: |
7t @Ak g 97 Sifa: Hifd Jggd gt
ISt MiUTdehAelehay faggt: ier: 1|
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And the work ends with margala sloka:

31 Taemm=Ifa T e |

STEq SHHIUTAT=ATIh Ao ||

TMSSML - 11592; A Paper MS; Devanagart; Incomplete

cfietredl a4/ Lilavativyakhya of Kesava of fourteenth century.
The name of the author is known from the title page. The

colophon is simple to contain only the name of the chapter.

Bijaganita of Bhaskara II of Twelfth Century

It is another famous work of Baskara II, wherein algebra is dealt

with. This is the second part of the treatise Siddhanta-Siromani.

COMMENTARY ON BIJAGANITA

There are six commentaries on the Bijaganita. Of these, the
Bijapallava of Krsna Daivajiia has been already studied by Sita
Sundar Ram and published by The Kuppuswami Sastri Research
Institute in 2012.

Of the others, the available commentary is the Bijaganita-
vyakhya of Stryadasa.
GOML — MD-13462; Palm Leaf; Grantha; Slightly Injured; Incomplete
FisrfordeareE Bijaganita-vyakhya by Stryadasa, s/ o Jiianaraja.

The author gives details about him in the beginning as, he is
a pupil of Jianaraja and also his son:

BRI R HRTHE I Taemenedfad |
d o= fremagaa s e
and mentions his name in the following verse:
forererl g TR
el =TT wufe = g o

Itis stated that the entire composition is set in Upendravajra metre.

oo SUFESTETH Teoqdl Ha&AMd |
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It is clear that they had not only been masters in their fields
but also proficient in Sanskrit Grammar and Sastras.

A part of this commentary is published by Pushpakumari Jain
and a part is under preparation by Sita Sundar Ram for Indian
National Science Academy, New Delhi.

Mahabhaskariya of Bhaskara I of Seventh Century

It is an astromomical treatise of Bhaskara I. Though an
astronomical treatise, it contains certain mathematical derivations
and approximate values of trigonometric sines.

COMMENTARIES ON MAHABHASKARIYA

There are two commentaries on the Mahabhaskartya. The
Mahabhaskartya-vyakhya-karmadipika by Parame$vara is already
edited and printed. The other commentary available is
Prayogaracana.

GOML — MT-3034; Paper MS; Devanagart; Complete
RTINS - T RE1/ Mahabhaskariya-vyakhya-Prayogaracand
— an anonymous work.
It begins with an invocation to Lord Siva:
JurHda(q) et § 3 9 sErened: g |
7 = faafen ferendE yeheme |
foRad TR TR AR |
o1 yeifaeha gl = gauagf |

The name of the author is neither stated at the end of the work
nor in colophon.

Kuttakarasiromani

Kuttakara is a kind of mathematical calculation and this work
deals with it.

There are two works in this name by different authors. One is
the Kuttakarasiromani-vyakhya of Devaraja with self-commentary
which is already printed. The other is the Kuttakarasiromani by
Venkatadri.
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TMSSML — 11354; Palm Leaf MS; Grantha; Incomplete.
FETFRIRIANT: Gl®T [Kuttakarasiromani-satika.

This is a commentary on Kuttakarasiromanih of Venkatadri of
seventeenth century, by an unknown author.

This author of Kuttakarasiromani seems to be the same as the
Bhiigola Verkatesa, whose first verse is similar in all his works.

It begins as:

IR eTaEe argaehHg Ry |

YREYE TRl JTqedr@mior st ||
This work of Venkatadri is dedicated to his patron king, the fourth
Nayaka ruler of Tanjore.

It is stated in the following $loka at the end of the work:

] O faeaEa e ...\
TehHEA I %] HeRHERba: |
TR WEUTHG R Hemid: 1|

TETOE HE TR |
U DR FAISH FEHAREI |

The Aryabhatiya of Aryabhata I of Sixth Century

The Aryabhatiya is a work on astronomy and mathematics by
Aryabhata 1. The mathematics portion contains thirty-three
siitras.

COMMENTAY ON ARYABHATIYA

One commentary on this work the Bhataprakasa is available.

GOML — MT-3862; Palm Leaf MS; Grantha; Slightly Injured; Incomplete
TEYHII- ST TEGATI 1911/ Bhataprakasa-Aryabhatasitrarthapra-
kasika

This commentary on the Aryabhatiya is by Stryadevayajvan,

s/o Baladitya. After offering salutations to Lord Visnu in the first
stanza, the author mentions his name and about the work.
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Frepraneifag) aw=rs g7eg 7597 |
SEMERETE. reEEeisy ehead ||

Lexicons

There are some interesting lexicons available in manuscript form.
Each text is special in its own way.

GOML — MD-13601; Palm Leaf; Grantha; Complete

STEehITe0g:/ Arikanighantu — an anonymous work.

A lexicon of synonymous terms for denoting the numbers one
to nine and zero. In this work, numbers are represented by words
denoting objects in the natural world and religious world. This
form of representing numbers is called bhiitasarikhya.

It begins as:

TN AHYIRIE SIS S3TA5Yd IR | ...
And ends as:

SR TH I A TR |

G aUE ded AR |

GOML — MD-13603; Palm Leaf; Grantha; Complete

TG ITEE: | Arikanighantu — an anonymous work.
The words denoting the numbers above nine are given.
The beginning reads like this:
THE RIS HAT=E 1 el TOHTafeR: |

And ends as:

HIENENEAREICRIENE R Al
qcareH! geEfeeren sfeasreamfastd: |
GOML — MD-14018; Palm Leaf; Grantha; Complete

ST Arikanighantu — an anonymous work.
This is similar to the above works. It deals with the pace value.

Its beginning is:
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e fadid ey |
e SafAdeaged g Teusd I
And ends as:
— F et |
TeEAHRIYR wfesemgaqi = 1
GOML — MD-13407; Paper MS; Telegu; Complete
TIOrag:119%7/ Ganitaprakasika — an anonymous work.

It contains alphabetical list of mathematical terms with Telugu
meaning.

It begins as:

HAShH, ASHURM, HASHIH,A<H, ...
And ends as:

&uTH, &, &, T |
Paficangas
There are many works on the preparation of paficarngas. Of them

the following deals with the mathematical calculations required
for the preparation of almanacs.

TMSSML — 11655; Palm Leaf; Telegu; Slightly Injured; Incomplete

qeFIE I/ Paficangaganitam — an anonymous work.

It deals with certain mathematical calculations required for
the preparation of almanacs.

GOML — MD-13447; Paper MS; Devanagart; Complete
TS=IEIFIIVIqIa9d :/ Paficangaganitavisayah

It also deals with certain calculations required in the
preparation of the Hindu calendars.

GOML — MT-1042; Palm Leaf MS; Telegu; Complete
Fia9r: [Pratibhagah — an anonymous treatise.
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It is a short manual containing the rules for computing various
particulars required for the preparation of Hindu almanacs.
There are many other works, the names of which are specified
in the book A Bibliography on Sanskrit Works on Astronomy and
Mathematics by S.N. Sen, the details of which are not available in
GOML. A few of them are highlighted below.
GOML — MD-16787; Palm Leaf MS; Grantha; Incomplete

o= | Ganitagranthah —
It is an anonymous work on arithmetic dealing with
commercial accounts with examples.

A copy of this MS is also kept in Adyar Library and Research
Institute.
GOML — MT-3943; Palm Leaf MS; Grantha; Complete
TfraayE :/ Ganitasaringrahah

It is a commentary on the Siiryasiddhanta by an unknown
author. The work is named as the Siddhanta-Sanigraha in its
colophon.

A copy of this MS is also with in Adyar Library and Research
Institute.
Catalogue Raisonné of Oriental Manuscripts by Taylor-1548 (now in
GOML)
T : / Ganitasastrah of Maharaja — It is a work on mathematics.
Catalogue Raisonné of Oriental Manuscripts by Taylor-1548 (now in
GOML)
&FTIOTTAR : | Ksetraganitasarah — An anonymous work on geometry.

GOML — MT-3864

cferred! s3redr [Lilavati-vyakhya of Kama — It is a commentary on
the Lilavati.

There are some more works on mathematics available in
manuscript form in the Adyar Library and Research Institute, the
details of which are furnished below:
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o 75262-b — T IqTEAI-TfdqHT91:/ Aryabhattyavyakhya —
Gttiprakasah — Palm Leaf MS; Malayalam; Incomplete.

It is a commentary on the Aryabhatiya by an unknown author.

o PM1299-b — STraseiafawargss ot | Aryabhattyavisayanukrama-
nika — Paper MS; Telegu; Complete.

Itis also a commentary on the Aryabhatiya by an unknown author.

o PM1300 — Figaeiicmadr [Kautukalilavati by Ramacandra — Paper
MS; Devanagart; Complete.

* 67736 — TfUrazalY:/ Ganitatribodhah — Palm Leaf MS; Grantha;
Complete; Damaged.

It is a work by an anonymous author.

® 75263-b — Wfordtawd: | Ganitavisayah — Palm Leaf MS; Grantha;
Incomplete.

It is a karana text by an anonymous author.

* 68537-a — Trqae T | Ganitasarnkhyah — Palm Leaf MS; Malayalam;
Incomplete; Damaged.

Itis an anonymous work.

There are many other works on Mathematics, available as
manuscripts all over India in various manuscript libraries. It is
indeed a matter of pride to learn that our country has a strong
mathematical heritage. In fact, every Indian should know about the
rich legacy of our ancient mathematicians. Hence, it is important
that these works which are in manuscripts form are to be taken care
of, preserved to prevent from deterioration, catalogued properly,
edited and studied diligently.



10

Study of the Ancient Manuscript
Mahadevi Sarini

B.S. Shubha
B.S. Shylaja
P.Vinay

Abstract: The natural units of time such as day, month and
year, that are essential for human activities are mostly guided
by the movements of heavenly bodies. The astronomical tables
known as sarini, kostaka and karana are usually short collections of
necessary data and rules for standard astronomical calculations.
Theoretical treatises deal with a comprehensive exposition of
astronomy frequently containing descriptions of its underlying
geometric models. The Mahadevt Sarin7 by author Mahadeva is
one among these. The study shows that the computed positions
are in fair agreement including the retrograde motion.

Introduction

VEDANGA Jyotisa forms a branch of the Vedas which deals with the
Indian astronomy. The science of astronomy developed in India
with naked eye observations from time immemorial is fascinating.
Many astronomers and their works have remained unknown to
us. Some of the works have to be edited and presented to the
scholars of next generations. The pioneering efforts are initiated by
R. Shyamashastri from Mysore, Sudhakar Dvivedi from Varanasi,
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T.S. Kuppana Shastri from Chennai among others. Natural units of
time, day and year are determined by the movements of heavenly
bodies. The astronomical tables known as sarini, kostaka and karana
provide these quantities. The Mahadevt SarinT was one such table
very widely used earlier.

Mahadevi

From the opening verses of the commentary on the Mahadevi
Sarini, we come to know that it was started by astronomer
Cakresvara. And then the incomplete work was completed by
Mahadeva. His father’s name was Parasurama and Madhava
was his grandfather’s name. There is a work named Jatakasara
written in both Sanskrit and Gujarati which has recommended
the calculation of planet’s positions from the Mahadevt Sarint
(Subbarayappa and Sarma 1985).

Mahadevi Sarini

The SarinT was written during the epochal year 1238 S.S.
corresponding to 1316 ce. Mahadeva has adopted four and a half
as the palabha for calculating the ascensional difference.

The number of tables for planets itself appears to be very
uniquely arranged. With reference to the sun, we are studying the
position of Jupiter as provided by the SarinT at fixed intervals as
decided by the speed of movement of the planet.

The values of the movements of the planet are recorded in
the manuscript. The true longitudes of the planets are available
in it. Tables use layout to enhance the mathematical usage and
highlight the phase. The initial position of the sun is set at Aries
0°. There are 60 tables for each planet. 360/A = 60, where A = 0 to
6° (Neugebauer and Pingree 1967). In this study we interpolate
the positions of Jupiter as provided by the Sarini. We have chosen
1311 cE from the second table of the Sarini, so as to match with
the positions provided by the software (cosine kitty.com), which
match fairly well. This applies for retrograde motion also.

The first row is numbered 1 to 27, which are the avadhis, interval
of 14 days (26 x 14) = 364 days. The next row gives true longitude
of the planet, followed by interpolation row. The next row gives
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the daily velocity followed by its interpolation. The next row has
a value of 800 minutes. There is no clarity in the manuscript about
its interpretation. The last row gives the planetary phases such as
vakra, marga, astapascima, astapiiroa, udayapascima and udayapiiroa.
That tells about the synodic phases of the planet (Agathe Keller
et al., online recources Id: halshs 01006137).

The longitudes are converted to right ascension with the help
of spherical trigonometric equations (Hari 2006). The equation
used is tan o = tan A cos €. Where A = sidereal longitude, o = right
ascension and € = 23.5.

Discussion

Calculated values of right ascension from the Sarint are compared
with the values by the software and the results are shown in
figs 10.2 to 10.7.
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fig. 10.2: Right ascension for the year 1311 cE
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fig 10.3: Right ascension for the year 1312 cE.
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fig 10.4: Right ascension for the year 1313
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fig 10.7: Right ascension (year 1311 ck to 1315 cE)

First point of Aries

Jupiter’s Apparent Path ! West

East

Jupiter’s Retrograde Loop

fig 10.8: Explanation of retrograde motion of the Jupiter. All
the values of the Sarint are adjusted to the position of the earth
indicated by the arrow corresponding to the sun and the Jupiter
both in the first point of Aeries
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1. The values computed by the software and the Sarin? vary
within a degree. For every year position of Jupiter coincides
with the first point of Aries.

2. The annual shift towards right is explained by the annual
motion of Jupiter.

3. Only true longitudes are utilized for the study.

4. We have not done interpolation using other rows or column
values.

5. The onset of retrograde motion exactly coincides with
the note vakra in the last row of the manuscript. We are
planning to get the precise time of onset of Jupiter using the
interpolation.

Conclusion

The study shows that the computed positions of Jupiter are in
fair agreement including the retrograde motion. While analysing
this manuscript (Neugebauer and Pingree 1967). Pingree had
attributed many scribal errors however we have not seen any in
the case of Jupiter so far. We have just begun the study of Sarini.
The meaning of other rows has to be analysed and verified. The
table also demonstrates another aspect, perhaps all these positions
were verified by observations. However more number of Sarin7and
their theory have to be studied and verified before commenting
about this aspect.

Acknowledgement

We are thankful to staff of Bhandarkar Oriental Research
Institute, Pune, for providing the necessary help in obtaining
the manuscript. We are also thankful to The Samskrita Academy,
Madras for providing us an opportunity to present my results on
Sarind.

References

Cosine kitty.com (Online Resources)

Hari, Chandra, 2006, “Polar Longitudes of the Suryasiddhanta and



154 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

Hipparchus” Commentary”, Indian Journal of History of Science, 41(1):
29-52.

Keller, Agathe, et al, “Numerical tables in Sanskrit sources” HAL Id:
halshs - 01006137.

Mahesh Koolakodlu and Montelle Clemency, “Numerical Tables in
Sanskrit Sources”.

Neugebauer, O. and David Pingree, 1967, “The Astronomical Tables of
Mahadeva”, Proceedings of the American Philosophical Society.

Subbarayappa, B.V., and K.V. Sarma, 1985, Indian Astronomy: A Source-
book, Bombay: Nehru Centre.



11

Fibonacci Sequence
History and Modern Applications

Vinod Mishra

Abstract: The variations of matra-vrttas form the sequence of
numbers 1, 2, 3, 5, 8, 13, ..., now called Fibonacci sequence, is
governed by the recurrence relation F=F _ +F ;n >2, u,u,
= 1. It is part of combinatorial problems in Indian mathematics.
The limit of the ratio between two successive Fibonacci numbers
is often termed as the golden ratio, mean or proportion, viz.

fa =(P=1+\/g-
naoofni1 2

The paper inculcates historical development of Fibonacci
sequence and its modern applications in science, engineering
and medicine.

Keywords: Hemacandra—-Virhanka sequence, Gopala-
Hemicandra sequence, metres, Fibonacci numbers or sequence;
golden ratio, golden section, coding; DNA/RNA, Fibonacci

polynomials.

Introduction to Fibonacci Numbers

Undoubtedly, well before the time of Italian Leonardo Fibonacci
(1170-1250 ce) of Pisa, the concept of Fibonacci sequence was
understood and applied in India in connection with metrical
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science by the legends Pingala (fl. 700 Bce — 100 cE), Bharata (fl.
100 BcE — 350 cE), Virahanka (fl. 600 — 800 cg), Gopala (c.1135 cE)
and Acarya Hemacandra (1088 — 1173 ck). For detailed historical
development of combinatorics, musical connection and Fibonacci
like numbers, one may refer to Mishra (2002), Singh (1985), Shah
(2010), Seshadri (2000), Kak (2004), Sen et al. (2008), etc.

This topic aims at fulfilling the gap between history of
mathematics, and modern science and applications.
APPLICATIONS

Existing Fibonacci sequence and further extension of Fibonacci
sequence to generalized Fibonacci sequence and Fibonacci
polynomials lead to certain exciting applications in music, science,
engineering and medicine:

Physical Science

* Mathematics (plane geometry: golden rectangle and
isosceles triangle, regular pentagon and decagon; platonic
solids: icosahedron, regular dodecahedron, octahedron,
hexahedron and tetrahedron; Keplar triangle; solutions of
integral and fractional order differential equations, integral
equation, partial differential equation, difference equation,
state space equation in dynamical system).

e Statistics (random process, Markov chain, set partition,
correlation analysis).

¢ Physics (hydrogen bonds, chaos, superconductivity).

¢ Chemistry (quantum crystals, protein AB models, fatty
acids).

¢ Astrophysics (pulsating stars, black holes).

Biology and Medicine

* Genetic coding, DNA /RNA structure, population dynamics,
natural and artificial phyllotaxis, multicellular models, MRI

Music

* Musical harmony.
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e Musical structures.

Engineering
¢ Crypto-communication (coding, mobile network security,
elliptic curve cryptosystem).

¢ Signal processing include: Face detection evaluation, fashion
and textile design, analog-to-digital converter design, traffic
signal timing optimization, heart and perception-based
biometrics, audio and speech sampling, barcode generation.

* Engineering (tribology, resisters, quantum computing,
quantum phase transitions, photonics).

EUCLID’S THEOREM (ELEMENTS, ¢.300 BCE)
(Agaian and Gill III 2017; Agaian 2009).

Divide a line AB into two segments, a larger one CB and a smaller
one AC such that CB? = AB x AC, where CB > AC and AB = AC +
CB. Then AB/AC = AB/CB.

Letting x = CB/AC, x> — x — 1 = 0. The positive root implies
¢ =1.618 and is called the golden ratio or proportion. Kepler later
discovered that the golden ratio can be expressed as ratio of two
consecutive Fibonacci numbers.

Hemacandra—-Virahanka Sequence

The Jaina writer Acarya Hemacandra (1088-1173 ck) studied the
rhythms of Sanskrit poetry. Syllables in Sanskrit are either long or
short. Long syllables have twice the length of short syllables. The
question he asked is how many rhythm patterns with a given total
length can be formed from short and long syllables?

Acarya Hemacandra in his Chandonusasana (c.1150 ck),
mentions the idea of the number of variations (patterns) of matra-
vrttas. His rule is translated thus:

Sum of the last and the last one but one numbers (of variations) is
(the number of variations) of the matra-vrttas coming afterwards.
— Meinke 2011
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Number F F F,
0 0 0
1 1 1
2 1 0 1
3 1 1 2
4 2 1 3
5 3 2 5
6 5 3 8
1
|

]
W

i

10 10
6 15 20 15

Mount Meru

He continues:

From amongst the numbers 1, 2, etc. those which are last and
the last but one are added (and) the sum, kept thereafter, gives
the number of variations of the matra-vrttas. For example, the
sum of 2 and 1, the last and the last but one, is 3 (which) is kept
afterwards and is the number of variations (of metre) having 3
matras. The sum of 3 and 2 is 5 (which) is kept afterwards and is
the number of variations (of the metre) having 4 matras. ... Thus:

1,2,3,5,8,13,21,34 and so on.

Mount Meru is called Yang Hui's triangle in Chinese terminology
after Yang Hui (fl. 1238-98), Tartagalia’s triangle after Italian
Tartagalia (1499-1557) and Pascal’s triangle in Western Europe due
to Blaise Pascal (Traite du triangle arithmerique, 1655).

The sequence of numbers of patterns now called the Fibonacci
sequence, after the Italian mathematician Fibonacci, whose work
(Liber Abaci, c.1202; Book of Calculation) was published seventy
years after Hemacandra. The numbers in the sequence are called
Fibonacci numbers. Fibonacci introduced and popularized Hindu-
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Arabic numeral system to Western countries (Europe) through
Liber Abaci.

MUSIC CONNECTION

The poetic metres Hemacandra studied have an analogue in
music. Rhythm patterns are sequences of drum hits that overlay
a steady pulse, or beat. Notes — groups of beats — play the role
of syllables in poetry. Drummers hit on the first beat of a note
and are silent on the following beats; the length of a note is the
number of beats from one hit to the next.

Returning to our musical question, the answer is that the number
of rhythm patterns with length 7 is the sum of the number of
patterns of length n — 1 and the patterns of length n — 2.

— Hall 2008

Left Tabla

Metallic Shell

Wooden Pegs

Tabla (combination of pair of drums — byan (big)
and dayan (small)) (Tiwari and Gupta 2017)

Bola — dha (1 beat) — time duration 1 or length 1
Bola — thira kita or te te (2 beats) — time duration 2 or length 2

Example: Different combination of 1 and 2 — to have metre (chandah,
composition) of length 4 beats (syllables):

Variations or Patterns of Length of Five Beats

LL 2+2=4
SSL 1+1+2=4
LSS 2+1+1=4
SLS 1+2+1=4
SSSS 1+1+1+1=4
Total 5

S —Short, L — Long
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Example: Different combinations of 1 and 2 — to have metre (chandah,
composition) of length 5 beats (syllables):

Variations or Patterns of Length of Five Beats

SLL 1+2+2=5  dha thir kita

LSL 2+1+2=5  thitkita dha thir kita
SSSL 1+1+1+2=5

LLS 2+2+1=5

SSLS 1+1+2+1=5

SLSS 1+2+1+1=5

LSSSS 2+1+1+1+1=5

SSSSS 1+1+10+1+1=5

Total 8

Metre (chandah) 0 1 2 3 4 5 6 7 8 9
Length, n

Fibonacci 1 1 2 3 5 8 13 21 34 55
Sequence, F

n+1

Bharata
Short syllable (laghu) — 1 matra
Long syllable (guru) — 2 matra

No. of Beats, n 1 2 3 4 5

L G LG GG LGG
LL GL LLG GLG
LLL LGL LLLG

GLL GGL

LLLL LLGL
LGLL
GLLL
LLLLL

Fibonacci Sequence 1 2 3 5 8
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Pingala’s Prastara (matra metres) — prastara (permutations)

n-Syllabic Metres and Variations

Meter Length, n 1 2 3 4

G GG GGG GGGG
L LG LGG LGGG
GL GLG GLGG

LL LLG LLGG

GGL GGLG

LGL LGLG

GLL GLLG

LLL LLLG
GGGL

LGGL

GLGL

LLGL

GGLL

LGLL

GLLL

LLLL

1 4 8 16

Define grouping/clubbing pattern

1 — metre of four laghu or four guru

4 — metre of three laghu and one guru or one laghu and three

guru

6 — metre of two laghu and two guru

Matrix Form of Pascal Triangle—Blaise Pascal (1623-62)

6-Row Pascal Triangle Merupastara — Pingala

Notes/ Lilavatt
Syllables Pingala’s Metre
pattern
Variations
0 1 (x+y)P 1
1 1 1 (x+y)t 2 Ukta
2 1 2 1 (x+y)? 4 Atyukta
3 1 3 3 1 (x+y)p? 8 Madhya
4 1 4 6 4 1 (x+y)* 16 Pratistha
5 1 5 10 0 5 1 (x+y)p° 32 Supratistha
6 1 7 21 35 21 7 1 (x+y)e 64 Gayatrt
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Matrix Form

n n n n n n n n)y 2"
BIGRENENE AN
0 1 0 0 0 0 0 0 1
1 1 1 0 0 0 0 0 2
2 1 2 1 1 0 0 0 4
3 1 3 3 1 0 0 0 8
4 1 4 6 4 1 0 0 16
5 1 5 10 10 5 1 0 32
6 1 6 15 20 15 6 1 64

Binomial coefficient

n!
n ——,0<r<n
=<(n=nr)r!
r

0,r>n
is the coefficient of x" in the expansion of (1 + x)™.

Eventually, diagonal sums of Pascal triangle are Fibonacci
sequence.

Further

2"{3}@*'“*@

Fibonacci numbers are generated thus:

Fe1-(y
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FIBONACCI SEQUENCE IN GANITAKAUMUDI

Concept of Fibonacci numbers are more advanced in the
Ganitakaumudi. Chapter 13 of it defines samasika-pankti (additive
sequence). Fibonacci numbers are particular case of this sequence.

Rule for the formation of samasika-parkti:

First keeping unity twice, write their sum ahead. Write ahead of
that, the sum of numbers from the reverse order (and in) places
equal to the greatest digit, write the sum of those (in available
places). Numbers at places (equal to) one more than the sum of
digits happen to be the samasika-parkti. - Kak 2004

Let v(g, r) be the r'" term of samasika-parkti when the greatest
digit is . The rule implies v(g, 1) = 1 and v(q, 2) = 1. Let p stands
for the number of places.

For

o(g, 1) = {v(q/ r=1)+0v(g,r-2)+..v(q,2)+v(q,1)3<r<gqg

u(g, r=-1)+0v(g,r-2)+..0(q,r-q),q<r

r=1,2, .., n nis the sum of digits.
For g = 2, we obtain Fibonacci numbers.
Example (Cow Problem, Ganitakaumudi):

A cow gives birth to a calf every year. The calves become young
and they begin giving birth to calves when they are three years
old. Tell me Oh learned man! the number of progeny produced
during twenty years by one cow. - Kak 2004

Example: Piano (saptaka-octave)

Fibonacci numbers and music are related. In music, an octave is
an interval between two pitches, each of which is represented
by the same musical note. The difference is that the frequency
of the lower note is half that of the higher note. On the piano’s
keyboard, an octave consists of five black keys and eight white
keys, totalling 13 keys. In addition, the black keys are divided
into a group of two and a group of three keys. —Meinke 2011
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20:€C 9-¢l-810C

Piano’s keyboard

Algebraic & Geometrical Structure:
Properties of Fibonacci Numbers

(Omotehinwa and Raman 2013; Rose 2014; Stakhov 2006)

Golden ratio (Fibonacci)

a+b_£
b
a b
a-b
I |

Writing x = %,wegetx=l+l,i.e.xz—x—lzo.
X

_ 1+\/g

=1.61803989
and 2

2 5-1_+5+1

1++5 2 2

From which we find

1=09-1
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Notice thato —y=1, 0y =1
P=0+1
=+ 0=20+1
0= @*+ @*=3¢p +2
=0+ @*=5¢p+3
Proceeding,
¢"=Fo+F ,n=12,..
y'=Fy+F ,n=12..

n-1

Subtracting we obtain, Binet’s formula
F=2"Y ,-12,..

o-v
Observe the asymptotic behaviour

n+1

F

n

n I/l—j n n_]’
F = =
= 2
n-1 i n-2 — 1 —
AL o
j=1 ] j=1 J

= Fn + Fn—l.

—>@asn—oo

i.e.

F =F +F ,F=F-=1
o (n-k

F => T s ns1

n ] k

Let F =r". The equation will reduce to -7 -1 = 0. This gives ¢, y.

—

THEOREM (Vernon 2018)

If the ratio limit L of a Fibonacci type sequence exists, then it is a
unique solution to the equation x” —x"*—1 = 0 in the interval (1, ).
PYRAMID

Let y be half the base of square,  the height and s slant height of
pyramid.

Ry
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F H B

Golden spiral, or golden rectangle
(Overmars and Venkatraman 2018; Rose 2014)

a
.
u

a a=1

oo 1

Right-angled triangle representation of the golden ratio ¢
(Overmars and Venkatraman 2018)

X2 —yr=h+xy
(G-
y y
¢-9-1=0

AREA OF SQUARE AND RECTANGLE
Area of square = area of rectangle

(x+1y*=x(2x +v))

o))

¢-9-1=0
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FIXED POINT ITERATION

X, =Vl+x ,n=12,..

or

xn+1:1+i, n=1,2,...
X

n

NEWTON-RAPHSON METHOD (ORDER OF CONVERGENCE 2)
f(x)=x*-x-1
. fx)
xn +17 xn -
f(x,)
x2+1

2x -1

n-1

OBSERVATIONS

1. Any two consecutive Fibonacci numbers are relatively
prime.

2. For every two odd numbers, the next is an even number.

3. Sum of any ten consecutive Fibonacci numbers are always
divisible by 11.

4. Fibonacci numbers in composite-number positions are
always composite numbers, with the exception of the fourth
Fibonacci number.

5. If n and m are positive integers, then gcd(F,, F ) =F ,

6. F isdivisible by F iff n is divisible by m.

7. Extended Fibonacci Numbers
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Properties of Fibonacci Numbers

N F Prime Factor
1 1
2 1
3 2
4 3
5 5
6 8 2°
7 13
8 21 3x7
9 34 2x7
10 55 5x 11
11 89
12 144 24 x 32
13 233
14 377 13 x 29
15 610 2x5x6l1
16 987 3x7x47
17 1597
18 2584 2% 17 x 19
19 4181 37 x 113
20 6765 3x5x11 x41
21 10946 2 x 13 x 421
22 17711 89 x 199
23 28657
24 46386 25%x32x7x%x13
25 7502 52 x 3001
50  12,586,269,025
E,=(1"F,
and
TP k1
F = . \/g
-0




FIBONACCI SEQUENCE [ 169

N 12 3 4 5 6 7 8 9 10 11
F 0 1 1 2 3 5 8 13 21 34 55
F— n

0 1-1 2-3 5-8 13-21 34 -55

EXAMPLE: BEES AND RABBIT PROBLEMS
(Omotehinwa and Ramon 2013; Rose 2014; Scott and Marketes 2014)

Rabbit Problem

Growth pattern of the Fibonacci rabbit was first idealized by
Fibonacci in his book Liber Abaci (1202).

Statement of Problem (Liu 2018)

The idea follows as:

Rabbits never die; it takes one month for a pair of infant rabbits
to become a pair of adults; an adult pair always gives birth to an
infant pair; the system starts with one pair of adult rabbits. This
gives rise to (Fibonacci sequence), where F, is the number of adult
pairs at month ¢, and the number of infant pairs at month  is
F, .. So, the ratio of the number of adult pairs over the number
of infant pairs goes to ¢.

A man put a pair of rabbits (a male and a female) in a garden that
was enclosed. How many pairs of rabbits can be produced from
the original pair within twelve months, if it is assumed that every
month each pair of rabbits produce another pair (a male and a
female) in which they become productive in the second month and
no death, no escape of the rabbits and all female rabbits must be
reproduced during this period (year)? (Meinke 2011) (translation
from Liber Abaci of Fibonacci).

The solution to this problem is Fibonacci numbers (sequence).

Explanation: Let us assume that a pair of rabbits (a male and a
female) was born in January first. It will take a month before they
can produce another pair of rabbits (a male and a female) which
means no other pair except one in the first of February. Then,
on first of March we have 2 pairs of rabbits. This will continue
by having 3 pairs on the first April, 5 pairs on the first of May, 8
pairs on the June first and so on. The table below shows the total
number of pairs in a year.
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Total Number of Rabbit Pairs in a Year

1 2 3 4 5 6 7 8 9 10 11

12

Month Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.

Baby 1 0 1 1 2 3 5 8 13 21 34 55
(Young)
Mature 0 1 1 2 3 5 8 13 21 34 55 &9
(Adult)
Total 1 1 2 3 5 8 13 21 34 55 89 144

Bees Problem

We note that although the rabbit reproduction problem is not
realistic, Fibonacci numbers fit perfectly to the reproduction
ancestry of bees. Within a colony of bees, only the queen
produces eggs. If these eggs are fertilized then female worker
bees are produced. Male bees, which are called drones, are
produced from unfertilized eggs. Female bees therefore have

two parents; drones in contrast, have just one parent.

—Scottand Marketos 2014

Further observations:
1. The male drone has one parent, a female.

2. He also has two grand-parents, since his mother had
parents, a male and a female.

3. He has three great-grandparents: his grandmother had
parents but his grandfather had only one and so forth.

two

two

Looking at the family tree of a male drone bee we note the

following:

Comment

We observe that the ancestry of a worker or even a queen is
simply a shifted Fibonacci sequence because of its connection
to the ancestry of the bee drone. It is important to note that the
number of ancestors at each generation 1 for (mammalian) sexual

reproduction is simply 2". The ratio of two consecutive generations
is asymptotically equal to 2 (Panini sequence) whereas in the case
of bees, it is asymptotically equal to the golden number 1.618.
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Bee Family Tree

Generation Drone Worker/Queen
1 1 2
2 2 3
3 3 5
4 5 8
5 8 13
6 13 21
7 21 34
8 34 55
9 55 89
12 55 144

Thus the ancestry trees for bees and rabbits do not have the
same mathematical complexity.

Fibonacci Code (Stakhov 2006)

Zeckendorf’s system of writing numeral (Edou and Zerckendorf
1901-83)
N=aF +a F  +..+aF, a {01}
e F
N=F+r0<r<F i=23,.F=F=1
F<N<F |
ie. 0OSN-F<F  -F

i
ie.0<r<F_|

We write N=a a

N F.=8 F,=5 F=3 F=2 F=1 Fibo
Representation
0 0 0 0 0 0 0
1 0 0 0 0 1 1
2 0 0 0 1 0 10
3 0 0 1 0 0 10
4=3+1 0 0 1 0 1 101
5 0 1 0 0 0 100
6=5+1 0 1 0 0 1 1,001
7=5+2 0 1 0 1 0 1,010
8 1 0 0 0 0 10,000
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Fibonacci coding 11 =8+2+1=1x8+0x5+0x3+1x2+1
x 1=10,011

Binary coding 11 = 2% + 2' + 2° =1,011

Fibonacci code = Fibonacci encoded value + “1".

Procedure
1. Find M,= max F,< N. Note down the remainder
2. Put 1 in the i* position of M,

3. Repeat the step 1. Repeat the process until we reach a
remainder of zero.

4. Place 1 after the last naturally occurring one in the output.
5. We may put 1 in the Fibonacci code as 01, 11, 101, 1001, etc.

Level

0 1 1 2 3 5 8 13 21 34
1 3 4 7 11 18 29 47 76 123
2 4 6 10 16 26 42 64 110 178
3 6 9 15 24 39 63 102 165 267
4 8 12 20 32 52 84 136 220 356

Range of Fibonaccinumber0, 1,1, 2, 3,5, 8,13, ... with n =5 is from
F,=0toF,=F.=F,=8+5=13is 13.

Modular Form

Let F,= F, mod p, F, = F,  mod p, F, is the t" Fibonacci number. F,
mod p form a periodic sequence, i.e. the sequence keeps repeating
its values periodically.

F in Modular Form

Fp Period, lp

7 16 0,1,1,2,3,5,1,6,0,6,6,5,1,2,6,1
11 10 0,1,1,2,3,5,8,2,10,1
13 28 0,1123,5,8,0,8,8,..,2,12,1

17 36 0,1,1223,5,8,0,8,13,4,0,4,...,...,2,16,1
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Generalized Fibonacci Sequence

FIBONACCI SEQUENCE GENERATING FUNCTION
(AUSTIN ROCHFORD)

Fx)= Y Ex' =x+3 Fx’
n=0 n=2
=X +§:Fn_1x” +iFn_2x"
n=2 n=2

00 o0
=x+x) F x""4+>F x"?
n=1 n=1

= x + xF(x) + x*F(x)

- F(x) :ilfnx” =
n=1

x
1—x—x?

Now,

x x
l-x—x° (x+(p)(x+@)

111
to x+(P \/g 1+x/0 1+x/¢
:\/g(l—(px 1 : j:%i(@n_‘?’”)x"ilfn(x)x”

F(x)=

—0X

GOPALA-HEMACANDRA SEQUENCE
a,b,a+b,a+2b,2a+3D, ...
a=1,b =1 corresponds to Fibonacci numbers

a=2,b=1 corresponds to Lucas numbers

EXTENDED FIBONACCI NUMBERS



174 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

TRIBONACCI NUMBERS
F . =F+F,  +F ,F=0F =0F=1

n

GENERALIZATION OF MOUNT MERU (KAK 2004)
F, =F+F,  +F _,F=F=0F=1

n n-2"

Metre 0 1 2 3 4 5 6 7 8 9
(chandal)
Length, n

Fibonacci 0o 0 1 1 2 4 7 13 24 44
Sequence, F,

Triplicate Meru

1 1

2 1 1 1

3 1 2 3 2 1

4 1 3 6 7 6 3 1
1 1 1 1 1

5 140696041

IR RS R R R

STATISTICAL APPLICATION OF GENERALIZED

FIBONACCI SEQUENCE (Cooper 1984)

A fair coin is tossed repeatedly until n consecutive heads are
obtained. What is the expected number of tosses e, to conclude
the experiment?

GENERALIZATION OF GOLDEN SECTION (GOLDEN P-SECTION)
(Agaian and Gill III 2017; Agaian 2009)

%: [%}n, p is a positive integer. CB > AC, AB = AC +CB.

This implies x”*' —x” — 1 =0, x = AB/CB. Positive root is called
golden p-ratio.

Generalized Fibonacci numbers
) _ ) (p)
F"=F" +Pn_p_1,n >p+1

Fl(p) — Fz(p) =...=F»

n+1
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»
Further, x=lim-%—, p=0,1,2,...
-0 F(P)
0,n<0
F”=11,0<n<p+1

(» _ )
Ef —FEr  n>p+1

p  Fibonacci Numbers

0 0 1 2 4 6 8 16 32 64
1 0 1 1 2 3 5 8 13

2 0 1 1 1 2 3 4 6 9
3 0 1 1 1 1 2 3 4
4 0 1 1 1 1 1 2 3 4

Application: Generalized golden ratio is generally applied for
forecasting financial time series analysis (simulation). This
includes correlation analysis, moving averaging models, logistic
regression, artificial neural networks, support vector machines
and decision tree analysis (Agaian and Gill III 2017; Agaian 2009).

Fibonacci Polynomials
Fibonacci polynomials are obtained from generalized or weighted
Fibonacci sequence as follows (Araghi and Noeiaghdam 2017;
Bashi and Yelcinbas 2016; Kurt and Sezer 2013; Mirzaee and
Hoseini 2013):
Let k be an integer. Then k-Fibonacci sequence is defined by
F . =kfF +F  ,F =F=1
For
k=1F
If k = x is a real variable, then
F  (x)=xF (x)+F (x),F(x)=F,=0,F(x)=F =1
1, n=0
F. (x)=1x, n=1
xF,(x) + F,,(x), n>1

n+1/

,=F +F _ (Fibonaccisequence)
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[n/2] stands for greatest integer not exceeding 7/2. This is equal
to(n—1)/2if nis even and n/2 if n is odd.

F(x)=1
F(x)=x
Fx)=x*+1

F,(x)=x%+2x

F(x)=x*+3x*+1
F _(x)= Z(nl_le"zi,n >0.
: i

The polynomials so obtained are used in solving differential,
integral and difference equations wherein solutions are expressed
in matrix equivalent of linear combinations of Fibonacci sequence.

y(x) = D0, F () = F()A
where 7
F=[F(x), ... F,®], A=la,..a]"

For further procedural details refer to of pro Equations (Koc
et al. 2014; Mirzaee and Hoseini 2013).

Fibonacci Sequence in Biology and Medicine

ENERGY SOURCES
¢ Carbohydrates (starch, cellulose, glucose)
* Proteins (daal-cereals, meat, eggs)
¢ Lipid (ghee/oil, fatty acids)
e Nucleic acid (DNA, RNA)

DNA /RNA are combinations of sugar, phosphates and nucleic
(nitrogenous) bases called nucleotides. Nucleic bases are divided
into purine (adenine-A, guanine-G) and pyrimidine (thymine-T,
cytosine-C, uracil-U).

Basic element of DNA are the sequence (polymer) of four
nitrogenous bases: A, G and C, T while RNA is made up of A, G
and C, U.
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In human field, Dress et al. proposed that the growth pattern
of repetitive DNAs is analogous to the pattern described by the
Fibonacci process (repetitive DNAs are those built from a basic
short DNA sequence that is repeated many times, often referred
to as “junk DNA” and accounted for a large fraction of the whole
human genome). — Liu and Sumtler 2018

MATRIX REPRESENTATION OF DNA MOLECULES
(Hu and Pitoulchov 2017; Koblyakov et al. 2011)

The pairs of complementary molecules A — T and C — G of DNA
are respectively linked by 2 and 3 hydrogen bonds.

RELATION BETWEEN GENETIC MATRIX AND GOLDEN SECTION
Genetic matrix ([3, 2; 2, 3]") = [, 0" @™, @]"

[CA,-TG](D:[C A}, {3 2" _ {(p (pl}

TG| 23]

CCCAAC AAT [966477 [¢* ¢ ¢ ¢
[CA;TG]@): CT CG AT AG , 6946 | _ (p(; (p: (p;z o
TCTAGCGA || 6496 @ 02 ¢ @

070 ¢ ¢

TTTGGT GG | 4669 |




178 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

0 1
0 C A
1 T G

00 | 01 10 | 11

00 | CC | CA| AC | AA
01 | CT | CG | AT | AG
10 | TC | TA | GC | GA
11 | TT | TG | GT | GG

[CA; TG]® contains two numbers 3, 2; ratio 3/2.

[CA; TG]® contains three numbers 9, 6, 4; quint ratio each 3/2.

[CA; TG]® contains four numbers 27,18, 12, 8; quint ratio each 3/2.
The concept of Fibonacci sequence is used to study potential

number of fatty acids and maturation problem of cell division

process.
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Karani (Surds)

R. Padmapriya

agfufdert: f& e TR
Afcehfoags] e rore foar = il

Whatever there is in all the three worlds which are possessed
of moving and non-moving being all that indeed cannot exist
without ganita. — Ganitasara-sariigraha 1.16

GANITASASTRA has always occupied a position of high ranking
among the various Sastras. This is seen right from the Vedic period.
The importance of learning ganita for learning Vedas as well as for
performing sacrifices and rituals is clearly evident from the texts
of the Vedic period.

Among the Vedangas, Kalpa occupies a special place.
Kalpa provides all necessary details under different heads, viz.
Srautasiitras, Grhyastitras, Dharmastitras and Sulbasttras. Among
these, Sulbasiitras deals with the rules and measurements for
constructing the fire alter. Sulbasiitras can possibly be treated as
the earliest mathematical texts in India.

The vedis were constructed in different shapes, such as
rathacakraciti (circle), Syenaciti (a bird-shape), ubhayata prauga
(thombus shape) and kiirmaciti (tortoise shape). For these
constructions, they needed the knowledge of geometry.

The Sulbasitras like Baudhayana, Apastamba, Manava and
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Katyayana have given the rules for constructing altars. One can
learn most of the geometrical rules from the Sulbasatras. They
also give rules for arrangement as well as measurements of
the bricks. Baudhayana was the first to give all the geometrical
rules. He gave the rules for finding approximate value of and the
theorem of square (popularly known as Pythagorean Theorem).
Though the development of Ganitasastra is found in Vedic period
from fifth century ce onwards the other mathematicians such as
Brahmagupta, Varahamihira, Mahavira, Sridhara, Sripati and
Bhaskara II enriched Ganitasastra.

The Word Karani in Vedic Period

In the Sulbasiitras, the ancient work on geometry, the sulbakaras
used the word aksanayarajju to designate the diagonal of a square
or rectangle, whereas the length and breadth were the tiryanmani
and parsvamani:

TS M et = acgeryd Feawgyd
FHAfII — Baudhayana Stalbastitra 1.48

But the word aksnayarajju disappeared after a while and the word
karna was substituted for the word “diagonal”.

Since the Sulbakaras used the rope to cut a figure along its
diagonal, the word karna is used as a modifier of the word rajju,
which means a rope. Since the word rajju is a feminine noun, the
adjective karna (making) takes the feminine form as karani. The
word karant occurs very frequently in the Sulbasitras. Baudhayana
treats the word karant as side of the square formed on the diagonal
produced by rajju. Apastamba also uses the word dvikarant in the
sense of a measurement by a rope. Katyayana treats the word
karant as to mean a rope.

FHoft qeheelt fodfemrt qeda=asoren =ifa e
~ Katyayana Sulbasiitra 11.3
The terms karani, tatkarani, tiryanmant, parsvamani and aksnaya
denote chords (measuring the side of a square or rectangle).

Aryabhata I uses the word varga krti for square power and miila
for square root. He never uses the word karant in either sense. In
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his work Aryabhatiya, he gives the rules for the construction of
circle, triangle and quadrilateral, where the word karna is used
to denote hypotenuse of triangle and diagonal of quadrilateral.

I gHU WieE TS = 9gys 9 S
AT ST T S errshd ||
— Aryabhatiya 1113

A circle should be constructed by means of a pair of compasses
while a triangle and a quadrilateral are constructed by means of
two hypotenuse.

He also gives the theorem of square of hypotenuses:
TgoE eI : hiSaTy Hofer: Wil

— Aryabhatiya 11.17
(bhuja)* + (koti)* = (karna)?.

Here, the term bhuja means base of a rectangle or square, kot7
means altitude and karna means hypotenuse and diagonal. This
is represented in the following figure:

Later on, the theorem was called bhuja — koti — karna — nyaya.

This can be compared with the Pythagorean Theorem of 500
CE as follows:

In a right-angled triangle, where c is the hypotenuse and 2 and
b are the other two sides, it can be stated that: a? + b? = 2.

The karant is so called because it makes (karoti) the equation of
hypotenuse — ¢ and sides a and b, i.e. a* + b* = ¢%. Here, the word
karant is taken from the root kr (kar) to do.
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The Amarakoda, the ancient Sanskrit text on lexicography, gives
the synonyms of karant as Srotram, srutih, Sravanam and sravah.

In his Nirukta, Yaska derives the word karna, from the root
krt, to cut. The word karna will take the meaning “a line dividing
a figure”. Since the line diagonal cuts the figure of rectangle or
square, a diagonal can also be designated as karna. The Greek root,

krino which means “to separate”, “put asunder”, is similar to karna
and so supports the etymological derivation of Yaska.

From the above statement, we are able to understand that the
word karanTwas in usage from Vedic period, even before the period
of Bhaskara I and was used to denote the diagonal and hypotenuse,
and that its usage is more in works of geometry.

Varga, karant, krtir, vargana, yavakaranam are synonyms of karan.
When a number takes the quality of being karan7, Bhaskara I calls
it karanitvam. He employs it in this sense while explaining the
volume of a pyramid in the Aryabhatiya Bhasya:

steifers wfoTEg. g RRonfaggiaam fead|
Here, when half takes the quality of karani, it is mentioned as
karanttva, whereas the term karani refers to the surds.

Another line in the Aryabhatiya Bhasya, while explaining the
volume of a sphere, clearly shows:

(wafarde) |
Karani is a number whose square root is to be taken. But the area, when

its square root is being taken, obtains the state of being karani because
the square root is required of karant.'

Sripati, in his astronomical treatise, the Siddhantasekhara
defines the term thus:

el 7 g @9 I W gfae woia T
— XIV.7ab

The name karant has been given to a number whose square root

! ABB 117, Eng. tr. Hayashi, p. 61.
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should be obtained, but speaking exactly does not exist as an
integer.

Brahmagupta and Bhaskara II also use the term in the same
sense, although they do not give its definition.

Mahavira, in his Ganitasara-sariigraha uses the word karani with
a short vowel (karani) when he gives the rule for the addition and
subtraction of the surd.?

Bhaskara II in his LilavatT uses the word karna to denote
hypotenuse and in Bijaganita he mentions surd numbers as karan.

Surds in Modern Mathematics

In modern mathematics, surd is defined thus: “Surds are irrational
numbers. They are non-terminating, non-repeating decimals.”

Surd is a number which cannot be perfectly evaluated but
which can be measured accurately. These numbers can be located
on the number line. Representation of V2 and V3 is as follows:

C B

7 [z

l
T T
oL -3 -2 “1-%0 1 A 2 3

Our sulbakaras also express the same rule. Dvikarant \2, trikarant
3 cannot be calculated accurately. They give a method to find
the approximate value of \2. But they measured the exact value

2 BrSpSi XVIIIL.38-40, explained in chapter 3.
3 GSS, ksetra 88-89 explained in chapter 2.
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of V2,3 by measurement. This achievement in this field without
any modern sophisticated tools is remarkable. Also in modern
mathematics surds are generally known to be 4/x (where x cannot
be written in the form y" (where y is a whole number). But the
word karant in Ganitasastra mostly denoted the diagonal of a
rectangle or square or a hypotenuse of a right angle triangle. Since
the diagonal can only be a square root and not cube root, fourth
root, or fifth root, the term karani mostly denotes the square root
of a non-perfect square number, which is called a surd. From the
above study it can be conclude that the term karan? appears to
match with our modern mathematical term “surd”.

Karani in Ksetraganitam

When Bhaskara I gives an introduction to ganitapada in his
Aryabhatiya Bhasya, he starts thus:

T gy - fer Tforam & TioTas) SRR RIEaT TTfoTd -
fargren: afymfora-sifufear:, SesmmRa: eEmftn a3d Tt
gy ar oTe oA <A HIi-uReRH T & TEl
T FHIONARERH, AT T A HUlsehite fauseha-afa
T JH:|

Thus we understand that our ancient mathematicians classified
ganita under two heads: Rasi-ganita (symbolical mathematics)
and ksetra-ganita (geometrical mathematics). Topics like algebra
fall under rasi-ganita, while others like series problems on
shadow fall under the ksetra-ganita. The operations of surds
(karant-parikarma), though it formed part of algebra (kutfaka),
was essentially a part of geometry (ksetra-ganita), for its main
function was to establish relations between the hypotenuse, the
base and the upright. The operations of karant are also present
in other chapters like arithmetic and algebra where the relation
between hypotenuse and base is not mentioned. Early studies on
karant are found in geometrical works like the Sulbasitras. This
is because they deal with measurements of areas and lengths
of lines and sides.
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Method of anstructing a square leads to the origin of karant (surd
number) in Sulbasttras.
The Origin of Dvikarani, Trikarani, Trtiyakarani
Baudhayana explains karant thus:
FHRH ARG e fH <l
A square constructed on the diagonal of a square produces double
the area of square.
In a square ABCD
AC =2BC?
AC?>=2AB? (AB =BC)

AC =\2AB. =\2a where AC is dvikarant
of the measure AB.

a 2a

Then Baudhayana gives rule for trikarant:

T} Rl fEeRTae e e T 1|

Then again the measure of the diagonal of a rectangle, having
sides @ and V2a is \3a, for a*+ (N2a)* = 3a% = (V3a)> V3a is known
as trikarant.

The knowledge of dvikarant and trikarani discussed by
$ulbakaras led in a way to the theorem of square on a diagonal.

In modern mathematics we call it as Pythagorean Theorem.
It seems that it was known in India before Pythagorus gave it
to the world. In Sulbastitras the actual theorem is in regard to a
rectangle and not triangle. They considered right angle triangle as
a part of rectangle and square. The Sulbastras explicitly did not
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give any name for the theorem of square. But our ancient Indian
mathematicians called it as bhuja — koti — karna — nyaya.

The Origin of Bhuja-Koti-Karna-Nyaya

Baudhayana explains the theorem of square thus:

RO : I ffem it o Jcgerd Feawgyd
w1

b

The square b is constructed on the length (tiryanmani) of the
rectangle (dirghacaturasram) while square a is constructed on the
breadth (parsvamani) of the rectangle and square c is constructed
on the diagonal (aksnayarajju) of the rectangle area of square a +
area of square b = area of square c

>+ b=
A proof of bhuja—koti—karna—nyaya is given by Bhaskara II in his
Bijaganitam®*in the form of an example. In this example, he suggests

the method to find the hypotenuse of a right angle triangle whose
other sides are given:

&3 fafar 7@: qod 9 FE 0 w1 Al
SYU F: TS& UGS HeAd||

Here, the words nakhaih and tithi denote the number 20 and 15
respectively. Srutil denotes karna (hypotenuse).

* Commentary on the Bijaganitam by Sudhakaradvivedi.
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Say what is the hypotenuse in a plane figure in which
the side and upright are equal to fifteen and twenty?
And show the demonstration of the received mode of
computation.

The answer is 25.

Here, the answer is found by the construction of four right-angle
triangles. The four right-angle triangles are arranged in such a
way that their hypotenuses form a square. In the process, another
interior square is formed. The difference between the upright and
the base is the length of its side. From this, we can know that area of
the square is equal to the area of four right-angle triangles with the
area of the interior quadrilateral. Knowing the area of the square
we can easily find the side of square which is the hypotenuse of
the right-angle tringle.

The Value of \2 Given by Sulbakaras

The value is:
1,1 1 577
3 34 3434 408

In modern mathematics, the value of V2 = 1.4142135. The sulbakaras
attained a remarkable degree of accuracy in calculating an
approximate value of \2 which is similar to the modern value.

=1.414215.

The rule given by Baudhayana is:

HIO e e ageTEg e Sfew |

— Baudhayana Sulbasiitra 1.62
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The measure is to be increased by its third and this again by its
own fourth less the thirty-fourth part of that fourth. This is the
value of the diagonal of a square.

Baudhayana says that this value is approximate only. This is
understood by the term visesa. Thus, the sulbakaras recognized the
irrationality of V2.

Constructional geometry in Sulbasiitras is the origin of
arithmetical and algebraic operations on surds. Among all the
ancient Indian mathematicians, Bhaskara II was one of the very
few authors who dealt elaborately with karant. In his algebraical
work Bijaganitam he deals with the operations on karani.

Bhaskara II explains the process of addition, subtraction,
multiplication, division, squaring and square root of surds.

The term avyakta means unmanifested thing. The six operations
of surds are dealt elaborately in avyakta-ganita. In the above
operations, the answers are only approximate, i.e. not manifested
clearly. Surds are the numbers which do not have perfect square
root values. Bhaskara’s commentator Krsnadaivajfia in his
Bijapallavam mentions thus:

A § HOMNRIETE MUdEeRTshaRaesd| a5 I8
Wasufad 7 9a 7 dwafa 9 w0 7 aHasarmEns|

— Karani Sadvidham chapter

Conclusion

The various definitions of karani given by the ancient Indian
mathematicians evolved so that they could gradually differentiate
between the varga or pada (which refers to the square root of perfect
squares) and karan (which refers to the square root of the usage
of the karani such as \/2, V3 and 1/ V3 seem to have made it easy
for the sulbakara’s calculations. This is seen from the fact that they
converted all big surds (which arose as a result of calculations)
into these three karan? non-perfect squares).

The present study of surds plays a very important role in the
astronomical field. This is because surds feature in a number of
astronomical research studies like calculations of position of the
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sun, the planets and other heavenly bodies, the phenomenon of
eclipse and many other areas of astronomy:.
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Square Roots of Expressions in Quadratic
Surds as per Bhaskaracarya

S.A. Katre
Shailaja Katre
Mugdha Gadgil

Abstract: Bhaskaracarya in his B7jaganita talks about square roots
of expressions in quadratic surds where more than one karant
(surd, i.e. a square root of a positive integer which is not a perfect
square) may be present. Bhaskaracarya gives a method of finding
a square root when the expression is a sum of an integer and
one surd. This method depends only on finding the square of
an integer and a square root of a perfect square. Algorithms for
squaring and root finding have already been discussed by Indian
mathematicians from the times of Aryabhata. Interestingly,
the trial method based on factorization has not been discussed
by Bhaskaracarya. In modern times, it is well understood that
factorization of large numbers is a difficult problem. Hence, the
method of Bhaskaracarya has an edge over other methods which
require factorization. Bhaskaracarya extends this method by
way of a hint in one verse. He says, to find square root of a surd
expression with 3 surds, you should collect 2 surds, for 6 surds,
collect 3 surds, for 10 surds collect 4 surds and for 15 surds collect
5 surds. After this, one should follow a method in analogy with
3-surd case. Although this is the right starting point, there are
sometimes difficulties in proceeding with the problem especially
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when there are 3 or more surds in the expression. The aim of
this paper is to analyse especially the 3-surd case.

Keywords: Bhaskaracarya, quadratic surds, squares, square
roots.

Introduction

IN “Karanisadvidha” part of his book Bijaganita (Abhyankar
1980), Bhaskaracarya tells us about six basic operations about
quadratic surds, viz. addition, subtraction, multiplication, division,
squaring and finding square root. For example, rationalizing the
denominator of a quadratic surd is explained. Here we concentrate
on the method of Bhaskaracarya about how to find a square root
of an expression in quadratic surds. In high school we learn trial
method of extracting square root. For example, to find square root
of 29 + 2v210 we find 2 factors of 210 whose sum is 29. Here 210
=15 x 14 and 29 = 15 + 14. Thus, V15 + V14 is a square root. For
large numbers, factorization can be difficult, and also we may have
to try many possibilities. On the contrary, Bhaskaracarya gives a
root-finding algorithm based on the methods that he has already
introduced, e.g. finding square root of an integer.

o HOAT AR o KON A SN0 SFE a8 |
foremeRq Euhd: 93 ST wqfivr artaar 1)

Yoo, % A HgT T ql AL wEel O >z A |
wafior At wem o1a: Ifa @ v woa Ak wfk e o

To find the square root of a quadratic surd expression which
has one or more surds (with positive sign), from the square of
the integer term subtract one or two or more integers under the
radical sign. The integer that you get should be a perfect square.
Take its square root. Add it to and subtract it from the integer term
in the expression. Divide these two results by 2. Take the sum of
the square roots of the resulting two numbers. If no surds are
remaining in the original square, this is the answer. Otherwise,
treat the larger of these two surds as an integer and proceed as
above.
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Thus, to find a square root of 5 + 26, first write it as 5 + V24.
Now 5% — 24 =1 is a perfect square. Get 2 numbers (5 + 1)/2 and
(5-1)/2,i.e.3and 2.

Thus, the square root is V3 + V2.

Similarly, for 29 + 24210, first write it as 29 + V840. Now, 29% =
841. We have, 841 — 840 = 1 which is a perfect square with square
root1. Then (29 +1)/2and (29 - 1)/2,i.e. 15 and 14 give the answer
as V15 + V14.

Note again that the method of Bhaskaracarya is quite general
and it works for a general field situation, i.e. quadratic extensions
of fields whose elements can be considered as quadratic for finding
square root of a + Vb, the method of Bhaskaracarya works. What we
require is that 4> — b is a perfect square in the field. As an illustration
let us find the square root(s) of a complex number z = A + iB.

First write A + iB as A + V(- B?). As — B2is not a perfect square,
this is a surd expression over the field of real numbers. Now,
A? - (- B?) = A? + B = |z is a perfect square over real numbers
as it is non-negative. Its square root is V(A2 + B = |zI.

Now get [A + V(A2 + BY)]/2 and [A — V(A2 + B)]/2. The sum
of the square roots of these expressions is the answer, i.e. V((A +
121)/2) + V((A = 1z1)/2). This is a complex number with first
term purely real and the second term purely imaginary. Here,
the V sign denotes a non-negative real root or a purely imaginary
root with non-negative real coefficient of i. The other square root
is the negative of this one.

It may be noted that the method of Bhaskaracarya works for
finding square root of a + \b for the general case of field extensions
even if 4> — b is not a perfect square in the given field but lies in
a proper extension of the field. If we denote a root of a> - b by c,
then the answer is V((a + ¢)/2) + V((a - ¢)/2), and square of this
quantity is a + Vb. However, this answer is neither convenient,
nor it is simpler than just writing V(a + \b). Thus, Bhaskaracarya
requires that a> — b is a perfect square and examples in which such
conditions are not satisfied are called improper (asat).

Justification for the method of Bhaskaracarya in the case of 1
surd is as follows:
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Suppose a + Vb is the square of VA + VB. Hence,a + Vb= A + B +
V4AB.A+B=a,b=4AB,s0a* - b= (A — B)%. This is a perfect square.

Take its square root. A = B or B — A. Add any one to a and
also subtract it from a. That gives 2A and 2B. Dividing by 2 we
get A and B.

We shall in what follows discuss the method of Bhaskaracarya
in the 3-surd case with justification why and to what extent the
method works and point out precautions for implementation by
considering various examples.

Dealing with Surd Expressions with 3 Surds

Bhaskaracarya indicates the method to be followed if the surd
expression contains 3 or more surds. Although he considers surd
expressions with integer numbers, his method equally applies to
surds with rational numbers or even elements from a field.

Here, we first observe that if we have a surd expression with
2 terms, it is either of the type a + Vb or \a + Vb. In both the cases
the square is of the form a + Vb.

A proper 3 term surd expression is of the type a + Vb + Vc
or Va + Vb + Vc. Here, it is assumed that no surd is an integer or
rational multiple of any other, i.e. no further simplification of the
surd expression is possible. The square of any such expression is
of the type a + Vb + V¢ + Vd and thus has 3 surds in it. Similarly,
square of a surd expression with 4 terms has 7 terms with one
integer term and 6 surds, square of a surd expression with 5 terms
has one integer and 10 surds, 6 terms correspond to 15 surds and
more generally n terms correspond to C(n, 2) = n(nl)/2 surds.
For example, a square of a surd expression cannot have just 2, 3,
4,5,7,8,9,11, etc. surds in it. It is thus clear why Bhaskaracarya
proposes his method for finding square roots of surd expressions
with 1, 3, 6, 10, 15 surds in the following verses:

TR -Gehferafiasoiigue arie o)
[ HIOATAT O Taaed JeaedTon ||
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In a square there are one or more surds together. If the expression
has 3 surds, we have to subtract from the square of the integer
number a number equal to the sum of 2 numbers under radical
sign. If it has 6 surds, 3 such should be removed. If it has 10 surds
then remove 4 such. If it has 15 surds, then remove 5 such. If after
removal, the difference is not a perfect square, then the example
is not proper or it is asat.

Now consider a square expression with 3 surds. This will have an
integer term too and it will be the square of an expression of the
type VA + VB +\C. Here none of A, B, C will be a multiple of any
other by a square of a rational number. Otherwise, the 3 terms
will merge into 2 or 1 term. Then A, B, C will be non-squares or
at most one of them will be a perfect square.

Example: Recall the example 5 +V24. 25 — 24 = 1 is a square. Square
root is 1.

(5+1)/2and (5 - 1)/2 gives 3 and 2. So the square root of 5
+V24is V3 + 2.

Now for an illustration of B method in the above verses,
consider a square with 3 surds.

Example: (N3 + V5 +\7) 2 = 15 + V60 + V140 + V84.

To find square root of 15 + V60 + V140 + V84

Step I: Take any two surds together, e.g. V60 and V140. Take a = 15,
b =60 + 140 = 200.

Imitate the procedure of finding the square root of a + Vb.

(15)*> = 225. 225 — 200 = 25. This is a perfect square. The square
root is 5. By the method explained, (15 + 5)/2 =10, (15 - 5)/2 = 5.
Thus, the square root of 15 + V200 is V10 + V5.

Step II: Out of this reserve, the smaller one, viz. 5 as comprising a
part of the final answer as 5.
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Go ahead with 10 as an integer and consider the remaining
surd, here 84 along with it, i.e. consider 10 + V84 as before.

100 — 84 = 16. Square root = 4. (10 + 4)/2 =7, (10 — 4)/2 = 3.
Thus, the square root of 10 + V84 is V7 + V3. Using the reserved
5, the method of B tells us that the final answer is V5 + V7 + V3
as expected.

It may be noted in this problem that if we take any two of the
3 surds, then also the method works.

Take, for instance 60 and 84 from 15 + V60 + V140 + V84. Now,
by the above method, 60 + 84 = 144, 225 — 144 = 81. Square root
is9.(15+9)/2 =12, (15 - 9)/2 = 3. Reserve 3. Go ahead with 12.
Consider 12 + V140. 144 — 140 = 4. Square rootis 2. (12 +2)/2 =7,
(12 - 2)/2 = 5. Answer V7 +\5 + V3.

Try 140 and 84. 140 + 84 = 224. 225 — 224 = 1. Square root = 1.
(15+1)/2=8,(15-1)/2="7.

Reserve 7. Go ahead with 8. Consider 8 + V60. 64 — 60 = 4.
Square root = 2. (8 +2)/2 =5, (8 — 2)/2 = 3. V5 + V3 + 7 is the
answer.

The reason why any two surds can be taken together in this

method can be explained as follows: Suppose a + Vb + V¢ + \d =
(A + VB +NC).

Thena + Vb + Ve +Vd = A + B + i + V(4AB) + V(4AC) + V(4BC).
Thena=A+ B+ C.
Take, for instance, b = 4AB, ¢ = 4AC. Then d = 4BC.

As per the method, in Step I, taking together first two surds,
consider a’> - b —c.

This becomes (A + B+ C)>—4AB —4AC =(- A + B+ C)?, which
is a perfect square.

The square roots are — A + B + C and A — B — C. Taking any of
these roots, by the operation (a + root)/2 and (a — root)/2, we get
B + Cand A. Now in Step II, take the larger one of these two (bahot
karant) as per the initial verses of Bhaskaracarya above, which is
expected to be B + C.

And here is the catch. Here for proceeding algebraically, we
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must keep A for reserve for the final answer and go ahead with
B + C. It is likely that actually the smaller number is B + C. So to
get the correct answer we have to proceed with B + C. So larger
of the two may not always work, contrary to the explanation of
Bhaskaracarya. Thus, “one of them works” is the correct way
of putting. Go ahead with B + C. Then consider B + C and the
remaining surd V4BC. Thus, we getB+C+ V4BC. By the method,
(B+ C)*-4BC = (B — C)%. The square roots are B— C and C - B. To
B + C add any root and also subtract the root from B + C. Divide
by two. This gives B and C. Using A in reserve, the answer is VA
+VB ++C.

Since AB and AC have A common, AB and BC have B common,
and BC and AC have C common, the method will work with the
choice of any two surds of the three, provided at the end of Step
I, we make the right choice of the number for working in Step II.

To illustrate the problem in the last step we consider
(V10 + V2 + V3)2 = 15 + V80 + V120 + V24.

Now 225 — 80 — 120 = 25. Square root 5. (15 + 5)/2 = 10, (15 -
5)/2 = 5. Here, if we keep 5 reserve as it is smaller and proceed
with 10, we have to consider 10 + V24.

Here we get 100 — 24 = 76 which is not a perfect square, so the
method fails. On the contrary, reserving the larger number 10 for
the final answer and proceeding with 5, we have to consider 5 +
V24. Then 25 — 24 = 1 which is a perfect square with square root
1.(5+1)/2and (51)/2 give 3 and 2. So we get V10 + V3 + V2 as the
correct answer.

Thus, in this problem, one of the two choices obtained in the
tirst step works, but not the other. In such an example we can get
the final answer by selecting the choice at the end of Step I which
takes us to the final answer and reject the other choice.

A Misleading Example

Here, we consider an example which gives an answer for both
the choices obtained in Step I without internal contradiction. One
answer is correct and the other is not. Take for instance (V35 + V6 +
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V11)? = 52 + V840 + V1540 + V264. Taking first 2 surds together, 2705
— 840 — 1540 = 324. Square root is 18. The two numbers obtained
are (52 +18)/2 =35, (52 — 18) /2 = 17. Keep 17. In Step 1I, go ahead
with 35 (larger number). We get 35 +V264. 1225 — 264 = 961. Square
root is 31. We get 2 numbers (35 + 31)/2 and (35 - 31)/2, i.e. 33
and 2. Everything works without any contradiction. All required
numbers are perfect squares and we think we have arrived at the
answer V33 + V2 + V35. Unfortunately, this is a wrong answer, as
can be checked by squaring the expression. But that does not mean
that the given expression is not a perfect square. On the contrary,
going ahead with 17, we get, 289 — 264 =25 ="5% and (17 + 5)/2 =
11 and (17 - 5)/2 = 6, giving us V35 + V6 + V11 as the right answer.
This example illustrates that even if the internal required numbers
are perfect squares, it may lead to a wrong answer.

In an example like 10 + V40 + V60 + V24, taking first two surds
we get 100 — 40 - 60 =0, s0 (10 + 0) /2 and (10 — 0) /2 give the same
values 5, 5. So there is no difficulty here. Keeping one 5 as reserve
and going ahead with 5 we get V3 + V2 + V5 as the answer.

In conclusion, the method of Bhaskaracarya works with a
precaution. The statement of Bhaskaracarya about taking larger
number in Step II does not always work:

Yo, dg 1Y “HIofigd W ol 1Y sl ol @ i A
T A T Fa: AT & W oA afg | it

Take the sum of the square roots of the resulting two numbers. If
no surds are remaining in the original square, this is the answer.
Otherwise, treat the larger of these two surds as an integer and
proceed as above.

So at the end of Step I we get 2 numbers and one of them certainly
works for going ahead when a perfect square surd expression with
3 surds is given. The number does not work may be clearly in the
intermediate steps when we do not get a required number as a
perfect square. Sometimes all the required intermediate numbers
are perfect squares, still the answer is wrong. Hence after getting
the answer tallying is necessary and if required we should use the
other number in Step I for proceeding in Step II.
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Examples Given by Bhaskaracarya in 3-Surd Case

In “Karanisadvidha” part of Bijaganita, Bhaskaracarya asks four
problems in the 3-surd case. His first problem on 3-surd expression
is:

T 7T Fog: 3 fag: T A fag

w4 q9fy: SUAl: o 9 dfe o @ 0
Oh learned! find the square root of 10 + V32 + V24 + V8.

Here 100 — 32 — 24 =44 isnot a perfect square, so the expression
is not a perfect square. Note that as explained earlier, it is not

necessary to try other pairs of surds. Even if we do, 100 —24 - 8 =
68 and 100 — 32 — 8 = 60 are not perfect squares.

The next example is:

it = weoa: fafufavegae: wqifo: |
qo I foh qod dfe T8 w0
What is the square root of 10 + V60 + V52 + V12.

Here 100 — 60 — 52 is negative, so not a square. So the
expression is not a perfect square, although 100 — 52 — 12 = 36 is
a perfect square. Actually proceeding with 36 one gets (10 + 6)/2
and (10 - 6)/2, i.e. 8 and 2. We cannot proceed with 2 as 4 — 60 is
negative. Proceeding with 8, we get 8 + V60. Then 64 — 60 = 4 = 22,
(8+2)/2=5and (8 -2)/2=3. V5 + 43 + V2 is the expected square
root, but it is not as can be directly checked. Since for a perfect
square surd expression, differences obtained from any two surds
should be perfect squares, it is enough to get one difference not
a perfect square.

Bhaskaracarya is testing the reader with another problem in
the following verse:

T WEIS9I Wft: IO Hal 7
®U: quf: UG foh gof 9fe @ @
Find the square root of 10 + V8 + V56 + V60.

Consider the surd expression E = 10 + V8 + V56 + V60. Here we
take first 2 surds together. Consider 100 — 8 — 56 = 36 which is a
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square. Consider (10 + 6)/2 and (10 — 6)/2, i.e. 8 and 2. If we keep
8 as reserve and take 2 for further analysis, we get 2 + V60. But 4 —
60 is negative, so we have to abandon this. Take the larger integer
8 for further analysis and reserve 2 as a part of the answer in the
form of V2. Unused surd is V60. We are left with 8 + V60. This is
going to be a perfect square of a surd expression. We have 8% = 64.
64 — 60 = 4, which is a perfect square, with square root 2. Then (8
+2)/2and (8 —2)/2 give 5 and 3. By Bhaskaracarya’s method this
gives \5 +\3 as part of the answer. Final answer is obtained using
previous V2. Thus, the square root is V5 + V3 + V2. However, after
tallying we see that the square of V5 + V3 + V2 is not the original
expression. This happens because the given expression E is not
a square of such a surd expression. This will be more clear when
we take the 2™ and 3" surd in E. If we work out 100 — 56 — 60,
we get — 16 which is a negative number and a non-square. Also,
100 - 8 — 60 = 32 is a non-square. This illustrates that the method
can mislead the reader if you start with a surd expression which
is not a perfect surd square.

After giving enough warning to the readers by these three
verses that blindly following the method is not useful and
the expression may not be a perfect square surd expression,
Bhaskaracarya gives one problem in which the expression is a
perfect square.

TR - STefifa-fgerdi-gean: wwa: =q |
YRIRETIH: a9 Fell o 1= SfE I
Find the square root of 17 + V40 + V80 + V200.

Here, 289 — 40 — 80 = 169 is a square with square root 13. (17 +
13)/2=15and (17 - 13) /2 = 2. Keeping 2 as reserve and proceeding
with 15, we get 15 + ¥200. Now, 225 — 100 = 25 = 52. (15 + 5)/2
=10, (15 - 5)/2 = 5. Thus, the expected square root is V10 + \5 +
V2. The reader is now careful and checks that the square of this
expression is indeed the given expression.

Remark

Although in the 3-surd case, all the three differences, obtained
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from a square surd expression by taking any 2 surds out of the 3,
are perfect squares, this is no longer the case when there are 6 surds
in the expression. In that case and in later cases with 10 surds, 15
surds, etc. mentioned by Bhaskaracarya, even if the expression is
a perfect square, in the method of Bhaskaracarya only certain 3
surds, 4 surds, 5 surds, etc. have to be taken together for subtraction
from the square of the integer.

Reference
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The Fore-Shadowing of Banach’s
Fixed-Point Theorem

Among Indian and Islamic Mathematicians:
Procedural or Spatial Intuition?

Johannes Thomann

IN MATHEMATICS, the way from conjecture to proof can be long.
Fermat’s Last Theorem is famous. It was published in 1637 cg, not
as a conjecture, but as a lemma for which Fermat claimed to have
found a wonderful proof (demonstrationem mirabilem sane detexi).
Unfortunately, the place for notes in the margin was not large
enough to write it down (Hanc marginis exiguitas non caperet). The
decisive proof of the theorem was published in 1995 by Andrew
Wiles, 358 years after Fermat’s claim. Today, nobody believes
that Fermat’s alleged proof was a valid one, but since he was
such an eminent expert in number theory, he might have had a
presentiment of something which seemed to make the theorem
evident. In the following, a case will be described in which the
time interval between the intuition of a lemma and its proof is
even longer, in fact, more than a millennium.

Banach’s Fixed-Point Theorem

Metric spaces are a core topic in modern mathematics. One of the
most frequently used lemmata is the fixed-point theorem, named



206 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

after the famous Polish mathematician Stefan Banach (1892-1945
CE):

A contraction mapping T of a complete metric space on itself has
a unique fixed-point x*, which can be constructed by the iteration
x,=T(x,_,), starting with an arbitrary element x,.

A simple example may serve as a demonstration. The real numbers
form a complete metric space, and the so-called Heron method
for extracting square roots demonstrates the construction of the
fixed-point by iteration:

=x - (x>—a)/(2x).

This converges towards the square root of a. If 2 = 9 and the start
value x, = 10, x, = 5 and x, = 2, one obtains the following values
for x,, x,, x,and x,:

X

n+1

Start ¢ 2nd 3rd 4

Value x, Iteration x, Iteration x, Iteration x, Iteration x,

10 5.45 3.550688 3.042704 3.00030000000
5 3.40 3.023529 3.000092 3.00000000100
2 3.25 3.009615 3.000015 3.000000000039

10
1

T T T T
1 2 3 4

o 4

This method was already used by the Babylonian
mathematicians. It converges with any positive value of 2 and
any start value x,.
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In classical antiquity, iterations were occasionally used for
other and more complex problems. Ptolemy used in the Almagest
an iterative method for the calculation of the true conjunction of
the sun and the moon. It seems that for him, iterative methods
were only the last choice when everything else did not work.

In India, the attitude of mathematicians towards iterative
methods was different. They used them for all kind of problems.
Iterative methods used by Indian mathematicians fall into two
categories: “fixed-point” and “two-point” techniques (Plofker 2002:
168). Both were called indistinctly asakrt (not just once). The best
known “two-point” technique is the Regula falsi. In the following,
the focus will be on the “fixed-point” techniques.

Like in the Mediterranean and the Middle East, one of the
most simple iterative methods in Indian mathematics is the
extraction of square roots. A formula, somewhat different from
that of Heron, was used at least from about 500 ce onward. But
in astronomy, iterative methods were used even in cases where
analytical solutions were available (ibid.: 170).

Solar Eclipse Calculation according to Brahmagupta

From the many cases in which Brahmagupta (598 — after 665 ck)
used iterative methods we take that of solar eclipse calculation. In
chapter 4 of his Khandakhadyaka he describes his method how to
find the true conjunction of the sun and the moon by an iterative
technique:

Multiply the jya (sine) of the moon’s mandakendra (mean anomaly)
by the jia of its natakala (hour angle). Multiply the product again
by 499 and divide by the square of the trijya (radius). The result is
in seconds. If the mandaphala (equation of the centre) of the moon
is subtractive, add or subtract the result to or from its corrected
longitude, according as it is in the eastern or western half of the
sky. If the mandaphala is additive, subtract the result from the
corrected longitude of the moon, whether it is in the eastern or
western half of the sky (the result is its correct true longitude).
The process should be repeated till the longitudes are fixed.

— Tr. Chatterjee 1970: 80
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In the present context, it is not necessary to go into the details
of this calculation. What interests us here is the last instruction.
Brahmagupta did not specify how many iterations should be made.
He rather formulated a criterion “till the longitudes are fixed”,
and that shows that he had a clear concept of convergence. The
method works well, because the equation of the centre is small
compared to the motion in mean longitude.

Solar Eclipse Calculation according to Habash al-Hasib

Habash al-Hasib (d. after 869 ce), whose origin was in the Central
Asian town Marw, lived in Baghdad, Damascus and Samarra. Two
Zijes, attributed to him, exist (Debarnot 1987; Thomann 2010).
The earlier of the two is called al-Zij al-dimashqt (the Damascus
tables). In the calculation of a solar eclipse he describes an iterative
method in detail:

Thus, after that, we enter the reminder into the column of the
[argument] numbers [of the table]. What we find [in the column]
next to it in degrees and minutes is the lunar parallax, and it is
the first parallax. We add it to the true distance of the sun from
the true mean heaven.! We enter with the result of the true
distance of the sun to which we have added [the parallax] into
the column of the [argument] number. We take what we find
[in the column] next to it in degrees and minutes, the second
parallax. We add it to the true distance of the sun. We enter
the result of the true distance of the sun with the addition of
the second parallax into the column of the [argument] number.
We take what we find [in the column] next to it in degrees and
minutes, the third parallax. We add it to the true distance of the
sun. Next we enter the true distance of the sun with what we
have added - degrees and minutes of the third parallax —into the
column of the [argument] number. We take what we find [in the
column] next to it in degrees and minutes, the fourth parallax.
We add it to the true distance of the sun. Next we enter the true
distance of the sun with the addition of the fourth parallax into

! “Mean heaven” is not the intersection of the ecliptic with the meridian,
but the point of the ecliptic with the maximum altitude; cf. Kennedy
1956: 49.
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the column of the [argument] value. We take what we find [in
the column] next to it in degrees and minutes, the fifth parallax,

and we call it “degrees of the smallest distance” .2

In this case, the approximation serves the calculation of the place
of conjunction corrected for the lunar parallax. The method works
well, because the parallax is small compared to the motion in
longitude. Habash insists on five iterations, which is far more than
necessary. In other cases, he recommends only three iterations.
The five iterations might have been motivated by the fact that in
the case of solar eclipses precision is crucial.

Habash’s method for calculating eclipses is entirely different
from that found in the Almagest (Kennedy 1956: 51). Habash knew
and admired Ptolemy’s Almagest. However, in many points he
followed the methods of Indian astronomers, which were known
through translations into Arabic. He did use Indian trigonometric
functions sine and cosine throughout, and never used the Greek
methods with chords (Thomann 2013: 546). For calculations with
great numbers, he used Hindu-Arabic numerals (ibid.: 545-46). In
the preface to the work, he mentions two Indian works by name,
al-Sindhi[n]d and al-Arkand, both being adaptations of works by
Brahmagupta (ibid.: 547-48). He seems to have had a special
interest in Indian mathematics and astronomy, and he must have
had some access to original Sanskrit material. In his chapter on
the lunar mansions he provided a table with the Sanskrit names of
the twenty-seven naksatras transliterated in Arabic script, together
with their Arabic equivalents (ibid.: 548-52). Therefore, it is likely
that he followed also Indian methods in his iterative technique for
calculating solar eclipses. If one compares his description to that of
Brahmagupta, some differences are conspicuous. Brahmagupta’s
description is very brief, and the instruction for the iteration is
laconic. In contrast, Habash’s instructions are verbose and avoids
any abbreviations. Furthermore, he follows the Greek style of
addressing his readers by “we” in the first person plural, while
Brahmagupta addresses them by “you” in the second person

? Translation by the author. See the Appendix with the Arabic text,
transcribed from MS Istanbul, Siileymaniye Kiitiiphanesi, Yeni Cami
784, ff. 210v-211r.
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singular. The two styles correspond to the different traditions of
teaching astronomy (ibid.: 510-13). In ancient Alexandria, scholars
delivered lectures before a larger audience in lecture halls. The
Indian tradition was that a scholar thought a pupil, who lived in
his house, face to face. But common to both texts is the procedural
approach, in which the technique is described only step by step
without theoretical explanations, leave alone proofing arguments.

One may assume with some confidence that Habash was
indeed inspired by Indian sources in his iterative technique,
eventually by a work of Brahmagupta.?

The Kind of Intuition at Work for
Creating Iterative Methods

The question which remains is: what kind of intuition was it
which lead to such solutions, as described above? If one goes back
to Banach’s fixed-point theorem, in most accounts of it, the term
“contracting mapping” is used, and the structure on which the
mapping is executed is called “space”. This points clearly to spacial
intuition by which the theorem can be understood. But it is another
question if eighth- and ninth-century astronomers were thinking
alike. In favour of spacial intuition in astronomical reasoning in
that time a slightly later author can give evidence. The tenth-
century astronomer al-Qabisi (d.967 ce) wrote a treatise on the
examination of astronomers and astrologers. At the beginning he
goes on to describe the different level of competence in astronomy.
The highest level is obtained by the perfect astronomer who
knows all the proofs of the Almagest, and who is able to establish
astronomical tables based on his own observations. Most relevant
in our context is the second level. The astronomer who has reached
it, is able to form a mental image of the heaven at any time, but is
not able to prove it (Thomann 2017: 926). Such an ability seems
indeed a possible base for inventing iterative methods. If the
inventor was able to make the step from mean longitude to true
longitude, or from true position to apparent position corrected for
parallax, in a mental image, the idea of iterative approximation
would be well in range.

% This has already been assumed by Kennedy/Transue 1956: 83.
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However, there are reasons which speak against that
explanation. In contrast to Greek astronomical works, in which
geometrical arguments are omnipresent, Indian works of the
earlier epoch lack such an approach. The techniques are explained
by steps of calculation. Numerical values are transformed by
arithmetical and trigonometric functions. Habash followed this
approach throughout, and, as has been said, did not provide
geometrical proves. A caveat must be made. The manuscript of
early Sanskrit works on astronomy do not contain geometrical
drawings. However, Brahmagutpa refers in the Khandakhadyaka
to a drawing to be made in order to represent the situation of an
eclipse (Chatterjee 1970: 81-85; Plofker 2002: 98-102). In a later
manuscript, a rudimentary eclipse diagram is extant (Plofker
2002: 102, fig. 4.12). Only a few drawings are found in the Zjj of
Habash, but at least their usefulness for understanding complex
situation is acknowledged.*

Perhaps it is wrong to present procedural and spacial intuition
as an alternative. A possible strategy could have been to combine
both forms of intuition, the use of a mental image, eventually
sustained by drawings, and the observation of a series of numerical
results obtained by calculation. Brahmagupta’s criterion “till the
longitudes are fixed” points to an experience in calculation with
a fixed number of fractional positions.

In the case of extracting square roots one could think of
algebraic reasoning. In the first estimate, x the unknown error
may be ¢; then

S=(x+e) "2

S=x"2+2xe+e”?2

e=(S-x"2)/(2x +e)
then the error can be estimated by

e=(S—x"2)/(2x)
since e is small compared to x. The new estimate of x is:

xrevised =x+ (S —-x"2)/2x.

* MS Istanbul, Siileymaniye Kiittiphanesi, Yeni Cami 784, ff. 163r, 165r.
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S

-e

The same reasoning can also be geometrically obtained:

If the square with the side-length e is neglected, the red
rectangles divided by the longer sides 2x are an estimate for e.

However, while an intuitive geometrical reasoning can lead
to the iterative technique in this simple case, in other more
complicated cases this would not work anymore. The same holds
for the algebraic approach. A function like ¢ (x) = b + k sin x, which
was iteratively solved by Habash, is a transcendental function,
and was the object of many studies from the seventeenth to the
twentieth centuries ce (Dutka 1997).

The consideration made so far are neither unambiguous, nor
final. More examples should be examined, and spacial and pro-
cedural concepts should be drafted, which could have lead to the
invention of the technique in question. The aim of this paper was
only to point to the problem and to initiate a discussion on it in
the hope to give clearer answers in the future.

Despite the rather negative result so far, amore general
conclusion can be made. If one is looking for a real fore-shadowing
of Banach’s fixed-point theorem as a general method for developing
iterative solutions, one has to look at Indian works on mathematics
and astronomy. The variety of problems which were solved by
iterative techniques using the fixed-point approach shows that
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recursive functions were the offspring of a general notion of
contraction mapping. This was another great achievement which
Indian mathematicians brought forward, and which was spread
to the West by mathematicians of the Islamic world.

Appendix: Arabic Text of Habash’s Description of the
Iterative Calculation of the Apparent Place of the Sun

The text is transcribed from the manuscript Istanbul, Stileymaniye

Kiittiphanesi, Yeni Cami 784, ff. 210v-211r.
&z 03 d Il e 3l G pabay 1z 6l gz Gelde o0 2z 23EIS
Il acsha yaok 58 1dGa, 534 I 1daoh 5 11 3d <a s g ds g
\dteon 1 s

211rag sosb lusele 1z G 509t d Gandg g 2 1dUtaos 1z G agel 300
gdese s sk g2 solE[-]

ol 0z lde a0 Az 52310 I adias 1 aoha ) 1J8I 0t g s &dg -
Idcfeos 1z Ges [

Qdéd k_neu_\dt g U&ew UCCB‘:S o jLﬁbB \t&dk_'e ‘UY‘O‘LJ Uﬁ'_a\og.g ]
by 1dg 20 GolEd Bl s [ de]

20 27 08I0 1] e apk ) 1JIJE 5y s £ dis g 2 1dUiaue 1z s
o8 Dl Izl

1dacka ) 1080 3 O d cpads g Ui 1z G age) 330 £duse o0 2z
53013 IFadlaa 1daph

IJ&Ides s b 1g 22 }Qiéh & Uz 3Rl oy 2z 533l G IFedic
1decra 1 leg

00 gdis w2 1 o Wz s & 03 d cpde w2 1 ieos Wz Gs o8
St lFadica 1dapha

Il o by 1dg s }Qitﬁ o Uz Blde oy 2z 533G IFEdics
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Arithmetic Progression
On Comparing Its Treatment in Old Sanskrit
Mathematical Texts and Modern Secondary School
Curriculum in India

Medha S. Limaye

Abstract: Quite a few topics in mathematics at secondary school
level have a continued existence since long time in India. That
means they are rooted in the then used famous Sanskrit texts
composed and refined during 500-1400 ck period. The topic of
arithmetic progression currently prescribed for the standard 10
across the three major educational boards in India, viz. SSCE,
CBSE and ICSE, is an example. This paper aims to evaluate the
treatment given to this topic in medieval Sanskrit texts and that
in the modern textbooks. The focus is to compare and contrast the
method of exposing the concept, developing solution techniques
and building numerical problems.

Keywords: Arithmetic progression, magic squares, numerical
problems, sredhi-ksetram.

Introduction

INDIA has a long history of teaching and learning mathematics.
Quite a few topics in mathematics at secondary school level have
a continued existence since long time in India. They are rooted in
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Sanskrit texts composed and refined during 500-1400 ck period.
The topic of arithmetic progression currently prescribed for the
standard 10 across the three major educational boards in India,
viz. SSCE, CBSE and ICSE, is an example. It is observed that this
topic has been handled in a variety of ways in the Sanskrit texts
like the Aryabhatiya, Brahmasphutasiddhanta, Patiganita, Ganitasara-
Samgraha, Lilavati and Ganita-Kaumudi.

This paper evaluates the treatment given to this topic in those
medieval texts and that in the modern textbooks. The focus is
to compare and contrast the method of exposing the concept,
developing solution techniques and building numerical problems.

Arithmetic Progression in Modern
Secondary School Textbooks

Arithmetic progression is defined as a sequence of numbers such
that the difference between the consecutive terms is constant.

The general form of an arithmetic progressionisa, a +d, a +
2d, a + 3d and so on.

The sum of a finite sequence is called an arithmetic series.

Basic formulae in this topic are derivation of the n™ term and

sum of the first n terms.
t =a+(n-1)d
and
S, =n/2[2a+ (n-1)d].

Here a = first term, d = common difference, n = number of terms.

Two more formulae are also given in textbooks, viz.:

Mean term = %(a +t ) and S, = n[%(a + t )].

These results are derived by method of induction in modern texts.
Further, a number of numerical problems are given for application
of these rules in solving daily life problems.

Sredhivyavahara in Sanskrit Texts

Sredhi is the term for a progression in Sanskrit texts. Sredhi-
vyavahara meant determination of progression. i@l resembles a
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staircase. Hindi word €l and Marathi word f¥T€l are similar to
it. Sanskrit word % means a sequence. But the word @ became
popular in practice. According to the BuddhivilasinT commentary
on the Lilavati, it is a&IR&TE Gl There it is said that the term
is employed by the older authors for any set of distinct substances
put together.

fosi fo Afefomg somfertaiFad awadieg=ad 98:1 The
mention of “older authors” suggests that the concept was known
for a long period and the word FeAT<sHY suggests that it was
being used mainly in the context of wealth. The words Hei&H,
A, SAMSHH, AEFETH used for different terms also suggest
calculation of wealth. Old Sanskrit texts use the words 37f<, @,
<7 and other synonyms of face for the first term, =&, 993, 3™
for common difference, =8 for the number of terms, 3<IEH for
the last term; W= for the mean term and ¥, HEIFhaH,
TfureH for the sum of all terms in a finite arithmetic progression.
Sanskrit texts of medieval period dealt with both arithmetic and
geometric progressions.

Terminology Used in Modern Texts

Basic term #@l is retained in modern vernacular medium
texts. Marathi texts use the term &R €t for an arithmetic
progression. NCERT Hindji textbooks use the term FHIRI %@ for
an arithmetic progression. NCERT Hindi textbooks use the terms
92 for term, T for sum and @ 3@ for common difference.
Marathi textbooks use the words T2, IS and ATYTIT FTF
respectively for them. Mean term is not considered important in
modern texts.

Development of Solution Techniques in Sanskrit Texts

Sanskrit texts state the rules in sitras with great economy in
verse. The authors of original texts or the commentators explain
the rules with illustrative examples. The solution techniques
are sthapanam (statement), karanam (solution) and sometimes
pratyayam (verification). Formal rules and numerical problems
based on arithmetic progression occur in the Baksali manuscript,
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the Aryabhatiya, Brahmasphutasiddhanta, Patiganita, Ganitasara-
Samgraha, Lilavatt and Ganita Kaumuds.
RULES IN ARYABHATIYA

Aryabhata gives the rules in two verses. The following verse gives
the method to find arithmetic mean and the sum of all terms of
an arithmetic progression.

T e Ifold YA SHEHe
TRy @YEmER qRIEEad || — v. 19

Hereif S=a + (a + d) + (a + 2d) + ... to n terms, then the steps are
as follows:

i. diminish the given number of terms (1) by one,
ii. divide (n —1) by two,
iii. increase by number of the preceding terms p, i.e. [(n—1)/2
+rl,

iv. multiply by the common difference (d), i.e. [(n —1)/2 + p] x
d,

v. increase by the first term (a) of the whole series, i.e. a + [(n
-1)/2+p] xd,

vi. the result is the arithmetic mean,

vii. multiply this arithmetic mean by the number of terms to get
thesum=nx{a+[(n-1)/2 +p] xd},

viii. if p =0 then arithmeticmean=a + [(n-1)/2] xdand S =n
fa+[(n-1)/2] xd}, and

ix. alternatively multiply the sum of the first and the last terms
(A and L) by half the number of terms, i.e. S =n/2[A + L].

RULES GIVEN IN BRAHMASPHUTASIDDHANTA

The rules given by Brahmagupta and the rest of the mathematicians
for finding the sum, mean and last term of an arithmetic progression
are substantially equivalent to those given by Aryabhata.

Brahmagupta gives the rule in the following verse:

TEHHEIAC UG GIHHTSAIS < EH
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sTfegareTd Aeaes q&Iol TTaH||
— FTRTERZ [gT=<i X11.17

The period less one, multiplied by the common difference being
added to the first term is the amount of the last term, i.e. a + (n
-1) xd=L

Half the sum of last and first term is the mean amount, which is
multiplied by the period is the sum of the whole, i.e. § =n/2[4 + L].

RULES GIVEN IN GANITA-SARASAMGRAHA

Mahaviracarya too gives the same basic rules. But his method
of exposing the concept and developing solution techniques is
different. In the first chapter Parikarmavyavahara, he gives two
distinct operations. He uses the term sarikalita — addition for
summing the terms of a sequence beginning with the first term in
an arithmetic progression. Further, according to him, any portion
of the series chosen off from the beginning is ista and the rest of
the series is Sesa, which forms the remainder series. The sum of
those Sesa terms is called vyutkalita — subtraction.

Again in SRFGHEHAA, in the chapter fasheTa@R (mixed
operations), he has given the formula to find the sum of the series
in arithmetic progression in which the common difference is either

positive or negative. His formula gHTaa@ehiaqe a8 is

as follows:
RIS aEaHTad: I Fea:|
R S B Bl PR PR L MR R A G L ]
- VIL.290

The first term is either decreased or increased by the product
of the negative or the positive common difference and the
quantity obtained by halving the number of terms in the series as
diminished by one. Then this is multiplied by the number of terms
in arithmetic progression to get the sum of all terms.

So his formulais S=[a + (n-1)/2 x d] x n.

Mahaviracarya discusses series involving fractional terms,
fractional common difference, and fractional number of terms too.
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RULES GIVEN IN LILAVATI

In the L7lavati, Bhaskara II gives similar rules to find the last term,
the mean and the sum.

SRS GO, R JETferd
TS TRUEI]UG dedaed TG < agdd ||
-v. 121
The common difference multiplied by the period less one, and
added to the first term, is the last term. That, added to the first and
halved, is the amount of the mean. That multiplied by the period
is the sum of the finite arithmetic progression.

ARYABHATA’S SECOND RULE

The second verse in the Aryabhatiya gives a complicated formula
for finding the number of terms when the sum, first term and
common difference are known.

Rl NI [ G RN PR HEN EERRRIG]
e fgomer =ifsd FEaE - v. 20
Here the steps are as follows:
Multiply the sum by eight and by the common difference (85 x d).

Increase that by the square of the difference between twice the
first term and the common difference [85d + (2a — d)?].

Take the square root of that 854 +(2a~d)’.
Subtract twice the first term V854 +(2a—d)2—2a,
Divide by the common difference [\/SSd +(2a-d)2- 2a] /d.

Add one and finally divide by two
[ V8sd+@a—d2—2a|/d+1}/2.

This gives the formulaasif S=a+ (a+d)+ (a+2d) + ... ton

terms, then
pa— 2 —
1{«/8d§+(2a d)” —2a 1

2 d

W.E. Clark, in his translation of the Aryabhatiya, quotes the
remark of Rodet, who translated and published the translation of
Ganitapada in the Journal Asiatique in 1879, as:
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The development of this formula from the one preceding
rule seems to indicate knowledge of the solution of quadratic
equation in the form ax? + bx + ¢ = 0.

All other mathematicians too give sub-rules and numerical
problems to calculate one unknown quantity from rest of the three
given quantities.

Sredhiksetram in Sanskrit Texts

Aryabhata, Mahaviracarya and Bhaskara II discuss series only in
terms of sequences of numbers. But rules given by Sridharacarya
and Narayana Pandita are remarkable as they have given
geometrical interpretation of an arithmetic progression. That
is why we come across series with fractional periods, negative
periods, negative sums and sums equal to zero in their texts. Before
discussing the rules in these two texts, it is necessary to know
about the concept sredhiksetram in Sanskrit mathematical texts.

Sredht-vyavahara was interpreted geometrically by some Indian
mathematicians. Bhaskara I, in his commentary on the Aryabhatiya,
defines mathematics as:

T fEueRe — TR arrTforas)

Further, he states that progression and shadow come under
geometry:

SR TehRIET TiTafae: TRmitmstafed: Setesmmea: semfomd|

Prthadakasvami has referred to Skandasena in
Brahmasphutasiddhanta XI1.2 as:

el TR SR Geshiord YaRid ad Temher SyayHm|

But we do not find explanation by them why progression comes
under geometry. Sridharacarya and Narayana Pandita are the
only two authors, who have applied the method of diagrammatic
representation to problems connected with arithmetic progression
in their works Patiganita and Ganita-Kaumudr respectively. Both the
texts discuss in detail sredhiksetram (series figures). They are plane
figures resembling a trapezium with equal flank sides or in some
cases they are made of two triangles.
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RULES GIVEN IN PATIGANITA AND GANITA-KAUMUDI
Sridharécérya and Narayana Pandita have considered arithmetic
progression as a sequence of numbers as well as in the form of a
geometric figure. So, Narayana Pandita has discussed progressions
in two separate chapters in the Ganita-Kaumudi. In the chapter
titled Sredhi-vyavahara, considering the arithmetic progression as
a sequence of numbers, he gives the usual rules for obtaining the
last term, mean and the sum of all the terms of a finite arithmetic
progression.

FehIeeTadl HEIhIs<aYd q Tc: sl

zfed Aemyd aq TR SR A

FHIEATE: WIE: TIESIOT: TE0Ta|
— TfTaIEs, pt. 1, p. 105

Sridharacarya too gives similar rule to arrive at the sum as:

SRR WIS: TEHEION Fog_ o
— ghTfTd v. 85

SRIDHARACARYA'S RULES IN THE
CONTEXT OF SREDHIKSETRAM

The second line of the above verse in the Patiganita is:
geies 4 e HEArmHAERida:ll - v. 85

Here, the area of the corresponding series figure is given as the
area of an isosceles trapezium by the formula: Area = (base +
face)/2 x altitude.

Sridharacarya, in the beginning of the chapter on series in the
Patiganita, says:

foRamISTUIs gEAguR HeM T I IRE |
AT qAT TSI AR ||
— EHTIOI v. 79

According to him, as in the case of an earthen drinking pot, the
width at the base is smaller and at the top greater, so also is the
case with a series figure. The altitude of that series figure is equal
to the number of terms of the series.
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Sridharacarya gives the details of constructing the series figure
in the following verses:

TR JUh, JURTRI=dA ok vafd|
TEHe AeTeRaasaRd @ YN Yaid| §= 91 @5, 9|
— T v. 80-81
The partial areas of the series figure for the successive cubits of the
altitude form a series which begins with the given first term and
increase successively by the given common difference of the series.
The number of terms, say one, is the altitude of the corresponding
series figure; the first term of the series as diminished by half

the common difference of the series is the base; and that base
increased by the common difference of the series is the face.

Sridharécérya represents arithmetic progression in the form
of an isosceles trapezium narrower at the base and wider at the
top with the partial areas as shown in fig. 15.1. It should be noted
that Sridharacarya has taken (a — d/2) as the base of the figure.
He constructs the series figure for unit altitude and calls it as
hastika-ksetra, because the unit is hasta. According to his rule, base
=(a—-d/2)and face = (a—d/2) + d =a + d/2. Then the face of the
actual series figure is calculated using the principle of proportional
increase.

Further, he gives the rule as:

\ /
\ ; /

]

fig. 15.1 Arithimetic progression

in the form of an Isosceles

T Il FoeaEh 1@ Hedd |
TREEEN SRAgETagresTd ||
— QIO v. 84
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Having constructed the series figure in this manner, one should
determine the face for the desired altitude by the following rule:

If the altitude is assumed as unity, then the face minus the
base multiplied by the desired altitude and then increased by the
base gives the face for the desired altitude.

So the face for altitude n = (face — base) n + face

=[(a+d/2)-(a-d/2)|n+(@a-d/2)

=dxn+a-d/2=a+ mn-%)d.

According to the above rules, base = (a —d/2), face =a + (n - 2)
d and altitude = n.

But area = (base + face)/2 x altitude
=Wlla-d/2)+a+n-%)d] xn
=Wa-d/2+a+nd-d/2] xn
=20+ (n-1) xd] xn
=n/2[2a+ (n-1) xd].

NARAYANA PANDITA’S RULES IN THE

CONTEXT OF SREDHIKSETRAM

Narayana Pandita’s isosceles trapezium is with wider base and
narrower top (fig. 15.2). Narayana Pandita, in the context of
Sredhiksetram, gives the first rule in the Ganita-Kaumudr as:

SMfET=ERAEHl 98 Je=ay: Jagal q:|
TR vl T SR s S|
-v.73

fig. 15.2: Isosceles trapezium with
wide base and narrower top
The first term diminished by half the common difference is the face,
the product of the period and the common difference increased
by the face is the base; the period is the altitude and the area is
the sum of the series.
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Here the face is (¢ —d/2) and the base is (n x d + a —d/2).

Narayana Pandita’s second verse in the Ganita-Kaumudr gives
the method for calculating the base at any intermediate position
on the altitude, i.e. when the altitude is any fractional part of the
whole altitude:

The fraction of the altitude multiplied by the common difference
and combined with its own face is the base (of any segment of
the trapezium).

But area = (base + face)/2 x altitude
=n/2[nxd+a-d/2)+ (a-d/2)]
=n/2[nxd+2a-dl=n/2[2a+ (n-1) x d]

SERIES FIGURE IN THE FORM OF TWO TRIANGLES

The following verse in the Ganita-Kaumudt gives the rule to get the
sum if the face is negative:

HYUM ol G JoTed-qfHen ol
foaeehed R A gl
T foer SR a1 ged
—Pt. 11, vv. 75-76%
According to Narayana Pandita:
FOM G54 g el ot gHERT @
-v.74

So when the face (2 —d/2) is negative the two flanks will cross each
other and grow. The figure shows two triangles one positive and
one negative with the base and the face as the bases.
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fig. 15.3
According to Sﬁdharécérya, when the base (@ —d/2) is negative the

series figure reduces to two triangles situated one over the other.
Here d/2 > a. Sridharacarya’s figure is as given below:

fig. 15.4

His rule to get the altitudes in this case is as follows:

3R =g ol yifafafedd wifsd e
FURRTHS SIS S o |
— RTITd v. 83

Here the base is negative and the face is positive.
So altitude of the upper triangle
_ facexperiod

(base— face)

And altitude of the lower triangle

x whole altitude.

_ basexperiod

= x whole altitude.
(base— face)

The rule given in the Ganita-Kaumudri is same but there the face
is negative and the base is positive. In each case the difference of
the areas of the triangles will be equal to the sum of the series.
As illustrations both the texts give numerical problems having
positive face, negative face, zero face, fractional period and even
negative period.
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It is noteworthy that Nilakantha, in his commentary explains
Aryabhata’s second rule by constructing sredhiksetram. Also the
Kriyakramakar? commentary on the Lilavati, demonstrates similar
formula given by Bhaskara II, geometrically by using sredhiksetram.

Numerical Problems

Sanskrit texts give a number of numerical problems to be solved
without geometrical figures simply applying the formulae. The
distinguishing feature of Sanskrit texts is the rich variety of
problems related to the traditions and social customs of that time.
Here are some examples:

TR TeE: THMEE A elR<am|
THIIREEM ITHed A= ||
— YRERFT 9T

The prices of 11 conch shells are in arithmetic progression. The
price of the smallest conch shell is Rs. 5 and that of the largest
one is Rs. 95. What is the total price of all the 11 conch shells?

HAMY [EeHg: wewmssy fa qom:
Yedl: quagene fger=n = 9d: HH
oo Fom W fopaaeae o 9om:
TiieacTTEed Ak e 99 F:ll
— STRTERGET<

As a form of good act, a man gifted an amount of 16 pana to
his son-in-law on the first day. Then he went on reducing the
gift amount by 2 pana on each successive day. If you have taken
pains in learning arithmetic progression, calculate and tell the
total amount gifted in 9 days.

HRIhaig Gl ATcdeh: Gfafed T
39 IS fohad e qanttaegean|
— grErfora

One man travels with an initial speed of 3 yojanas per day and
accelerates by 1 yojana per day. Another man travels with the
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constant speed of 10 yojanas per day. In how many days will
they cover equal distance?

g FreRmrs sy 3 wfgw: gufday)
TS SAfeETH=<g = T 951
- E

A merchant earned 2 units of money on the first day, increased
his earning by 3 on each successive day and thus earned money
for 6 days in all. Quickly tell his average earnings, final day
earnings and total earnings.

oo =@iss! FREey gafd 7oy

TioTaTfeETRY agater © aaed|]
— TTARGTE

The offerings to the gods were made in 1,000 cities, commencing
with 4 and increasing the amount by 8 successively. Oh learner!
who has enough strength of arms to cross over the ocean of
arithmetic, speak out the total value of the offerings.

Jomfed WY § TN Sy
fod ya=sfa ol Sw: fF eareAl
— fFeIfaeRT

A wealthy man donates two and half rupees on the first day
to some people and increases the amount by 2 rupee on each
subsequent day. Find the total amount donated by him in one
month (1 month = 30 days).

Tenfs vd S O 9 fRal
=9 39 99 fa=n aeq a8 deAl
— Slerraat

It is known that the sum of all terms of an arithmetic progression
is 105, number of terms is 7 and common difference is 3. Then,

Oh child! tell the first term.

The Patiganita and Ganita-KaumudT texts contain problems on
$redhi-ksetram. There are a number of arithmetic progression with
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diagrams of their sredhi-ksetras. Here is one example:
Ifa=1/2,d=3,n=10/3 find the sum (Ganita-Kaumudr, v. 62).
Here
f=a-d/2="%-3/2=-1 (negative),
b=n-d+f=10/3x3-1=9

So, the figure will be in the form of two inverted triangles joined
at their apexes as shown in fig. 15.5:

\/

fig.15.5: Two triangled joined at their apexes

Perpendicular to the base = (p x b)/b—f=30/10=3

Perpendicular to the face = (p x f)/b—-f=1/3

Here area of the bigger triangle = % x base x height
=% x9x3=27/2.

And area of the smaller triangle = % x face x height
=% x1x1/3=1/6.

So the area of the sredhi-ksetra = 27/2 — 1/6 = 40/3 which is the
sum of the arithmetic progression.

Correlation of Arithmetic Progression with
Magic Squares (Magic Squares)

Another important feature of the Sanskrit text Ganita-Kaumudr
is the correlation of arithmetic progression with magic squares.
Narayana Pandita established relations between terms of a magic
square and those of an arithmetic progression. He gives general
methods for constructing magic squares along with the principles
governing such constructions.
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He says:
A TN SRR eg, T
A9 TioEES e qw gEgeE|
- XIV.5
All types of magic squares happen to be like the mathematics
of series so we have to obtain the first term and the common

difference of the magic squares whose sum of all the numbers is
desired.

He gives the following definitions. The sum divided by the
order is the square’s constant. The total number of cells becomes
the number of terms of the series and the square root of the former
happens to be the carana of the square.

He gives a rule to find the first term and the common difference
of the arithmetic progression corresponding to a magic squares
using the equation:

—sd + T = na.
Here

a = the first term,

d = the common difference,

n = number of cells,

s is the sum of the first (n — 1) natural numbers, and
T is the total.

In an example, he has asked to find the first term and the
common difference of the magic square of order 4 whose square’s
constant is 40.

Here square’s constant is 40, order = 4, so number of terms = 16.
So, T=40 x 4 =160 and s = sum of first 15 natural numbers = 120.

Here by solving the equation —s x d + T = n x a we have — 154
= 2a - 20.

So we get two possibilities by solving using kuttaka:
l.a=10andd=0

and
2.a=-5andd=2.
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In the first case each cell will contain 10, so another possibility
should be considered. Then we have an arithmetic progression
-5-3,-1,1,3,5,7,9,11,13,15, 17,19, 21, 23, 25.
Another square where a = - 14, d = 4, square’s constant = 64.
We have an arithmetic progression — 14, - 10, -6, -2, 2, 6, 10,
14, 18, 22, 26, 30, 34, 38, 42, 46.

The arithmetic progressions can be represented as magic
squares:

-5 9| 19| 17 -14| 14| 34| 30
21| 15| -3 7 38| 26|-10| 10
1 3] 25| 11 -2 2| 46| 18
23| 13| -1 5 421 22| -6 6

Other beautiful patterns given in the Ganita-Kaumud? can be
formed with the help of magic squares and magic rectangles.
There are figures whose cells are divided by their diagonals into
two equal parts. Figures in the form of lotus with 8 petals, figures
named as sarvatobhadra, padmabhadra and figures within figures
are very attractive.

Concluding Remarks

Mathematics textbooks can be regarded as the most accountable
historical proof for the whole mathematics education history.
Also textbook is one of the major factors that influences students’
learning. The topic of arithmetic progression is currently
prescribed for the standard 10 across the three major educational
boards in India, viz. SSCE, CBSE and ICSE. This topic has historical
significance in mathematics education in India. The fifth-century
mathematician Aryabhata was the first Indian mathematician to
give properties and rules regarding arithmetic progression in
the Aryabhatiya. The topic has been handled in a variety of ways
from educational point of view in other Sanskrit texts too. The
method of exposing the concept and the development of solution
techniques shows some remarkable differences in ancient and
modern texts. Two important points to be noted are geometrical
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interpretation of arithmetic progression and the relation of an
arithmetic progression to magic squares.

Diagrammatic treatment of arithmetical series seems to
be a unique feature of Sanskrit texts. This type of geometrical
interpretation of an arithmetic progression is not found in modern
texts. Geometrical representation would be useful to show a
relation between two branches, viz. arithmetic and geometry.
Actually multiple representations should be appropriately
integrated into textbooks to enhance conceptual understanding
of the students. The mention of old Sanskrit texts in this context
would arouse students’ curiosity in our history and culture too.
Even in modern textbooks one of the aims is given as to develop
an interest in mathematics. This is possible by recreational
mathematics, and magic squares are very important in the field
of recreational mathematics. Activities like constructing magic
squares should be integrated into the classroom to enable students
to better understand mathematics.

The utility of mathematics in daily chores is appreciated by
all. Mathematics learning should connect to real world problems.
Numerical problems in modern texts are related to daily life
activities of modern people. These applications include earning
interest on savings, loan repayment instalments, potato race
where the distance between the potatoes increases with a common
difference, an asset depreciated by a fixed amount per year,
building a ladder with sloping sides, etc. The numerical problems
given in Sanskrit texts give a flavour of different time in India. Itis
our cultural heritage. For example, Sanskrit texts give a number of
problems about offerings to charities. This shows the importance
given to this life value in those days. So some numerical problems
of that period can be included in modern texts.
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Contributions of Shri Bapu Deva Shastri
to Lilavatt of Bhaskaracarya

B.Vijayalakshmi

IN THE texts on the history of mathematics in ancient India, the
names of Aryabhata and Bhaskara occupy prominent position. The
Lilavatt of Bhaskara is perhaps the most read book on vyaktaganita
(arithmetic) in ancient India, as well as in modern times, and
this book has been translated and critically edited by various
mathematicians in different languages all over the world. Bapu Deva
Shastri (BDS), a reputed mathematician of the nineteenth century,
has critically edited the Lilavat7 in Sanskrit in his book Lilgvati:
Treatise on Arithmetic by Bhaskaracarya (Benares 1883) with the
explanations inclusive of new examples, new siitras and upapattis.

Born in Pune, in the year 1821, Nrisimha Shastri alias Bapu
Deva Shastri got his education in algebra and arithmetic in Nagpur.
Lancelot Wilkinson recognized his talents in Ganitasastra and
helped him getting a post in a reputed pathasala in Kasi. He was
a keen and enthusiastic scholar of ancient Indian mathematics.
He has brought out books related to Indian mathematics, which
include translation of the Sanskrit works such as the Siirya-
Siddhanta, Siddhanta-Siromani and Lilavati of Bhaskaracarya into
English. He has conducted classes for teachers and research
scholars; presented papers at various university’s national and
international seminars. He has made certain value addition in the
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topics of Division, Square, Supposition, Pulverization, Progression
etc. for the benefit of better understanding of the students. In the
present paper, I wish to throw light on some of his techniques and
examples as detailed in the book mentioned above.

1 Chapter on Division
The siitra given is:

TS IEAM IO VR=Achd @y IR
GO ST SR wogl o e gl

bhajyaddharah Suddhyati yadgunah syadantyatphalam tatkhalu

bhagahare|
samena kenapyapavartya harabhajyau bhavedva sati saritbhave
tull — Lilavati XIX

Find the largest integer whose product with the divisor can be
subtracted from the extreme left-hand side digit(s) of the dividend.
This integer is the first digit of the quotient. If the divisor and the
dividend have a common factor, then the common factor can be
cancelled and the division is carried out with the remaining factors.

When the divisor has more digits, the method given by Bapu
Deva Shastri is as detailed below:

TG ATSTRISTRISHIARTE: [, q& A Tohr:| Afedl:
sgTfoaaSs s Aedl 7 faeq feeg aH st
TGN oY =8| TowaTHe JhRISTT |

yada bhajako ‘nekankavisistah syat, tada laghurbhajana
prakarah| labdhih ankagunitabhajakam antyagunita bhajyadho

na likhet| kintu tam antya bhajyadvisodhya Sesar nyaset |
tacchesavagamaka prakaro "yam) — Lilavatt (BDS), p. 5

Do not write the product of the divisor and quotient under
the dividend, but subtract it from the dividend and write the
remainder under the dividend.

It is to be noted that this method of division is similar to the
Hindu method of performing operations on a pati. In the pat7
method, here is an example: 1620/12.
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Stage No./Divisor Line of Quotient
First 1620
12
Second 420 1
12
Third 420 1
12
Fourth 60 13
12
Fifth 60 13
12
Sixth 0 135
The example given by Bapu Deva Shastri is as follows:
HISTh 4T Y '\97“57{
Divisor Dividend Quotient Reminder
5231) 354269831 (67725 356
40409 1
37928 2
13113 3
26511 4
356. 5

Now 12345 are calculated as follows:

Divisor Dividend Quotient Remainder

5231) 354269831 (67725 356
31386
40409 1
36617
37928 2
36617
13113 3
10462
26511 4
26155

356. 5
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Here Bapu Deva Shastri also gives some rules with respect to
the division by numbers, for easy apavartanam (abridgement) —
reduction of the dividend and divisor.

S YeufeerTd whided e faviuem: yeed=d |
atrapavartanasya Sighramupasthitaye katican samkhya
visesadharmah pradarsyante | — Lilavatt (BDS), p. 6

These are the rules to test for divisibility by 2,3, 4 .... 11.

Finding Square of a Number

The siitra given is:
THfGET: Hiaeeadsy T=aem fgomafTe:|
TS TR SRR aaH T Y=
samadvidhatah krtirucyate “tha sthapyontyavargo

vigunantya-nighnah |
svasvoparisthicca tathapare ‘nkastyaktoantyamutsarya
punascarasim ||

— Lilavatt XX

The product of a number with itself is called a square. To square
a number, use the following procedure. First write the square of
the extreme left-hand digit on its top. Then multiply the next (i.e.
second) digit by the double of the first digit and write the result
on the top. Next multiply the third digit by the double of the first
digit and write the result on the top. In this way arrive at the unit’s
place. Next cross the first digit and shift the number so formed one
place to the right. Then repeat the same procedure. Finally add all
the products written at the top and the sum is the required answer.

The method suggested by Bapu Deva Shastri is as follows:
FaTiel S SAErgd o1 SRAgAl a1 HHH|
vargartham karyam adyarikato va antyankato va samanam |

- Lilavati (BDS), p. 7

The process of squaring may start from the first digit or the last
digit:
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1. Multiply the first digit with itself and then with twice the
first digit multiply the digits to the left of it and add both.
This is the first part of the result.

2. Multiply the second digit with itself and then with twice
the second digit multiply the digits to the left of it and add
both. This is the second part of the result and continue this.

Now write all these results in the order one below the other
so that in the 100" place (sthana) of the previous result the first
digit of the successive result is written, when all these are added
we get the required square.

The formula is,

(fre+d+c+b+a)y=a +2a(f+e+d+c+Db)
+ 0+ 2b(f+e+d+c)
+C+20(f+ e+ d)
+d +2d(f+e)
+ e+ 2fe
of

The example given by Bapu Deva Shastri is as follows:
Find the square of 547913.

547913
3287469 1 First part
109581 2 Second part
98541 3
7609 4
416 5
25 6
300208655569

The ciphers are omitted for simplicity.
This is the square value. The calculations for 123 4 5 6 are
as follows:

1.3 +2x3x (54791) x 10 = 9 + 6 x (54791) x 10 = 9 + 3287460
= 3287469.
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2.1°x 10" + 2 x 1 x (5479) x 10 = 100 + 10958 x 10* = 10958100.

3.9°x 10"+ 2 x 9 x (547) x 10° = 810000 + 18 x (547) x 10’
= 810000 + 984600000 = 985410000.

4.7°%10°+ 2 x 7 x (54) x 10" = 49000000 + 14 x 540000000
= 49000000 + 7560000000 = 7609000000.
5.4°x10° + 2 x 4 x (5) x 10” = 16 x 10° + 40 x 10” = (16 + 400) x 10°
= 41600000000.
6.5 x 10" = 250000000000.

The same can also be done (proved) from last digit (antya).

Finding Square Root of a Number

The stitra given is:
AT, Fd o= ¥ agd
AT TIBa qarataHeasy fgftet =
Jodl dfgarul =Efefd qg: dhad @Al
tyaktvantyadvisamat krtiri dvigunayenmiilarii same taddhrte
tyaktva labdhakrtim tadadyavisamallabtham dvinighnari

nyaset|

panktya panktihrte samentyavisamattyaktoaptavargarm phalam
panktyam taddvigunarii nyasediti muhuh pankterdalar
syatpadam — Lilavatt XXIII

Here according to Bapu Deva Shastri visama consisting of “two”
digits is brought down at every stage, for calculation of square
root and not one digit as in the ancient method and his working is
similar to the one which we are using now (L7lavat (BDS), pp. 8-9).

Finding Cube Root of a Number
The siitras given are:

TG SEAHEATEH 5 JAEqe=<aeedl fosnes |
o JUeRf TR Fel e qer fass wet g
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YA ~FEdh (oAl el SSacagmchas |
T TR SRS Uit JeakaHd: v |
adhym ghanasthanamathaghane dve punastathantyadghanato

visodhya|

ghanariv prthakstham padamasya krtya trighnya tadadyam
vibhajet phalarit tu 1 — Lilavatt XXIX-XXX
panktyam nyasettatkrtimantyanighnim trighnin tyajettat
prathamatphalasya\

Shanari1 tadadyat ghanamiilamevarir paniktirit bhavedevamatah
punasca 1\

Here, according to Bapu Deva Shastri ghana consisting of “three
digits” is brought down at every stage, for calculation of cube
root and not one digit for calculation of cube root and his working
is simpler than the one given by others and similar to the one
which we are doing now (L7lavati (BDS), pp. 10-11).

Below we work out the cube root of 817400375 as given by
Bapu Deva Shastri:

o T

817400375 (935

RIEH 729a°

(paniktih) R

273,a+b YT : 243002 88400
(apirnabhajaka)
62b £ 819 b X (3a +b)
(ksepal)
27954+ b +2b +c YOIHIST: 25119322+ b x (3a+b) 75357
(ptirnabhajakal)  9(b?)
STYUIATSIR: 25947006 (3a + b) + 342 13043375

(apiirnabhajakah) +b(3a +b) + b?

T 13975 ¢ [(3a + b) + 2b + ]
(ksepaly)
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EUEISCH 2608675. b2 + b(3a + b) +
(piirnabhajakah) 3a2 + b(3a + b) + b* + c[(3a + b) + 2b + c]
13043375

The calculations of Ufg (pariktih):, U (apiirnabhajakah)
YuiATSIh: (piirnabhajakah), &9: (ksepah) are explained in detail by
Bapu Deva Shastri as follows:

THE PRACTICAL PART

In the problem detailed above, the first digit in the quotient is 9 = a.
Write 3a = 27 in 9fg: (pariktil), write 3a> X 100 = 24300 as 3TqUIHTSI:
(aptirnabhajakah). The next possible digit in quotient is 3 and so
we write 3 in quotient as well as Ufg: (pariktil) in proper place.
Now multiply 9fg: (pariktih) with the recent digit in root and write
this as &4: (ksepah). Then the QUiwiSieh: (pirnabhdjakah) is sum of
STquisSIeh: (apiirnabhajakah) and &9: (ksepal).

Then multiply the qUiTSIsh: (parnabhajakah) with recent
digit in root and subtract it from dividend and then the next
ghana is brought down. Then the square of recent digit in
root is written below YUiIIS/&: (pirnabhajakah) and the next
SIS : (apiirnabhdjakah) is calculated as sum of previous
quieTSieh: (piirnabhajakah), &d: (ksepah) and the square now written.
Also write 2 X recent digit in root in 9fg: (pariktil) in proper place
and add. And now the procedure is repeated.

THE THEORY PART
(a+b)® = a® + 3a%b + 3ab® + b®
=a® + b(3a® + 3ab + b?)
=a° + b{3a*> + b(3a + b)} @)
Similarly,

@+b+cP=@+bP+c{3la+by+c@Ba+b)+c) )

{3(a+Db)*+c(3(a+b) +c)} = 3a*+ 3b* + 6ab + 3ac + 3bc + 2 (3)
Again,

b(3a + b) + 3a*> + b(3a + b) + b*> + c[(Ba + b) + 2b + ¢]

=3ab + b* + 3a* + 3ab + b* + b + 3ac + 3bc + 2bc (4)

B) = ().
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So,
{3(a + b)>+ c(3(a + b) + ¢)}
=bBa+b)+3a®+bBa+Db)+b*+c[(Ba+Db)+2b+c].

Finding the Unknown Quantity
(Subject to Certain Conditions)

The siitra given is:

SRR eguoaien fear Fdrar |

TRRG TR TR URTHAG Feh e |

uddesakalapavadistarasih ksunnohytori$au rahito yutovd)

istahatari drstamanena bhaktari rasirbhavet proktamitistakarmall
— Lilavatt L1I

This method is also known as supposition operation with an
assumed number. It is the rule of false position, supposition and
trial and error. To discover the unknown number, begin with any
convenient number. Then according to the conditions given in
the problem, carry on the operations such as multiplication and
division. [Then the given quantity, being multiplied by the assumed
number and divided by that (which has been found), yields the
number sought. This is called the process of supposition.]

It is really very interesting to note how problems on avyakta
ganita (algebra) were solved with vyakta ganita (arithmetic) with
this method of supposition. Normally, these types of problems are
solved by assuming the unknown to be one and then proceeding
with the other operations and from T (drsta) we find % (ista).

Here Bapu Deva Shastri uses ERINED (trairasikarit) and T
(ista) and gives two examples to solve one unknown and two
unknowns. The method according to Bapu Deva Shastri can be
better explained, in the following manner:

If we have to find an unknown value, say U, with a given
condition:

Suppose its value to be s,. Apply the condition. It may not satisfy
the condition. Find the difference d,. Suppose its value to be s,.
Apply the condition. It may not satisfy the condition. Find the
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difference d,, now find the difference between d, and d,. Also,
the difference between s d, and s,d,. Now (s,d, ~ s,d,)/(d,~ d,)
gives the unknown. — Lilavat (BDS), pp. 19-20

This principle has been used in the following two examples by
Bapu Deva Shastri.

Example 1: Finding the price of a horse

ThE ®UCRC TS S NI Jeaqed: |
FUT qel TULE W % dl qediodl o fRHveadead |

7Y faaw 3 fggem aqgeafam afanfgda: |
3TE oA Troi=rEl A e, gered O] anfe geu I

ekasya riipatrisati sadasva asva dasanyasyatu tulyamiilyah)
rnari1 tatha rijpasatarm ca tasya tau tulyavittau ca
Svamiilyam
yadadya vittasya dalari dviyuktam tattulyavitto
adivadvittyah)
adyo dhanena trigunonyato va prthak prthanme vada vaji
mitlyami
— Lilavatt (BDS), p. 20
There are totally three problems given in the example and will be
considered one after another.

In all these problems, we assume only one value.

Problem (a): Condition given in first two lines. Two persons have
6 horses and 10 horses each. The first person has Rs. 300 and the
second person has a debt of Rs. 100 but the total value of horses
and money for both persons are same.

We will assume 50 to be the price of horse.
Then first person has 50 x 6 + 300 = 600. 1)
Second person has 50 x 10 — 100 = 400. )
(1) and (2) are not equal, difference is + 200
We will assume 80 to be the price of horse.
Then first person has 80 x 6 + 300 = 780. 3)
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Second person has 80 x 10 — 100 = 700. 4)
(3) and (4) are not equal, difference is + 80.

Assuming 50 the difference is + 200.

Assuming 80 the difference is + 80.

We multiply each difference with the other supposition and get
their difference

I.e. 200 x 80 — 80 x 50 = 16000 — 4000 = 12000.
Difference between actual differences 200 — 80 = 120.
Hence the value of a horse is 12000/120 = 100.
Problem (b): Here the conditions are as follows:

Half the money value of the first added with 2 is equal to the
second person’s money value.

Proceeding as above we get the value of a horse: 36.
Problem (c): Here the conditions are as follows:

The money value of the first is equal to three times money value
of the second person.

Proceeding as above we get the value of a horse: 25.
Next, we see another example given by Bapu Deva Shastri,

finding two values given two conditions.

Example 2

Tl FrEitfa 79 fe o oee o yarta fe 9@ fgpordis=: |

oA TeTdERE SHETUsey s o TR e 1)
eko braviti mama dehi satari dhanena tvatto bhavami hi sakhe
dvigunastato " nyah |

briite dasarpayasi eenmamasadguno "ham tvattastyorvada
dhana mama kirit pramane\
— Lilavati (BDS), p. 20

Two friends are having two different amounts.

Condition 1: The first person says, “if you give me Rs. 100, then the
amount in my hand will be twice as much as you have”.

Condition 2: The second person says, “if you give me Rs. 10, then
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the amount in my hand will be six times as much as you have”.
Find their amounts.

We will do this problem using supposition in two stages.
® Stage 1
Part A — Fix the first amount be 20. (First amount >10) now fixed.
We will find the second amount satisfying the first condition:

(a) Assuming the second amount be 110. (Second amount > 100)
difference is 100.

(b) Assuming the second amount be 120. (Second amount > 100
difference is 80.

And get the money with the second person as 160.

Hence (20, 160) is one set of value satisfying the first condition.
Part B — Fix the first amount be 100. (First amount >10) now fixed.
We will find the second amount satisfying the first condition.

(a) Assuming the second amount be 150. (Second amount > 100)
difference is 100.

(b) Assuming the second amount be 180. (Second amount > 100)
difference is 40.

And get the money with the second person less as 200.

Hence (100, 200) is the second set of value satisfying the first
condition.

® Stage 2

We will now find the set satisfying both conditions.

Assume the first set satisfying the first and second conditions to
be (20, 160).

Now we will apply the second condition.
The difference is 100.

Assume the second set satisfying the first and second conditions
to be (100, 200).
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Now we will apply the second condition.

The difference is 330.

Assuming 20 for the first person, the difference is 110.
Assuming 100 for the first person, the difference is 330.

Hence the money with the first person is 40.

Now, to find the money with the second person:

Assuming 160 for the second person, the difference is 110 (as above).
Assuming 200 for the first person, the difference is 330 (as above).
Hence the money with the second person: 74800/440 = 170.
Money with the first person = 40.

Money with the second person = 170.

Square Transition (Vargakarma)

The siitras given are:

SRR S Sfe AR |

Teh: SRS Jehra i i

®Y fguicsd < JedHisoE €99 |

Fhfafard =% o @i 7@ w0

istakrtirastagunita vyeka dalita vibhajitestena |

ekah syadasyakrtirdalita saikaparo rasih |\

riiparit dvigunestahrtam sestarit prathamo "thavaparo riipam |

krtiyutiviyuti vyeke vargau syatarit yayo rasyoh ||

— Lilavatt LXV-VI

A certain problem relating to squares is propounded here.

Here we see an indeterminate problem that admits innumerable
solutions. We find two rasis R, and R, such that R>+ R?* -1 and
R,?-R? -1 are perfect squares.

Given: R, = b= (8t - 1)/2t, and R, = b*>/2 + 1 are the two rasis.
To prove R+ R*>—1and R? - R? - 1 are perfect squares where
t is the ista.
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The S99fd (upapatti) given by Bapu Deva Shastri is as follows
(Lilavatt (BDS), p. 22):
The substitution used is a = b*/2. (A)
Suppose the first rasi R, = b; second rasi R, =a + 1. (B)
Their squares are b* and a* + 2a + 1.
Choose 2a = b* by (A).
Then we have:
R?~-R?-1=a*+2a+1-b>~-1=a*+2a-b*=a* a perfect square
by (A).
Hence the first result is proved.
Now substituting (A) in R, we get R,=1?/2 + 1:
R2+R2-1=(/2+1)2+ P - 1=b*/4+ 02+ 1+ 02— 1=b*/4 + 21
= DA (b*/4 + 2).
This will be a perfect square provided (b*/4 + 2) is a perfect square.
Now putting b = (8¢> — 1)/2t. 0]
We get (0*/4 + 2) = (82 — 1)2/16* + 2= (8t* + 1)?/16t* which is a
perfect square.
From (A) we have a = b*/2.
SoR =b=(8*-1)/2tand R, =a + 1 =b*/2 + 1 are the two rasis
which satisfy the conditions that R >~ R>*~1, R >+ R >~ 1 are squares.
Given: 1/(2x) + x and 1 are the two rasis.
The 399 (upapatti) given by Bapu Deva Shastri is as follows:
(Lilavatt (BDS), p. 22):
Suppose the first rasi R, = 1/(2t) + t =; the second rasi R, = 1. (B)
Then
R2-R2-1=(1/(Q2t) - t)?
R2+R?~-1=(1/(2t) +t)* and both are squares.

As the two preceding solutions give fractional solutions, the next
siitra by acarya is to find answers in whole numbers:
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T A AT E goH: |
Yol T STaME b SUISHD 1

istasya vargavargo ghanascatavstasriigunau prathamah |

—

saiko rast syatamevarit vyakte ‘thava vyakte |
— Lilavatt LXVIII

Given: 8x> and 8x* + 1 are the two rasis.

The 394fY (upapatti) given by Bapu Deva Shastri is as follows
(Lilavatt (BDS), p. 23):

The substitutions used are 2b = n?, a> = 2bn, n = 4x?

Suppose the first rasi R, = a; the second rasi R, = b + 1. (B)
Their squares are a* and b* + 2b + 1.

Then we have

R?-R?-1=0+2b+1-a>-1=b"+2b-a~
R?+R?=1=0+2b+a’

The above two must be perfect squares.

So, we put 2b = n?, a*> = 2bn which make the above two perfect
squares.

Thus a?=2bn = n>. Now put n = 4x?
Then a*= 64 x°,

The first rasi R,= a = 8x°.

In the same way b = n*/2 = 8x*.
The second rasi R, =b +1=8x*+ 1.

Next Bapu Deva Shastri refutes that when ista <2 or ista <1/2
the siitras quoted by Balakrsna Daivajfia and Laksmidasa, viyuti
pakse does not hold (Lilavati (BDS), p. 23).

The first siitra by Balakrsna is:
T ol qivifendfed: 9 e |
3 Hfagfafagdl TIgd gog = ||

istah prathamo rasirnijardhanihatah sa evanyah |

anayoh krtiyutiviyut? ripayute milade syatam ||
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The first rasi = x.
The second rasi = x2/2.
The first sum to be calculated is

X2+ (x*/2)2+ 1 = (x* + 4x* + 4)/4 is perfect square of (x> + 2)/2
always.

The second one is

x2diff (x*/2)? + 1 = (x* — 4x* + 4) /4 square of (x> — 2) /2 when x* > 4x?,
i.e. when x*/4x*> > 1 or when x*/4x> =1,

i.e. when x?/4 > 1 or when x?/4 =1,
i.e.whenx/2>1orwhenx/2=1,

i.e. when x > 2 or when x = 2.

Hence, when ista < 2, the siitra quoted by Balakrsna viyuti pakse
does not hold.

The second siitra by Laksmidasa is:
aqoreaEm: ¥ fges dfedos® |
el Fpfefaferdt T @ T
caturgunestamadyamah sa dvighno "bhistasariiguno "pare |
anayoh krtiyutiviyut? ripayute mulade syatam ||
This one is the same as the above for the two 7isis are 4x and 8x2.
Same as 4x and (4x)?2/2.
Same form as x and x?/2.

Hence, when 4x <2 or x (ista) < 1/2, the siitra quoted by Laksmidasa
mithaviyuti pakse does not hold.

In the chapter on Mensuration, the siitra to construct a right-
angled triangle with given two quantities is as follows (Llgvati CLIII):

ANl wifedmi=R |

EIERIESRIEC IR IE U P
istayorahatirdvighnt kotirvargantarari bhujah |
krtiyogastayorevarit karnascakaranigatah |

If x, y are taken as two istas,
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x? — 12, 2xy, x* + y*are the sides of right-angled triangle.
If x, y (1, 2) are taken as two istas,
sides of triangle are x* — /%, 2xy, i.e. 3, 4. Hyp*is 3* + 4%is 5% karna = 5.

Bapu Deva Shastri further extends this to find two perfect
squares of the form x? + 42— 1 and x* — * + 1 (Lilavati (BDS), p. 24).

AN g e cararardit Arid: |

Hifeal: gad: EATTRITCISRld: I
fefretiosan enfeseamem: |

NI TEUNTYaHeR! ferseren 1|

TR0 BfgereesA: HulsT waq |

Tepedifeigfd: Hengfavsienitaa Hid: I
iR e |

Ttk T qe1 I 3=AA Teheuad |
istayorahatirdvighnityadyacaryokta margatah |
kotidoh srutayah sadhyastatrakotibhujahatih 1\
dvinighniparasariijiia syadistavargaparakhyayoh |
yogat tadantarenapitameko rasirbhavettatha 1\
tenantarena hydvighnestaghnah karno "paro bhavet |
yatkrtyorviyutih saikayutiscaikonita krtih I

kotidorvivaradistakarnayorantarari yatha |
nadhikari syat tatha prajiia istamatra prakalpayet 1

Procedure:

Stage 1: With two istas get the karna and right triangle, para = koti
X bhuja x 2.

Stage 2: Now take one new ista where (Fifeg: fIaRq TeRIERRR

(kotidah vivarat istakarnayorantararn) (difference between ¥% (ista)
and Y (karpa) 991 7 3R B (yatha na adhikarit sayat)|

R, = the first rasi = istavarga + para/istavarga — para.
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R,= the second rasi = 2 x ista x karna/istavarga — para.

Now R, and R, satisfy the condition x> + y* — 1 and x> — > + 1 are
both perfect squares.

Example Problem (1) (Lilavati (BDS), p. 24):

1, 2 taken as two ista sides of triangle are x* — 12, 2xy, i.e. 3, 4
Hyp*is 3* + 4% is 5.

Karna =5.

Para = koti x bhuja x2 =4 x 3 x 2 =24.

We will start from 4.

Take ista = 4, varga = 16, add para = 24 + 16 = 40.

The difference between istavarga and para = 8.

The first rasi =40/8 = 5.

The second rasi =fg=1: ®vi: T/ST=H (dvighnah karnah istah/
antaram) =2 x 5x4/5=40/8 = 5.

Now the two rasis are 5, 5 with x> + > —land x* —y* + 1 as 49, 1
whose square roots are 7, 1.

Similarly, when the ista = 5, the two rasis 49, 50 with x* + y* — 1 and
x* — y*+ 1 as 4900, 100 whose square roots are 70, 10.
Example Problem (2) (Lilavati (BDS), p .24):
2, 3 taken as two ista sides of triangle are x* — 12, 2xy, i.e. 5, 12
Hyp* is x* + y*is 169.
Karna = 13.
Para = koti x bhuja x 2 =12 x 5 x 2 = 120.
We will start from 6.
Take ista = 6, varga = 36, add para = 36 + 120 = 156.
Difference between istavarga and para = 84.
The first rasi = 156 /84 = 13/7.

The second rasi = fg&i: vi: g¢y/T=RA_ (dvighnah karnah istah/
antaram) =2 x 13 x 6/84 =13/7.

Now the two rasis are 13/7, 13/7 with (x* + y?) — 1 and (x> — y*) +
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1 as 289/49, 1. These are squares as 289/49, 1 whose square roots
are17/9, 1.
Similarly, it can be proved when ista =7, 8,9 and 10.

There is yet another siitra by Bapu Deva Shastri (Lilavati (BDS),
p- 24):

Two rasis R, and R, are first squared. We find conditions on R, R,
such that R> + R? - 1and R,?> - R*> + 1 are perfect squares.

ey aifen: Ywyaered: JUHNR:|
F A afgestl SUfI® TAT: ||
STt : SRl ileRmEREN = |
o wfeeaeRd ST agH |

istasya vargavargah saikascestahatah prathamarasih |
istakrtikrtirdvighn riipaviyukta bhavedaparah |
anayorvargaviyogah saiko vargaikyamekahinarit ca |
vargah syadistavasadevarn syurabhicarasayo bahudha 1

Procedure:

The ista = x.

R, = the first rasi = (x* + 1) x; R, = the second rasi = (2x* - 1).
Now R, and R, satisfy the conditionx* + 4> — 1 and x* — y*> + 1 are
both perfect squares.

Example

The ista = 2; R, = the first rasi = (2* + 1) 2 = 34; R, = the second rasi
=(2x2'-1)=3l.

34% + 31 — 1 and 34* - 31* + 1 are both perfect squares. Square
roots are 46, 14.

ista =3; R, = the first rasi = (3* + 1) 3 = 246; R, = the second rasis =
2x3*-1)=16l.

246 + 161% — 1 and 246> — 161* + 1 are both perfect squares. Square
roots are 294, 186.
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Conclusion

Bapu Deva Shastri, besides being the Professor of Astronomy in
Benares Sanskrit College, held many honorary posts such as the
member of the Royal Asiatic Society of Great Britain and Ireland,
member of the Asiatic Society of Bengal and fellow of University
of Calcutta. He has made certain value additions to the topics of
division, square, supposition, pulverization, progression, etc. for
the benefit of better understanding of the students. This paper
throws light on some of his techniques and examples as detailed
in the book mentioned above. Thus, his contributions to ancient
mathematics are praiseworthy.
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Parikarmacatustaya and
Paficavimsatika
A Study

V.M. Umamahesh

Introduction

THE HISTORY OF PARIKARMA THROUGH THE AGES
agfufdyert: fo e TR
FfcehfoEgegacas oA o Jfei

Whatever there is in all the three worlds, which are possessed of
moving and non-moving beings —all that indeed cannot exist as
apart from ganita. What is the saying of good in vain?

- Rangacharya 1912: 3

THE ancient Indian society was familiar with the all-pervasiveness
of ganita that can be traced to Vedic period. Sulbasitras give rules
for constructing vedis (sacrificial altars) and moves on to surds, etc.

Arithmetic and algebra are the two major fields in Indian
mathematics. In arithmetic, there are various operations and out of
which eight operations have been identified as fundamental. They
are addition, subtraction, multiplication, division, square, square-
root, cube and cube-root. A brief history of these fundamental
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operations (parikarmas) are presented here from the ancient up to
medieval times.

Bhaskara I in his commentary on the Aryabhatiya states:

All arithmetical operations resolve into two categories though
usually considered to be four.

Y I ERIGR A TgaIaIe=aTd, e, M sfd
TN g fg4 =gy wierew gigairaaeafa f5farm) afs:
TN, STTEEEATE ;| WAl SRS e

HIRTHR] [OERTAN ST W TAAEH |

= FHieTeEaE e faenfes gaewe e

That all mathematical operations are variations of the two
fundamental operations of addition and subtraction was
recognized by the Indian mathematicians from early times.
The two main categories are increase and decrease. Addition
is increase and subtraction is decrease. These two varieties of
operations permeate the whole of mathematics (ganita). So,
previous teachers have said: “Multiplication and evolution
are particular kinds of addition; and division and involution
of subtraction. Indeed, every mathematical operation will be
recognized to consist of increase and decrease.” Hence the whole
of this science should be known as consisting truly of these two
only. — Datta and Singh 1962: 130

PATIGANITA

Arithmetic is referred as patiganita, dhiili-karma or vyakta ganita.
Algebra is referred as bijaganita or avyakta ganita.

The word patiganita is a compound formed from the words pat7,
meaning “board” and ganita meaning “science of calculation”;
hence it means the science of calculation which requires the use
of writing material (the board). The carrying out of mathematical
calculations was sometimes called dhiili-karma (dust work)
because the figures were written on dust spread on board or
on the ground. Some later writers have used the term vyakta
ganita (the science of calculation of the “known”) for patiganita
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to distinguish it from Algebra which was called avyakta ganita
(the science of calculation of the “unknown”).
—1Ibid.: 123

Patiganita Works

Initially mathematics was included as a section in the astronomical
works called Siddhantas. Aryabhata I (499) started this tradition.
Later it became a general norm to include a section on mathematics
in the Siddhanta works. Also, this developed into a separate stream
over a period. The authors and their works which deal exclusively
with patiganita are given below:

Author not known - Baksali manuscript (seventh century)

Sridharacarya — Trisatika (eighth century)

Mahavira — Ganitasarasamgraha (ninth century)
Sﬁpati — Ganitatilaka (eleventh century)
Bhaskara II — Lilavati (eleventh century)
Narayana Pandita - Ganitakaumudt (fourteenth century)
Muni$vara — Patisara (seventeenth century)

In addition to the above popular works, there are many lesser
known texts which deal exclusively with patiganita. In this paper,
two fourteenth-century texts which deal exclusively with arithmetic
operations are presented. They are the Parikarmacatustaya and
Paficavims$atika both were edited and published by Takao Hayashi.

i. The Parikarmacatustaya, an anonymous Sanskrit work
consists of versified rules and examples for the four
fundamental arithmetical operations —sarkalita, vyavakalita,
pratyutpanna and bhagahara. Rules seem to be influenced by
the Trisatika but the examples are original. The addition and
subtraction refer to sum of finite series of natural numbers
and the difference between two finite series as can be found
in the Tridatika. This work contains 58 slokas along with prose
parts. All the examples quoted have been provided with
answers.



258 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

According to the colophon of the manuscript, it was copied
down for teaching the children of a Modha Bania family.
From the examples provided and the topics covered, it can
be inferred that the main objective would have been to cover
the topics useful for merchants (or would be merchants) for
their day-to-day commercial transactions.

ii. Hayashi has edited and translated an another arithmetical

work called the Paficavimsatika, based on two manuscripts
(one from LD Institute, Ahmedabad and the other one
from Oriental Institute, Baroda). Both the manuscripts
contain Gujarati commentaries. As the name suggests, the
original work should have had 25 slokas. However, both the
manuscripts contain more than that.
The Paficavimsatika covers the topics of addition, subtraction,
multiplication, division and other topics such as square root,
rule of three, areas of square, investments, areas of triangle,
area of circle, etc.

Addition

ADDITION IN PANCAVIMSATIKA
In this work, rule for addition and subtraction has been given:
AT TR, SFETh Ffafefatad:|
CAATE: | T " T |
In this text the term used for addition is yuti and for subtraction
is viyuti.
Beginning with the first numeral the sum or difference

of numerals is made according to the places. That numeral is
increased or decreased by zero itself.

Sum of the Series in Paficavims$atika

In this work, addition, sum of the natural series and arithmetic
progression are all covered. Sum of the series of natural numbers
is stated as:

YheEduese Uhieeaq Hafd Hehford|
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feryforpadeRfaad gel TesiafireHd: ||
Half of the product of the first (value) increased by unity and the
number of terms will be that [sum which is obtained] by increasing
one by one. Half of the sum of the square of the number of terms
and first [value is also the sum]. Multiplying half of the first [or
the first] increased by unity [by other value, one obtains] the
[same] result.

Sn=1+2+3+...+n

S = nx(n+1) or n><(n+1).
" 2 2
The author provides another formula wherein:
DRI : T TaFAIATaEeT
e WO qq Heed SEd =3
a = first term (ddhya), d = common difference (caya), n = number of
terms (pada) of an arithmetic progression. Last term is antya (a,),
middle term is madhya (m) and sum of the series is sarvasva (S,).
a =a+(n-1)xd,
_(a+a,)
=
S, =nm.

ADDITION IN PARIKARMACATUSTAYA

The anonymous author begins this work with stating that “pair
of procedural rules for addition, the first fundamental operation,
is as follows”:

S T FH FY TR WG TS|

STRYEREA TR HEhicrd H=mi: ||
First place is unity. Increase is also one up to one hundred. Sarikalita
is as per the revered dcarya, fruits seen at the interval of 10.

But it is not an addition but the sum of the first n terms of the
natural series.

Sm)=1+2+3 ... +n.
That is,
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Sankalitais S(n)=1+2+3+ ...+ n,wheren =10k and k=1, 2,
3...10

The sum of a series starting with one and the common
difference equal to one can be found out. But he states the method
is to find out for the series S(10), S(20), ..., S(100).

TS TR § q0 Fehearel|
yfawm fe @ fe feemne e aorad wafdi

When one has multiplied the number whose sarkalita one
wishes to obtain by that number <same number> and added the
<product> to the former, by half of the sum half <of the sum>

the fruit sarnkalita shall be. — Hayashi 2007: 43
2
Sn _ n+n
2

Vyavakalita: Subtraction

The terms used for subtraction by various authors are vyutkalita,
vyutkalana, Sodhana, viyojana, visodhana and viyoga, and dvasesa, Sesa
and avasesaka are the terms used for remainder.

A few authors define normal subtraction stating that according
to their places (units, tens, etc.) difference is to be found out.
SUBTRACTION IN PANCAVIMSATIKA

In this work, like in the Trisatika, vyavakalita refers to the difference
between the sums of two natural series (v. 3):

YehfeAdcT—Tgrg o9 IRl & ol

TG Feehiard JHd: Ul

Having subtracted the expense (vyaya) from the property
(dyumna) produced by addition (sarikalita), there will be property
(dhana). This property has been called the difference (vyavakalita)
by the ancient sages. — Hayashi 1991: 415
Sn-n=S§ |

Ex.n=10.5,-10=55-10=45=S,.

Satikalita (addition) is an elementary function. Hence it was not
dealt in detail by various astronomical works. But sarikalita is also
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referred to summation. The sum of natural numbers and the sum
of series are described by various texts.

SUBTRACTION IN PARIKARMACATUSTAYA

In this work, a different “subtraction” is explained (vv. 11-13). the
sum of a natural series up to a chosen number is deducted from the
sum of the natural series from 1 to 100 and is defined as sarnkalita
of that chosen number.

TEehicld TEE Famierd Tgagd & e |
TRV TG IR HEhfAAqHTar ;||
TBEAThR(AqH TR IqH e

T & Ao = <eiiehad, SHehiceTdHg: |
A TAHARE SfAdg SHaeh felau I |
IR Td: I GEfTEET TS S|

Addition (sanksepa) is made in sarkalita; subtraction (ksaya), too,
should be made in vyavakalita. The revered professor calls the
fruits seen at the interval of ten vyavakalita.

One should add one hundred and one to that (number) whose
vyavakalita one wishes to obtain. (The sum is) multiplied by one
hundred decreased by that (number) and halved; they call it
vyavakalita.

From the square of one hundred increased by one hundred and
halved, the specified value of vyavakalita is subtracted. From that
remainder, by means of the previous rule, the step (the number
of terms) shall be (obtained). — Hayashi 2007: 46

Let V be the vyavakalita of n. Its definition,
V. =5(100)-S ,

V(10) = 5(100) — S(10)

V(10) = 5050 — 55 = 4995.

Multiplication

Out of four fundamental arithmetical operations, multiplication
has been dealt in detail and various methods of operation have
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been provided by our sages. To summarize, the methods are:
i. Kapatasandhi
ii. Gomiitrika
iii. Khanda
a. Ripa-vibhaga
b. Sthana-vibhaga
iv. Bheda
v. Ista
vi. Tatastha

vii. Special method appearing in the Ganitamasijart (Gelosia or
Grating method).

The modern method of multiplication has already been in
practice here. The evolution of the methods is in line with the
progress in the writing materials. Earlier methods act as building
blocks on which new methods are invented.

MULTIPLICATION IN PANCAVIMSATIK A

The Paficavimsatika enumerates four methods of multiplication.
They are kapatasandhi, gomiitrika, tatastha and khanda. As per the
text, kapatasandhi, gomiitrika and tatastha each is of two kinds and
khanda is of three kinds (v. 4).

feen wareafwa qen mote fgan
qedl fgun gA: Whsaen @uel e sy
Hayashi opines that:

Due to laconic expressions of the versified rules and sketchy
descriptions of the commentaries, there remains much ambiguity
about the details of the procedures. — Hayashi 1991: 417

MULTIPLICATION IN PARIKARMACATUSTAYA

This text lists four methods for multiplication (vv. 20-21):
T fo=remaR sureaf-esRa ToRm:|
STIAMTAHIH A ASaehAe: ||
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T YgI—: wuel fgfay: wueafaw |
FTATIHA Foge= faftfEss |

Having put down the number <to be multiplied> above the
multiplier in the manner of “door junction” (kapata-sandhi), one
should multiply <the digits> one by one in regular or reverse
order.

The multiplication called “standing there” (tatastha), two kinds

of parts (khanda) and “door-junction”: these are the quartet

methods told for multiplication (vv. 20-21). — Hayashi 2007: 48
The author has followed the four methods told by Sridharacarya.

Sridharacarya describes kapatasandhi as (vv. 5-6ab):
fa=rens v wuTedf-EHoT ORI
TR foe TS TAmERTT a1 ShEe: ||
Scaritedr d: swaeatdafes Hom

Having placed the multiplicand (gunya) below the multiplier
(guna-rasi) as in the junction of two doors, multiply successively
in the inverse or direct order, moving (the multiplier) each time.
This process is known as kapatasandhi.

Tatastha means being there or stationery. Sridharacarya explains
this in his Trisatika (v. 6¢d):

TARATETSSIA T T : ||

When the pratyutpanna is performed by keeping the multiplier
stationary, the process is called tatastha (multiplication) at the
same place.

This is of two varities, according to Sridhara (Trisatika v. 7 and
Patiganita v. 20).

FIEIAANT fgan wec@vedas M|

YT B0 =il

The process of multiplication is called khanda (or khanda-gunana,
“multiplication by parts”) is of two varieties (called riipa-vibhaga
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and sthana-vibhaga), depending on whether the multiplicand
or multiplier is broken up into two or more parts whose sum
or product is equal to it, or the digits standing in the different
notational places (sthana) of the multiplicand or multiplier are
taken separately. —Shukla 1959: 13-14

Division (Bhagahara)
David Eugene Smith, in his History of Mathematics (1953) states:

The operation of division was one of the most difficult in
the ancient logistica, and even in the fifteenth century it was
commonly looked upon in the commercial training of the Italian
boy as a hard matter. Pacioli (1494) remarked that “if a man can
divide well, everything else is easy, for all the rest is involved
therein”. —Vol. 2:132

The process of division was considered to be too tedious by the
European scholars even during fifteenth century, whereas siddhanta
authors (fifth century) considered division as too elementary to
be described.

In almost all siddhanta works, methods of division are not
explained. But division is used in other calculations. But in pat7
works we can find that division methods are explained with
examples. It is evident from those works that our sages knew the
modern method of division then.

The common Indian names for division are bhagahara, bhajana,
harana, chedana, etc. All these terms literally mean “to break into
parts”, i.e. “to divide”, excepting harana which denotes “to take
away”. This term shows the relation of division to subtraction. The
dividend is termed bhajya, harya, etc.; the divisor bhajaka, bhagahara
or simply hara, and the quotient labdhi “what is obtained” or labdha
(Datta and Singh 1962: 131).

DIVISION IN PANCAVIMSATIKA

Having put down the divisor below the question (the dividend)
and divided the question by the divisor, the division should be
made (part should be taken away) in order. (Thus) the rule division
has been certainly handed down (to us).
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TR T o = U o & =)
I g HAM H ArEREty: Ta:l)
This gives the well-known method which places the divisor (hara)

and the divided, which (the latter) is called “the (number in)
question” (prasna) in our text.

Example

1 1 3 1 3 5
11620 41210 6 |0 0
1]2 1|2 1|2 1

DIVISON IN PARIKARMACATUSTAYA

The Parikarmacatustaya explains the method of division. The text
states (vv. 37-38):

Tfr farenafnferen faemer)

IURET: e gfaam e ArRRgeEHI|

T B A B qeo T Ui Wi we fese

T TB(AHH AR RTTRT Hafdl|

When one has put down two numbers (one above the other),
the lower number, which is the divisor, should be subtracted

(from the upper number) one by one in reverse order. This is a
rule for division.

One should always divide the two, the dividend and the divisor,
by the same number; the quotient (lit. the remainder) (from the
dividend) divided by (the quotient from) the divisor is a fruit
(quotient) that has the nature of division. =~ — Hayashi 2007: 52

The verses are based on Sridhara’s Trisatiki (v. 9).
oo wvd gfa & favsd = it fewn
e BH: FHHN: WA BRI g : |
An example from the Parikarmacatustaya for division (v. 42):

ST, HeHHHH WlGeIaH T e
TR IhH T qIHER RS ||
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=T 30276/87 = 348

Three ayutas, two hundred and seventy-six <gold pieces> were
divided by eighty-seven <men>. What is the share for one
should be told.

Dividing 3027 by 87 gives the answer of 348. Each will get 348
gold pieces.

Prime Numbers

An important observation made by Hayashi in this text is the
occurrence of nine large prime numbers greater than 100 which
he thinks cannot be a coincidence.

This high frequency indicates that it cannot be a coincidence.
The author of the present form of that part, at least, must have
intentionally used two primes to construct his examples for
division. — Hayashi 2007: 21

Hayashi calls primer number as accheda which has no divisor.
This is the first-time prime numbers surface in ancient Indian
mathematical work. It will definitely be a subject matter for a
separate research.

Today, prime numbers are used in cryptography for network
security. Cryptography or cryptology is the practice and study
of techniques for secure communication in the presence of third
parties called adversaries.!

Conclusion
Hayashi (1991: 404) states:

From the viewpoint of the history of Indian mathematics,
the importance of our text lies in its historical expansion and
reformation rather than in its mathematical contents, as it
throws new light upon history of reformation of other Sanskrit
mathematical treatises.

It applies to both the anonymous works discussed in this paper.

The title of the work the Pasicavimsatikia reminds Sridharacérya’s

! https://en.wikipedia.org/wiki/Cryptography
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Ganitapaficaviridati and Tejasirnha’s Istanigapaficavirisatika. Hayashi
(1991: p. 405) points out:

These two works, devoted for particular topics, may be regarded
as a kind of monograph, which is hitherto a neglected field of
study in Indian mathematical literature.

Introducing the students to the simple and clear Paficaviriisatika like
texts will allay their fears about the complexity of the ancient works
and will attract more students to a serious study of the ancient
texts. More such studies based on modern sciences will bring to
light the marvellous discoveries of our scholars of those times.
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An Appraisal of
Vakyakarana of Paramesvara

Venketeswara Pai R.

Abstract: Vatasseri Paramesvaran Nambtidiri popularly known
as Paramesvara (1380-1460) was a mathematical astronomer
of the Kerala school of astronomy and mathematics founded
by Madhava of Sangamagrama. He has authored several
works including Drgganita which is composed by revising
the parameters based on observations. The text Viakyakarana of
Paramesvara is unique in the sense that it gives algorithm for
constructing the vakyas. It is mentioned in the second half of the
first verse of text that:

RN | C2E L e IR R LI E]
The text Vakyakarana is composed for obtaining the vikyas.

The Vakyakarana contains sixty-six verses and gives algorithm for
obtaining the vakyas such as gtrnasreyadi-vakyas, sanikranti-vakyas
and so on. In this paper having given an overview of the text, we
would proceed to explain some of the algorithm for obtaining
the vakyas. We have used the paper manuscript (MS KVS 242)
for our study. This manuscript was collected from K.V. Sarma
Research Foundation where it is preserved. Sarma transcribed
this from the manuscript (MS Triv. C. 133A.) which is preserved
in Travancore University Manuscripts Library, Trivandrum. In
this article, we shall have a brief overview of the text.
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Introduction

THe Kerala school of Indian astronomy and mathematics, that
flourished for more than four centuries starting from Madhava
(1350 cE) of Sangamagrama, is well known for its contributions to
mathematics, in particular to the branch that goes by the name of
mathematical analysis today. Besides making several important
contributions to mathematical analysis which includes discovering
the infinite series for sine, cosine and arc tangent functions, as
well as its fast convergent approximations, the astronomers of
the Kerala school have also made significant contributions to the
advancement in astronomy, particularly the planetary theory.

Pioneered by Madhava (c.1340-1420) and followed by
illustrious mathematicians and astronomers like Paramesvara,
Damodara, Acyuta and others, the Kerala school extended
well into the nineteenth century as exemplified in the work
of Sankaravarman (c.1830). Only a couple of astronomical
works seem to be extant now. Most of Madhava’s celebrated
mathematical discoveries — such as the infinite series for “pi”,
its fast convergent approximations and so on — are available
only in the form of citations in later works. Madhava’s disciple
Paramesvara (c.1380-1460) is reputed to have carried out detailed
observations for over fifty years and composed a large number of
original works and commentaries. Among his works, the Drgganita
finds its position at the first place. The Vakyakarana is another work
of Parame$avara in Vakya school of astronomy.

Vakya School of Astronomy

The huge corpus of astronomical literature that has been produced
in India from the time of Aryabhata (c.499 c) is generally divided
into Siddhantas, Tantras, Karanas and Vakyas; in decreasing
order of the theoretical contents astronomical parameters given
in Siddhantic texts are very large. In these texts, complex and
lengthy computational algorithms are employed in finding the
planetary longitudes and other astronomical quantities. Hence,
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evolved a new school of astronomy which is known as the Karana
school. The epoch is chosen to a closer date and observed planetary
longitudes documented. Astronomical parameters are made
smaller in magnitude. The Karana texts describe the simplfied
algorithms and the mathematical equations are modified for
computational ease.

The vakya method of finding the true longitude of the sun,
the moon and the planets (sphutagraha) is a brilliantly designed
simplified version of the methods outlined in the various
Siddhantas. As per the Siddhantas, we first find the mean
longitudes of the planets and then apply a few sarmiskaras. The
manda-sarskara is to be applied in the case of the sun and the
moon, whereas both the manda-sariiskara and sighra-samskara are
to be applied in the case of the other five planets to get their true
positions. On the other hand, the vakya method, by making use
of a few series of vakyas presents a shortcut directly leading to the
true longitudes of the planets at certain regular intervals, starting
from a certain instant in the past. We will discuss about this instant,
which is also closely linked with other notions such as khanda
and dhruva, during the course of our discussion. At this stage it
would suffice to mention that this vakya method provides a simple
elegant method for computing the true longitudes without having
to resort to the normal procedure of calculating a whole sequence
of corrections involving sine functions, etc. which would be quite
tedious and time consuming. Therefore, the vakya method became
very popular in south India and even today some paficarngas are
brought out using the vakya method in the southern states of India
(Pai et al. 2018).

TEXTS RELATED TO VAKYA SYSTEM OF ASTRONOMY

The earliest literature on vikyas can be traced back to the time of
Varartci and it is known as girnah-sreyadi-vakyas. It is the set of
248 vakyas which gives the true longitudes of the moon for 248
consecutive days. Hence, it is also known as candra-vakyas. Since,
these vikyas have composed by Varariici, it is popular by the name
Varartci-vakyas. These give the longitude of the moon correct
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up to the minutes. Madhava gives another set of candra-vakyas
which is known by the name Madhava-vikyas. These are accurate
up to the seconds. The canonical text of the Parahita system, the
Grahacaranibandha of Haridatta (seventh century), introduces
viakyas for the manda and $ighra corrections which are referred to
as the manda-jyas and sighra-jyas.

The fully developed vakya system is presented in the famous
karana text of the thirteenth century, the Vakyakarana, which
gives the method of directly computing the true longitudes of
the sun, the moon and the planets using vakyas. Manuscripts of
this work are available in various manuscript libraries of south
India, especially of Tamil Nadu. Kuppanna Sastri and K.V.
Sarma estimate that it was composed between 1282 and 1306 ck.
The author of this work is not known, but probably hailed from
the Tamil-speaking region of south India. It has a commentary
called the Laghuprakasika by Sundararaja who hailed from Kafici
near Chennai. The work is based on the Mahabhaskariya and the
Laghubhaskariya of Bhaskara I belonging to the Aryabhata school,
and the Parahita system of Haridatta prevalent in Kerala.

The Vakyakarana and the other works pertaining to the Vakya
system only present the lists of vakyas and the computational
procedures for obtaining the longitudes of the planets using
these vikyas. However, the Viakyakarana of ParameSavara gives
the rationale behind some of the Vakyas. Thus, it is an important
text in the vakya school of astronomy.

Vakyakarana of Parames$vara
THE AUTHOR

Parame$vara was one of the reputed mathematician-astronomers
of the Kerala school who seems to have flourished around the
beginning of fourteenth century and was a pupil of Madhava.
Parames$vara proposed several corrections to the astronomical
parameters which had been in use since the times of Aryabhata
based on his eclipse observations. The computational scheme
based on the revised set of parameters has come to be known as
the Drk system. The text composed based on the system is called
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the Drgganita. Parame$vara mentions in his work Drgganita that
he has composed the same in the Saka year 1353 (Sarma 1963).

Based on an old manuscript of a Malayalam commentary on
the Siirya-Siddhanta preserved in the Oriental Institute, Baroda,
MS No. 9886, contains in the statements:

paramesvaran vatasseri nampiuri, nilayah saumyatirasthah
paramesvaraly ... asya tanayo damodarah, asya Sisyo nilakanthasomayayt,

Parames$vara was a Nampiri from Vatasseri [family]. He
resided on the northern bank of the Nila [River]. ... His son was
Damodara. Nilakantha Somayaji was his pupil. ...

—Sarma and Hariharan 1991

From the first verse of the Vakyakarana, it is evident that the author
of the work is Parames$vara.

TR o5 Reisaq e |
ETUC G CoEulc ERICREI R Eo i

plijyapadasya rudrasya sisyo "yam paramesvaral |
karoti vakyakaranan vakyavayavasiddhaye 1

Paramesvara is the student of the venerable Rudra. [The
work] Viakyakarana is done for obtaining the vakyas.

Here, the teacher “Rudra” is none other than the father of
Parame$vara. Apart from his father, Madhava was also the teacher
of Paramesvara. The second line of the verse states the purpose
of the text. That is, the rationale for the vakyas or it gives the
procedure for obtaining the vakyas.

THE TEXT

The manuscript of the text Vakyakarana (MS no. KVS 242) has 15
folios written in Malayalam script and the language is Sanskrit.
The Vakyakarana of Paramesvara is a small and an important
treatise in vikya system. It contains sixty-seven verses in total.
The beginning verses of the text provide the rationale for g7rna-
$reyadivakyas. Later, a couple of verses emphasize the importance
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of the corrections such as desantara and dhruva-samskara. for
obtaining the true longitude of the moon. A brief content of the
text is as follows:

¢ First verse states the authorship and pupose of the text.

* Next two and half verses give the rationale for obtaining the
girna-Sreyadi-candra-vakyas.

¢ After this, the author emphasizes on the importance of
applying desantara and aharmana corrections for obtaining
the true longitude of the moon in one and a half verses.

* Seven verses (6-13) explain the procedure for applying the
aharmana corrections.

* Verses 14 to 25 describe the procedure for obtaining dhruva-
saritskara-haraka.

* Next five verses explain the rationale for obtaining the

yogyadi-vakyas.

These are set of forty-eight vakyas used to compute the true
longitude of the sun at any desired instant. The text Karanapaddhati
of Putumana Somayaji gives the rationale for yogyadi-vakyas. For
more details regarding the yogyadi-vakyas, see Pai et al. (2018) and
Pai et al. (2015).

* Rationale for sankranti/sankramana-vakyas are explained
through verses 32 to 40. The sarikranti-vakya is the time interval
between the mesa-sarnkranti, and any sankranti, expressed in
a vakya.

e Later verses talk about the need of dhruva-sariskiara and
explain it in a different manner. While doing so, it also talks
about the use of candra-vakyas more efficiently also that the
error accumulated would be minimum.

It is to be noted that one of the important topics that is
mentioned in the Vakyakarana of Parame$vara is the dhruva-
saniskara-haraka. It is the divisor in a correction term which is
known as dhruva-saniskara. As name suggests, this is a correction
term which is to be applied to the dhruva of the moon. This is
applied in the context where the moon’s true longitude is found
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using the vakya method. The detailed explanation of the procedure
for obtaining the true longitude of the moon is found in the
Vakyakarana of thirteenth century (Pai et al. 2009; Pai et al. 2018;
Sastri and Sarma 1962). The true longitude obtained here is slightly
deviated from the actual value. This error arose because of the
dhruva corresponding to the number of days of cycle of anomalistic
revolutions. Significance of these anomalistic cycles is that the day
on which the cycle is completed the moon’s anomaly should be
zero at the sunrise. In actual, there would be a small finite value
for longitude of anomaly at the sunrise. The entire algorithm, for
finding the true longitude, is based on the assumption that at the
end of each anomalistic cycle, the anomaly would be zero at the
sunrise. Hence, it is necessary to correct the obtained longitude
in order to get the accurate value of the true longitude. However,
the Vakyakarana of thirteenth century does not talk about this
correction. It is the Vakyakarana of Paramesvara which gives a
detailed explanation regarding this correction term which goes by
the name dhruva-samskara. The verses which describe the dhruva-
saritskara and their translation are given below:

A JeTHEAS, IR |
TARIA =R edl w1

TEeaYfeRigdl fausicas T q|

HE R TGN : SuEfd: |
Having obtained the mean longitudes of the moon and its anomaly
at the sunrise on the day when the counting of the vakyas starts
and having obtained their difference, and by that [difference] the
difference in rates of motion of the moon and its apogee is to be

divided. This is called as dhruva-sariskara-haraka. This has both
positive and negative nature.

The above verses give only the “denominator” part of the
correction term. The whole correction term is to be applied
negatively to the longitude of the moon when the longitude of
the apogee is greater.

Otherwise, it has to be applied positively. The following verse
explain the same.
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eistus Fomen: wngeAEAtE o8 |
YHERNE q BRehyee ded |
The above verse gives the condition when the correction is

applied negatively or positively. The next verse explains the entire
correction term.

“TASR" fa Helen wEicaTReyfe q: |
BT fasoaTed Taol spaff-=Teme ||

The ratnasreya (12°02') is to be subtracted from the true rate
of motion of the Moon. [The result] has to be divided by the
haraka. [What is obtained here] has to be applied positively and
negatively to the longitude of the moon.

The term ratnasreya gives the numerical value of the rate of motion
of the moon when it has the slowest motion. The value encoded
in the term ratnasreya is 12° 02'. This is the value when the moon
has the slowest motion. This happens when the moon coincides
with its apogee. In other words, it is the rate of motion of the moon
when its anomaly is zero.

Concluding Remarks

From the study, it is clear that the Vakyakarana of Paramesvara
acts as an appendix to the Vakyakarana of thirteenth century. In
fact, it fills the gap by introducing the unexplained topics such as
dhruva-sariiskara. The purpose stated in the first verse:

ERUCICIC2 U |E2 LR CIRET)

The text Vakyakarana is composed for obtaining the vakyas, and

the vakyas has also been served by the text, as the text dedicates
itself for giving the rationale for vakyas.
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Astronomical Observations and the
Introduction of New Technical Terms
in the Medieval Period

B.S. Shylaja

Abstract: The science of astronomy developed from observations.
These aspects are covered in almost every textbook by Indian
astronomers. However, the finer details on the instruments,
observational procedures, corrections and errors need to be
studied systematically. Since the measurable quantities are
only angles and time, the descriptions are generally brief. In an
attempt to extract the observational procedures relevant parts
of the texts are highlighted. This also throws light on some new
unknown words perhaps coined for the need. This is especially
true in the texts of late nineteenth century when the usage of
telescopes was being introduced. A list of such new words will
be presented and discussed.

Keywords: Observational astronomy, Indian texts, medieval
period, new technical terms.

Introduction

THE observational aspects of Indian astronomers are covered in
almost every textbook on astronomy. However, the finer details on
the instruments, observational procedures, corrections and errors
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are not explicitly mentioned and therefore need to be extracted
systematically. The measurable quantities are only angles
and time; moreover, the descriptions are generally brief. For
example, the introduction of subdivision for angula as vyangula
is noticeable in many texts. However, the exact definition of the
fraction and the method to measure are not indicated in any text.
The fraction of a degree is written down in many texts and the
method of measurement is not described. The accuracies achieved
appear to indicate that they are calculated values. However,
the basic parameters that are measured also are seen to be of
accuracies of 1 arc minute. Here we will discuss the development
of observations and procedures by broadly classifying them into
three categories — the Siddhantic period (up to about twelfth
century), medieval period (up to about seventeenth century) and
the colonial period giving typical examples of observations and
the associated coinage of new technical terms.

Clues in Siddhantic Texts

We look for clues about instruments used for observations in the
Siddhantic texts like the Aryabhatiya and the Siddhanta Siromani.
It is interesting to see that the angles are measured in terms of
time. The exhaustive work on these instruments (Ohashi 1994) has
demonstrated the use of various instruments and the accuracies
achieved. However, the role of later astronomers in improving the
accuracies does not get highlighted. Here is one example.

Itis well known that the declination of the sun changes during
the year from 23.5° N to 23.5° S. Generally for all calculations this
value is taken as the same for any given day. However, between the
sunrise and the sunset there is a small change in the declination.
This varies throughout the year. Ohashi (1997) has shown that a
correction to this effect also was measured; and was incorporated
in all calculations. This was called apacchaya. This word does not
find a place in many texts. It is mistaken with avachaya (penumbra)
by some. He discusses the various interpretations, such as
“wrongly placed shadow” and “reduced shadow” which could
not point to the need for the correction itself.
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The declination of the sun is given by sin 6 = sin A sin &, where
d is the declination, A, the longitude and &, the obliquity of the
rotation axis of the earth.

The increase in A is about a degree per day. Therefore, from
sunrise to sunset the change is about 2 degree. For values near A
=0 or 180, the difference of V2 degree would not give appreciable
difference. However at solstices for an increase in A by Y2 degree
can result in a change in the value of & which is not negligible.
This has been indicated in the texts Manasara and Mayamata (fig.
19.1). The word apacchayia was interpreted as a correction for this
and the logic remained unknown till Ohashi revealed it.

The interpretation of the new technical terms, therefore,
demands understanding of the observational technique itself.
This also takes us to the question of what were the observations
that were carried out and how they were interpreted to derive
parameters pertaining to the details of orbit.

For example, the parallax of the moon as defined in modern
terminology is the angle subtended by the moon at the radius of
the earth. This quantity is essential for all calculations pertaining
to eclipses. One needs to measure the position of the moon very
accurately every night. This can be achieved using versed sine
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fig. 19.1: Apacchaya corrections through the year as provided in
the Manasara and Mayamata; this was interpreted as variation of
the noon shadow expressed in a modified linear zigzag fashion
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ratio (utkrama jya) as will be explained later. However, this is not
mentioned in any text. Based on this measurement, the daily
motion of the moon is given as 790'35". The angular size of the
moon is another quantity measured (16'412").

The quantities derived from these measurements are:

a. The moon’s daily motion is given as fifteen times the radius
of earth.

b. The moon needs 4 ghat7s to traverse this distance.
c. 11854% yojana is the distance covered.
d. The earth’s radius is 1581 /2 yojanas.

While the observations of the sun and the moon are carried
out with a gnomon and a simple angle-measuring device, the
technique for observing the planets is not explicitly discussed
anywhere. Here is a hint on observations of planets in a verse in
Grahalaghava 10.4 (fig. 19.2). It reads:

The reflection of a planet is first seen. The lamba is measured
from the (horizontal) ground level to the point of reflection. The
distance between the foot of the lamba and the point of reflection
is measured in arngulas. This is the bhuja. This value multiplied
by 12 and divided by the elevation of the reflected point. The

result gives the chaya in angulas. —Rao 2006
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fig. 19.2: Method described in the Grahalaghava for getting
the shadow length of planets
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Itisintended that the reflection was from the surface of water.
A verification of this method for deriving the lunar eclipse timings
was attempted recently and failed. However, if oil is used instead
of water, meaningful measurements are obtained (K.G. Geetha,
personal communication).

Astrolabes: Measures of Coordinates,
Description of Measurements

Astrolabes were introduced in India around thirteenth century.
The texts devoted to the construction and use of this instrument
describe the measurement procedures quite in detail. Mahendra
Sari translated the manual of using the astrolabe in thirteenth
century; this was followed by commentary by Malayendu.
Subsequently many more texts followed —notably the Siddhantaraja
by Nityananda (Sarma 2018). Here the conversion of time measure
to angle is eliminated since the angles are measured directly. In
this context, the procedures of using tabletop instruments also
emerge. For example, the altitude and azimuth are measured for
any object. They need to be converted to longitudes and latitudes
which can be done as formulae. Further conversion of these into
right ascension and declination are also done the same way. We see
that the measured quantities like the paramonnatariisa (maximum
altitude) are listed in minutes of arc. All the other quantities are
calculated and hence are listed to arcseconds (Venkateswara and
Shylaja 2016: 1551).

In this context it may be worth mentioning the uniqueness of
the trigonometric ratio called utkrama-jya (versed sine). As is well
known, a counterpart of this does not exist in European texts. But
its advantages and uses are well known. A new ratio have (half
versed sine) was defined as

hav (8) = (1 — cos 0)/2 =sin? (6/2). (1)

It finds a unique application in navigational measuring devices. If
one needs to measure distance between two locations on the earth
based on the (measured) longitude and latitude, the procedure was
simplified by approximating it to a plane triangle and by applying
the Pythagoras Theorem. This implies working out square roots
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which was a tedious procedure 200 years ago. Here, by using the
versed sine one could get solutions quickly.

hav s = hav A0 + cos ¢1 cos ¢2 hav AA, (2)

where s is the angular separation (which multiplied by radius of
the earth is the minimum distance on the sea/land) between two
stations with longitudes and latitudes as A1, ¢1 and A2, ¢2, A¢ is
the difference in latitudes and AA is the difference in longitudes.

The technique, whose introduction is credited to Sir James
Inman (1776-1859), was utilized by navigators in the seventeenth
and eighteenth centuries (Shylaja 2015).

The application of this straightaway gives the angular
displacement of the moon or any object in the sky. The general
formula used

cos s = sin al sin o2 + cos 81 cos 82 cos Aa. (3)
can be replaced with
hav s = hav Ad + cos 81 cos 62 hav Ad. 4)

This was suggested as a possible alternative for quick
deductions as recently as in 1984 and it was strongly recommended
that the method be reintroduced in textbooks (Sinnott 1984: 159).

Sawai Jai Singh was a very meticulous observer as depicted
by the various instruments he constructed at Varanasi, Delhi,
Jaipur and Ujjain (the one in Mathura is lost) which we know as
Jantar Mantar. The instruments in his collection depict a variety
of techniques. Thus, the simple instruments used for measuring
altitude and azimuth were converted to the required coordinate
system by replicating the night sky with grid. He was gifted with
a telescope and used it for observing the satellites of Jupiter. He
proceeded with the construction of massive instruments, since
he believed that the accuracies can be achieved with massive
structures (Sharma 1995). The tabletop instruments in his collection
suggest that angular separations were measured fairly accurately.
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Colonial Period

Cintamani Ragtinathacari (CR) was a meticulous observer and was
quite well acquainted with the European methods of observations
since he was working at the Madras Observatory. He participated
in observations of stars, planets and eclipses (Shylaja 2012). He
is the first Indian credited with the discovery of a variable star.
He was able to compare the two seemingly different methods
of planetary position computations (Indian and European). He
wrote a monograph to educate local astronomers about the need
for observations of the rare event — the transit of Venus —in 1874.
He lists the timings of the transit for different places (fig. 19.3).
Notice that the onset of the event is given in terms of the shadow
length of the standard length of the gnomon (12"). CR refers to
many contemporary astronomers and his correspondence with
them. It should be interesting to search for the works by them.
Some names are known like Bap@ Deva Sastr1, other names are
Srinivasa Diksita, Vaidyanatha Diksita, Tolappar (he composed
the Suddhi Vilocana).
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fig. 19.3: The table of timings of the transit of Venus of 1874, presented in
terms of the shadow lengths of 12" gnomon (last column)
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CR urges people to take a look at the transit of Venus which
occurred in November 1874. As a precursor to this he suggests
the occultation of Venus by the moon on 12 November 1874.
Interestingly, this happened during the day time. Another event
he recommends is the conjunction of Mars and Jupiter on 16
December 1874.

In this context he had to coin new terms. For transit, the word
generally used is samagama. The title of the book itself is Sukragrasta
sitrya-grahana, equivalent for the word transit.

Here are the other words:

Lunar occultation candrachadana
Grazing occultation sandigdha grahana
Meridian circle ardha-cakra
Altazimuth circles digunnati-cakra
Equatorial telescopes visuvadapeksa

Heliographic chronometer  sarvato vedhakayantra

Magnitude jyotiparimana (sthiilatva)

jyotiparimana nirnayakayantra??
Photographic apparatus riipagrahaka yantra
chronometer?

Telescope with coronograph  mukuranvita nalikayantra

arrangement?

Sidereal clock naksatra sdvana ghatikayantra
Barometer kuyavu nirnayakayantra
Thermometer $ttosna nirnayakayantra

Another astronomer of the same era who was well equipped
with observations was Samanta Candrasekhara of Odisha. He had
built all the instruments of the Siddhantic texts. Unfortunately
his work also does not describe the details of the methods of
observations. It appears that he was not keeping in touch with the
Arabic nomenclature of stars and instruments as well. Interestingly,
he identifies Prajapati with the constellation Orion.
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fig. 19.4: Lunar occultation definition of
grazing occultation (sandigdha grahana)
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fig. 19.5: A coronograph blocks the central bright photosphere so that only
the corona of the sun can be recorded (mukuranvita nalikayantra)

We need to study the texts of early nineteenth century and
twentieth century because in the process, some very interesting
results emerged. One of them is the development of texts in
regional languages. As pointed out earlier, CR put in great efforts
to persuade Siddhantic astronomers to utilize the modern gadgets
like telescopes for accurate measurements. He wrote in Kannada,
Persian/Urdu and Tamil (but Tamil text is not available). Others
who read the English books tried to translate them and compare
with the texts that were known to local people. There are at least
three books in Kannada written prior to 1900 and at least one in
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Bengali. The Bengali book got translated back to English since it
included more of Hindu astronomy (Mukherji 1905). This book
has coined the names of constellations; here are some examples:

Cassiopeia Kasyapiya
Sirius Divyasvan
Procyon Sarama
Hercules Bhisma
Perseus Parasurama
Centaurus Mahisasura

There was already confusion in the names with the introduction
of astrolabes for example:

Perseus as nyparsva, manusyaparsva
Cygnus as pakst, samudrapakst
Pegasus as haya and turaga
Centaurus as kinnara and narasva

As you may be aware, the Hindi textbooks use the name
Varuna for Uranus; this is quite confusing since a newly discovered
asteroid has been named Varuna.

List of New Terms

It has been possible to list many synonyms and new words coined
as part of the evolutionary processes. These include technical
terms, names of stars and constellations. Some of these names
have entered into non-astronomical texts also.

Aberration of light jyotirbhrama/tejobhrama
Acceleration tvarana/vegotkakrsa
Autumnal equinox / jalavisuva/mahavisuva

vernal equinox

Day circle dyuratravrtta/dyuvrtta/ahoratravytta
Direct motion rjugati
Ecliptic ravi marga

Eastern hemisphere ptrva-kapala
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Western hemisphere pascima-kapala

Libration tolana

Museum durlabha-vastusala

Meteoric stone dhisnya

Nadir adhahsvastika

Observatory drgagara

Penumbra plrnavacchaya

Perturbation tuyta

Ring of Saturn kataka

Zenith svastika/akasamadhya/khamadhya/

irdhvasvastika/nabhomadhya

Zodiac rasi-cakra, jyotisa-cakra

When Was Milky Way Called Akasaganga?

The Milky Way is such a mesmerizing sight in the sky that it
did charm poets and artists in India as it did elsewhere. It has
naksatrapatha, surapatha and similar names in Valmiki’s Ramayana
and Kalidasa’s Raghuvamsa. However, today it is known to us as
akasaganga. This name first appears in a Sanskrit text on alaritkaras
by Appayya Diksita (fig. 19.6). He mentions a lotus in vyomagarnga.
Therefore, we may assume that by seventeenth century the
influence of Persian names were recognizable.

We find several names like sisumara and matsyodara, which are
not translations of Persian names. The identification and origin of
these names are yet to be sorted out.
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Kuvalayananda of Appayya Diksita, Karnataka Samskrit University

fig. 19.6: The earliest reference to vyomaganga

Conclusion

The study aims at understanding the finer details on the
instruments and observational procedures. In an attempt to extract
the observational procedures several interesting applications
have been identified. Some terms like apacchayia, when properly
interpreted, reveal finer details of measurement. This also throws
light on some new unknown words perhaps coined for the need.
Transit of Venus is one such example. This is especially true in the
texts of late nineteenth century when the usage of telescopes was
being introduced. A list of such new words has been presented
and discussed.
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Mah3ajyanayanaprakarah

Infinite Series for the Sine and Cosine
Functions in the Kerala Works

G. Raja Rajeswari
M.S. Sriram

Abstract: It is well known that the infinite series expansion
for the sine and cosine functions were first discussed in the
Kerala works on astronomy and mathematics and are invariably
ascribed to Madhava of Sangramagrama (fourteenth century ce).
The full proofs of these are to be found in the Ganitayuktibhasa
of Jyesthadeva (composed around 1530 ck). However, there is a
Kerala work called the Mahajyanayanaprakarah, which describes
the infinite series for the jya (R sin 0) and the $ara (R(1 — cos 0))
and provides a shorter derivation of them. This was discussed
in a paper by David Gold and David Pingree in 1991. However,
that paper did not explain the derivation of the infinite series in
the manuscript. In this paper we provide the derivation based
on the upapatti provided by the author of the manuscript.

Keywords: Infinite series, jyi, Kerala school, Madhava, sara,
derivation.

Introduction

THe Kerala school of astronomy and mathematics (fourteenth—
nineteenth centuries) is well known for its pioneering work on
mathematical analysis, especially the discovery of the infinite
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series for T and also sine and cosine functions. In modern notation
(Sarma 1972), the infinte series for the latter are:

3 5 7
sin9:9—e—+e——e—... (1)
3t 51 71
2 4 6 8
1—cosG:e——6—+9——e—.... (2)
21 4! 6! 8!

They do not appear in any of the discovered works of Madhava,
the founder of the school, but are invariably ascribed to him by
the later astronomer-mathematicians of the school like Jyesthadeva
and Sankara Varier. The Ganitayuktibhasa of Jyesthadeva (c.1530)
is perhaps the first work to give the detailed derivation of all the
infinte series (Sarma 2008).

K.V. Sarma was perhaps the first to notice a manuscript in
Sanskrit named the Mahajyanayanaprakarah which describes the
infinite series for the sine and cosine functions and also gives
the upapatti (derivation) for the same, though he did not discuss
the manuscript in detail. This manuscript was available in the
India Office Library in London." A handwritten version of the
manuscript was prepared by K.V. Sarma and it is available in the
Prof. K.V. Sarma Research Foundation, Adyar , Chennai. K.V.
Sarma ascribed the authorship of the manuscript to Madhava
himself.

In a paper published in 1991, David Gold and David Pingree
gave a full edition of this manuscript, and also provided the
translation. However they did not provide any explanation of the
derivation of the infinte series, as described by the author. Gold
and Pingree argued that the author could not have been Madhava,
but definitely from the “Madhava school”.

One of the authors of the present paper (G. Rajarajeswari) had
worked on the manuscript for her MPhil thesis submitted to the
University of Madras in August 2010. In that thesis, the manuscript
had been translated into English afresh, and detailed explanatory
notes had been provided. The present paper is essentially a
summary of the thesis.

! Ff. 12-16 of a manuscript, Burnell 17e, India Office Library, London.
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In this paper, we have explained the derivation of the series for
Rsin®and R (1 - cos 8), completely based on the description of the
derivation in the work. This derivation is very similar to the one
in the Ganitayuktibhasa, but differs from it in some respects. Both
the derivations are based on the iterative solution of the discrete
version of the equ ations:

0 0
sin® = j c0s0'd0'=0— I (1-cos0)d0',
0 0
0
1-cos6= j sin0'do'.
0

Description of the Series for the R sine and
the Numerical R sine Values

The manuscript has three sections, viz. the explanation of the
series, the method to derive the numerical sine values and the
derivation for both the sine and cosine series.

The author begins with the description of the series for R sine 6:
feca =T9ertor =1 aachen =l

B FYegeR Teaented : Al

=Y FHA S =TGR i

ST SuRis®e fagifenfaT .

Mulitiply the arc (r0) and the [successive] results by the square
of the arc, divide (each of the above numerators) by the squares
of the successive even numbers increased by that number and
multiplied by the square of the radius in order. Place the arc
and the successive results so obtained one below the other and
subtract each from the one above. These together give the jiva,
as collected together in the verse beginning with vidvan, etc.

Hence,
(RO)(RO)?
(2% +2) R
(RO)(RO)*(RO)*
- Lz2 +2)(4* + 49R*R?
(RO)(RO)*(RO)*(RO)*
- {(22 +2)(4* +4)(6° + 6)R’R*R>

RsinG:(RO)—{
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Here R is the trijya (radius) of a circle whose circumference is
21600. In fact,

R~3437+ 24, 48
60 3600
In modern notation,
3 5
sin® = 9—e—+6——...
3! 5l

He also explains how we can get numerical values of R sin 6 for
any 6, using the method given by Sankara Varier and others.

Derivation of the Series

OBTAINING THE COUPLED EQUATIONS

FOR THE JIVA, R sin O AND THE $SARA, R(1 - COS )

We provide the essential steps in the author’s derivation of
the series. First, he obtains the jivd, R sin 0 as the sum of the
intermediate koti’s and the Sard, R(1 — cos 0) as a sum of the
intermediate jTvds.

e AIerTol SIS SaTTR SAME higegqurd: | TeaseHM
FanTfere Agfugal = A
What is the proof for finding the j7va for the desired arc, as given
by the sloka, nihatya capavargena . ... For demonstrating that result,
let a circle be drawn and let the “east-west and the north-south”
(Y and X axis) (matr-pitr-rekha) be marked.

The author begins thus:

ES is a quadrant of a circle of radius R. OE and OS are the
east-west and north—south lines.

Consider the
arc EC = R6.
This is divided into n equal arc bits (where 7 is a large number):
EC,=C(C,=...CC,,..=C, ,C =Rbn=aq
and

EC.=R0. =R 1% = Rjo.
] ] n
Draw CP, parallel to OS and CT; parallel to OE:
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E G c
A
M
P,
Q. G
M.,
Py
F
C.,
P=P c=c,
0
o T, v, U™ S

C/P]. = R sin 6]. = R sin (o).

C,is the same as C and P is the same as P.

C P =CP=Rsin®.
B,=CP ;=Rsin (a - j)is the bhuja corresponding to the arc EC; and
K;=CT = OP,R cos (a - j) is the koi corresponding to the arc EC,.
Let M].+ , be the midpoint of the arc C].C].+ .- Then,

B \,=M, ,Q; ,=Rsin(a-(j+1/2)) is the bhuja corresponding
to the arc EM., and K. =MV ,=0Q  =Rcos (o (j+ 1))

j+17 ]+]/2 j+17j+1
is the koti Correspondmg to the arc EM, ,
Now the bhuja khanda is the R sine difference or
bhuja khanda = Bj+1 - B], =Rsin (o -(j+ 1)) = Rsin (a-j) =
The samasta jya of the arc-bit CC, , is the full-chord, C]C] L
Koti khanda = K K,+1 = CT C/+1 T/+1 R cos (o) = R cos (aj
+1)) =

The author considers the two right triangles, Cj+ F C], and OQ].+1
M. .. He says:

j+1°

TAAETGE TEAHRIT01 2

The two geometrical figures are similar.
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He explains that they are similar as OM _, is perpendicular to C;
and C . F is perpendicular to T,F and hence to OQ

j+1° j+1°

Then the author says:
TEE T AIEUER GRSl Shles Joefed e §
iy favsa o= HifeEre yomEve 9 9aa:

Then when the full-chord of the arc-bit (samasta jya) is multiplied
by the R sine and R cosine (of the desired arc) and divided by
the Radius (R) separately, R cosine — difference (koti khanda) and
R sine — difference (bhuja khanda) of the arc-bit are the results.

So, according to him:
Bhuja khanda = Kotix Samasta jya
e R 4
and
Koti khanda = Bhuja x Samasta jya
H Oy R *
This can be understood as follows:

Because of the C similarity of the triangles, we have
C].F B OQH1
Cc.C oM

jj+1 j+1

Here,
C].F =B, ,-B = Bhuja khanda.

j+1

C, C., =Chord = Samasta jya ~ arc CC,,, = a.
0Q.,.,is the koti at the mid-point M, .. OM, ,, = R. Hence,

a-K.
_ jt%
Ba-B=—g
Similarly,
oB.
_ T
K="k

Then the author says:

Td GUSHLYYAH! Sifesaml I @ve e e favsy

AR Sftan wef|
When the arc-bit is multiplied by the sum of kot jyas proceeding

C,

j+1
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from the mid-point of all the arc-bits and divided by the radius
R, what results is the jiva.
We explain this below:
Now, the R sine of the arc EC is CP = R sin 0:
CP=Rsin0=PC-0=B -B,
We write this as,
Rsin0=B -B =(B,-B,_)+(B,_ ,—B, )+...+(B,—B).
Using the relation between the bhuja khanda and the mid-point (koti)

-1

n-1

o gl O
jivd =R sin 6 = szzo ey

Now,

S=Sari=R - R cos 8 =R(1 - cos 6).

Sj+1/z_R K;w/z R - V]+1M]+1_OE OQ]+1 Qj+1'
Now,
Kj+1/z:R_Sj+'/z
Hence,

. a n-1
Rsin6= —zjzo (R-S,,,,) 01

Rsme—— R-n- ZS/+1/2
As RO=oan.
. o n-1
.. Rsin® = RG—(EJZIO S;+1/z'
This is the discret Re version of
0
Rsin®= Re—jo (1-cos0")de,

where % corresponds to d6'.

Similarly, we find

o n-1
R(1-cosB)=S :(Ej2j=0Bj+l/2'.

This is the discrete version of

R(1-cos0) = J.: sin0'do".
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Iterative technique for solving the coupled
equations for R sin 6 and R(1 - cos 0)

We have the equations

. o n-l
Rsin0= Re—(ﬁjzﬁosjﬂ/z.
o n-1
R(1-cosB) =S = (ﬁjZFOBM ”

The author uses an ingenious iterative technique to solve these
equations and obtain the infinite series.

and

Zero™ Approximation
Here all saras are taken to be zero: S]. = S/.+ =0

Then,
Rsin®=R6.
and

S =R(1 - cos 6) =0.

First Approximation

In this approximation, in the expression for S, which is a sum of
the bhujas, the bhujas are taken to be the arcs themselves.

So,
o n-1 o n-1
S=R(1-cos8) = (E)Z;:oBh e (E) Are(EC, )

n-1
~ [%)ijoArc(EC].).
Now, Arc EC; = jo.

n—1

.'.Sz%-aZj
j=0

_E.Q.n”_‘l

"R 2

_a’n’ (RO

" 2R ~ 2R
S p _(ROY
S—R(l COSG)—T.

In the words of the author:
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QUESHHA a1 GUSIS o WIS SRATIRR Iq Hehfold ared
QUi |fd seaved TreR| o Afchfasiaie 2ead
HAUTRATET Sl HUSHRTYAI AATgerer] @AM Treree fFessifd|

When the arcs from the beginning of the desired arc to the middle
or beginning or ending points of the arc-bits are summed over,
and multiplied by the arc-bit then, half the square of the desired
arcis obtained. Whatever appears as the deficiency or the excess
will get eliminated just as the “tail of a frog’s new offspring

disappears in itself”.
2

n-1 . n
Here, we have used E jr—.
j=0

This is the discrete equivalent of

2
dex=x—.
2

In this approximation, summation is done by taking n to be very
large, and the limit is taken properly. So, actually, “calculus” type
of ideas are used.

Consider now the first approximation for R sin 6.

The author says:

Staa § GUSHEAYAY: Hifef: @Uew M Haesty
FHifeaRd: IREUE 7o e favsa asafaesrigeney
e gee=mTsa waifdl

31 Hehforammr e favm ey fea Heer
farsa : o 9 &%) oo SIMEE adesisd 9 Al
For finding the jTva, multiply the capa khanda with the koti,
corresponding to the middle of the arc-bit. Further, multiply
by the sarakhandam which is the difference between the koti jyas,

and divide it by the radius R. Subtract the obtained result by the
arbitrary arc. What results is the jiva.

In other words, the product of the sum of the $aras multiplied
by the arc-bit is the sum of the sums only. Therefore, to know
the summation, half of the square of arcis divided by the radius
R, multiplied by the desired arc, divided by the number 3 and
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divided again by radius R. This result is to be subtracted from
the desired arc to obtain the desired R sine (jya).

We explain this below.

Now,
Rsin6 = RG——Z} JSian

zRB—— S
R &=dj=0 /

o n-1
Now, S=Ezj:0BjH/2.

This corresponds to the arc R6 = ain.

S]. corresponds to the arc Re], = 0y. Hence,

o ZH
:E rZOBrH/Z'

Hence, the expression for R sin 0 is a sum of sums.

1
Now, B (r +— j
r+1/2 2

3 .
Hence, Rsin®~ RO - %z]; T r+)

(X3 n-1 j
= RG—FZFO r:O(r)'

Now,

Z Z (r) = an](]Jrl) (n+11)2(131+1)‘

This is the correct result for the double summation. In the large n
limit, (n — 1)n(n + 1) can be replaced by n°. Then, using

an = RO
we have,
3.3
Rsin®~RO————
R*1-2-3
(RO)’

CRM2.3
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Now, consider the $ara expression:

S=%ZB].W2.

The author notes the following:

qd IREIAE GUSHHAYYAH! SaMl I @ued U
A= S J0T: %d: |

Earlier, for obtaining the sara, though the sum of jivds that
proceeded from the middle of each part was to be considered;
because the jivds were not known, the summation of the arcs

itself was considered (that is, the jTods were taken to be the arcs
themselves in the first approximation).

WA A fassieafafd ) SRS
A ST q HehfoRdeefqdt | ds dmerEe
AT SR el aqeed gdeaq) dcqd: e
favsa qaHiaresTq e =

Now, in order to obtain the jyi, we know that “this” is the
measure that needs to be subtracted from capa. Hence we need to
find the sum of them. The differences of the j7vd and arc [at each
khanda madhya] known, have become part of the sum of the sums.

To find their sum, multiply the difference of jya and capa (which
is known) by the arbitrary arc, and divide it by number 4. Again
divide it by Radius R and subtract it from the sara obtained

before.
We explain thSis below:
o
5= Esz#/z
. 3
_ g n=l,. n-1 {(] +1/2)(X}
=3 Zj:o(] +)a —Z],:O—Rz 53
2
n-1,. n
ijo(]+1/2) T

2
This is the discrete equivalent of j xdx = %
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n-1 . n-1 . n
PINCESOIED I, vy

4
This is the discrete equivalent of j xX}dx = X

As an = RO,
o’ -n* a'nt
" 2R R4l
_ (RO’ (RO)*
2R R4

Now, this expression for the sara has to be used to find the next
approximation for R sin 0.

In the words of the author:
A SARNEE YRS ae Hehford hIdH| aeaa qaiaherd
AU B UeHEH fawsa s wdew)

Again to find the correction to the jya, we have to find the sum
of the corrections to the sara (at each khanda madhya). For that
purpose, find the third result and multiply it by the arbitrary arc,
and divide it by number 5, multiplied by the radius R.

We explain this below:

where we have used
4

E n_i;j“ ~ n? for large n and an = R 6.
j=
(ROY’ (Re)

.. Rsin®=RO - .
R*.3! R4 5!

The author says:



MAHAJYANAYANAPRAKARAH I 305

TARAIHA AT |

Bring out the remaining results in the same manner.

So, this procedure should be continued to obtain the successive
corrections to the j7vd, R sin 0 and the sara, R (1 — cos 0).

The infinite series for the j7ud, R sin 0 and $ara, R(1 - cos 0) are
stated again by the author.

He notes that n? + n = n(n + 1). So he states the series for R sin
0 and R(1 - cos 0) in the modern form (apart from the appearance
of R):

3 5
Rsin®=R0O - RO >+ RO i
2-3-R* 2-3-4.5-R
2 4
R(1-cos6) = RO = RO Tt
2-R* 2-3-4-R

Concluding Remarks

It appears that the infinte series for © and the sine and cosine
functions had become common knowledge among the astronomer-
mathematicians of Kerala by the sixteenth century. The Yuktibhasa
gives a detailed derivation for the same. In a short Kerala
manuscript Mahajyanayanaprakarah, the author states the infinite
series and discusses the method due to Sankara Varier and others
to compute them. More importantly, he gives a simple and elegant
derivation of the series for R sin 0 and R(1 — cos 0). It is a compact
version of the derivation in the Yuktibhasa. In this paper we have
explained this derivation using the modern notation.
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Lunar Eclipse Calculations in
Tantrasarhgraha (c.1500 ck)

D. Hannah Jerrin Thangam
R. Radhakrishnan
M.S. Sriram

Abstract: We discuss the calculations pertaining to a lunar eclipse
in the celebrated Kerala work on astronomy, Tantrasamgraha
(c.1500 c). We outline the procedure for computing the middle
of the eclipse, the half durations and the half durations of totality,
using iterative processes. We illustrate the procedure by taking
up the lunar eclipse which occurred on 27/28 July 2018. We
compare the computed values based on Tantrasamgraha, with
those obtained using the modern procedures and tabulated
in modern almanacs like the Rastriya Pafichanga, published
by the India Meteorological Department. We also make the
comparison for another recent eclipse on 7 August 2017. There
is a very remarkable agreement between the tabulated values
and those computed using the Tantrasariigraha procedure, for
both the eclipses.

Introduction

INnDIA had an unique, definitive and very significant tradition
in astronomy right from the Vedic times (see for instance, Sen
and Shukla 1985). Simplicity of the calculational procedure is
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a characteristic feature of the Indian astronomical tradition.
This is particularly true of the computation of the planetary
longitudes and latitudes. Even with such simplified procedures,
the computed values are reasonably accurate. Consider for
instance, Tantrasaritgraha (c.1500 cg), the celebrated Kerala work
on astronomy (Sarma 1977 ; Ramasubramanian and Sriram 2011).
The computed value of the moon’s longitude in Tantrasamgraha
is correct up to a degree, on the average, even for modern dates
(Sriram and Ramasubramanian 1994).

The physical variables associated with the lunar and solar
eclipses (like the instant of conjunction or opposition, half
durations of the eclipse, etc.) are very sensitive to the parameters
associated with the sun and the moon, and the particular procedure
for computations. They are critically tested during eclipses. In fact,
it was standard Indian practice to revise the parameter based on
eclipse observations.

Parallax does not play a role in lunar eclipse calculations,
whereas it has a very significant effect on the occurence of a solar
eclipse and its progress. Correspondingly, the calculations are
that much harder for a solar eclipse. In this article, we confine our
attention to the computation of a lunar eclipse in the celebrated
text Tantrasariigraha of Nilakantha Somayaji (c.1500 cE).

A lunar eclipse occurs when the earth’s shadow blocks the
the sun’s light, which otherwise reflects off the moon. There are
three types —total, partial and penumbral — with the most dramatic
being a total lunar eclipse, in which the earth’s shadow completely
covers the moon. A lunar eclipse can occur only at full moon. A
total lunar eclipse can happen only when the sun, the earth and
the moon are perfectly lined up (at least for a short time interval)
— anything less than perfection creates a partial lunar eclipse, or
no eclipse at all. As the moon’s orbit around the earth is inclined
to the earth’s orbit around the sun, an eclipse doesn’t occur at
every full moon; a total lunar eclipse is even rarer, as the “perfect”
alignment is even rarer.
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Lunar Eclipse Computations in Tantrasamgraha

NUMBER OF PLANETARY REVOLUTIONS IN
A MAHAYUGA AND AHARGANA

We have to first find the time of conjunction of the moon and the
earth’s shadow, or the instant when the sun and the moon are in
opposition as viewed from the earth. To determine this instant, the
first step is to find the mean longitudes of the sun, the moon, the
latter’s node and also its apogee. The mean longitude of any object
can be determined using the mean rate of motion of the object,
and the ahargana, which is the number or the count of days from
an epoch. The mean rate of motion is found from the number of
revolutions made by the object in a mahayuga of 43,20,000 years,
and the number of civil days in a mahayuga.

All the calculations in the ancient Indian texts are in a
geocentric framework, in which the sun also revolves around
the earth. The following table (Table 21.1) gives the number of
revolutions completed by the sun, the moon, its apogee and its
node in a mahayuga in Tantrasariigraha. These values are the same as
in Aryabhatiya of Aryabhata (c.499 cE), the first available Siddhantic
text in the Indian tradition (Shukla and Sarma 1976).

According to both Aryabhatiya and Tantrasariigraha, the number
of civil days in a mahayuga is 1,577,917,500 days.
Mean rates of Motion of the Sun, Moon,
Moon’s apogee and Moon'’s Node

If N is the number of revolutions of an object in a mahayuga, its
mean rate of motion in degrees per day is given by

1,577,917,500

Table 21.1: The Number of Revolutions Completed by the Planets
in a Mahayuga of 4,320,000 years in Tantrasarhgraha

Mean rate of motion (degrees per day) = (Lj x360°.

Planet No.of Resolutions (N)
Sun 4,320,000
Moon 57,753,320
Moon’s apogee 488,122

Moon’s node 232,300
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The Tantrasarigraha values of the mean rates of motion are
presented in Table 21.2.

Table 21.2: Mean Rates of Motion

No. Planet Mean Rate of Motion (in
degrees /day)
1 Sun 0.985602859
2. Moon 13.17635124
3. Moon’s Apogee 0.111364453
4. Moon’s node - 0.052998968

Mean Longitudes of the Sun, Moon and Moon’s Node

It is straightforward to obtain the mean longitudes of the planets
from the ahargana. Let A be the ahargana and N the number of
revolutions completed by the planet in a mahayuga. Then, the
number of revolutions including the fractional part covered by
the planet since the epoch, till the mean sunrise (local time of 6
a.m.) at the traditional standard Indian meridian, namely, Ujjain,
is given by:
e AxN
1,577,917,500

We have to take the epochal value of the mean longitude, denoted
by 6 (epoch) , also into account. As the integral multiples of 360°
are not taken into account in the longitudes, the mean longitude
corresponding to an ahargana, A is given by:
AxN
0)=| —————— 360°+06 h
0 (1,577,917,500]]( x360°+O(epoch)

In Tantrasariigraha, the epoch is the Kali-Yuga beginning, which
corresponds to the mean sunrise at Ujjain on 18 February 3102
BCE. The mean longitudes of the objects relevant for a lunar eclipse
corrsponding to any ahargana, A are presented in the Table 21.3:
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Table 21.3: Mean Longitudes of the Planets for an Ahargana,
A at Mean Sunrise at Ujjain

Planet 6 (Epoch) Mean longitude, 8 for an ahargana, A
Sun 000" Ax43,20,000 .
voun = | T o ———— | f %360
*\1,577,917,500
Moon 4°45'46"
b Moon = Ax 57,753,320 fX 360° + 4°45'46"
1,577,917,500
Moon’s 119°17'5"
apogee Oy = | 2ABB122 1 0 g0 | 1190175
Pog oMeortaposee | 1,577,917, 500
Moon’s 202°20'0"
Ax232,300
e = | —— — 360° +202°20'0"
node 0Moon’ node [ 1, 577,917, 500jf X

For the two eclipses that we are considering, the longitudes of the
sun and the moon are listed at 5"29™Indian Standard Time (IST)
which is the local time at the present standard meridian of India,
whose terrestrial longitude is 82.5°, whereas our mean longitudes
are at 6"0™local time at Ujjain whose terrestrial longitude is 75.78°.
So, we have to do two corrections to our mean longitudes to be
able to compare with the tabulated values at 5"29™ for a terrestrial
longitude of 82.5°.

The mean longitude of the planet at 5"29™ local time at Ujjain
is given by:

24 x 60)
The mean longitude at 5" 29™local time at the Indian standard
meridian, that is, at the Indian Standard Time (IST) is given by:
(82.5—75.78)J
24x15 )

60/1 =0, - [Mean rate of motion x

0,,=6,, - (Mean rate of motion x

TRUE LONGITUDES OF THE SUN AND THE MOON

In the Indian astronomical tradition, at least from the time of
Aryabhata (499 ck), the procedure for calculating the geocentric
longitudes of the sun and the moon consists essentially of two
steps: first, the computation of the mean longitude of the planet



312 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

known as the madhyama graha and second, the computation of
the true or observed longitude of the planet known as the sphuta
graha. The mean longitude is calculated for the desired day by
computing the number of mean civil days elapsed since the epoch
(this number is called the ahargana) and multiplying it by the mean
daily motion of the planet, and adding any epochal correction.
Having obtained the mean longitude, a correction known as
manda-sariskara (manda-correction) is applied to it. In essence, this
correction takes care of the eccentricity of the planetary orbit due to
its elliptical nature. The equivalent of this correction is termed the
“equation of centre” in modern astronomy, and is a consequence
of the elliptical nature of the orbit. The longitude of the planet
obtained by applying the manda-correction is known as the manda
sphuta graha, or simply the manda sphuta. The manda-correction is
the only correction that needs to be applied in case of the sun and
the moon for obtaining their true longitudes (sphuta graha). So,
the manda sphuta is the true longitude in their case. We will now
briefly discuss the details of this correction using the “epicyclic”
or “eccentric” models.

In fig. 21.1, O is the centre of the kaksya mandala (deferent) on
which the mean planet P is moving with a mean uniform velocity.
OTr is the reference line which is in the direction of Mesadi (first
ponit of Aries). The deferent is taken to be of radius R, known as
the trijya which is the radius of a circle whose circumference is
21,600 units which is the number of minutes in 360°. The value of
R is nearly 3,438. Around the mean planet P, a circle of radius r
is to be drawn. This circle is known as the manda-nicocca-vrtta, or
simply as manda-vrtta (manda-epicycle). The texts specify the value
of the radius of this circle r (r << R), in appropriate measure, for
each planet. At any given instant of time, the true planet P is to
be located on this epicycle by drawing a line from P along the
direction of the mandocca, or the apogee (parallel to OU). The point
of intersection of this line with the epicycle gives the location of
the planet P. The longitude of the mean planet P, moving on this
circle is given by

I'OP, = Mean longitude = 6,.
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U pratimandala

(true planet) .- g J
X S r

manda- 0
nicocca-vrtta |

5

Q daksinottara-refha

(north-south ljne)
=

[ pirudpara-rekha

(east-west line) \\

kaksya mam}ula
fig. 21.1: The Epicyclic and Eccentric Models of Planetary Motion

The true longitude of the planet is given by TOP, which is to be
obtained from 6. This is known as the “epicycle” model.

Alternatively, one could draw a manda-epicycle of radius r
centred around O, which intersects OU at O'. With O' as the centre,
a circle of radius R (shown by dashed lines in the figure) is drawn.
This is known as the pratimandala, (eccentric circle). Since P P and
OO’ are equal to r and they are parallel to each other, O'P = OP;
= R. Hence, P always lies on a circle of radius R, which is known
as the eccentric circle. Also,

ro'P=rOP,=Mean longitude = 6.

Thus, the true planet P can be located on an eccentric circle of
radius R centred at O' (which is located at a distance r from O
in the direction of the apogee), simply by marking a point P on
it such that TO'P corresponds to the the mean longitude of the
planet. Since this process involves only an eccentric circle, without
making a reference to the epicycle, it is known as the eccentric
model. Clearly, the two models are equivalent to each other.

The procedure for obtaining the true longitude by either of
the two models involves the longitude of the mandocca (apogee).
In fig. 21.1, OU represents the direction of the mandocca, whose
longitude is given by
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I OU = mandocca (apogee) =

0 represents the true longitude which is to be determined from
the position of the mean planet P. Clearly,
6=I0P=I0P,- POP,=6,- A®.

Here, AO = POPO is the correction-term. Since the mean longitude of
the planet, 6 is known, the true longitude, 6 is obtained by simply
subtracting A9 from 6. The expression for A6 can be obtained by
making the following geometrical construction. We extend the
line OP, which is the line joining the centre of the kaksya mandala
and the mean planet, to meet the epicycle at X. From P drop the
perpendicular PQ onto OX. Then:

uor,=ror,-rou=6,-9
is the manda-kendra (anomaly) whose magnitude determines the
magnitude of A8. Also, since P P is parallel to OU (by construction),
PP Q=6,-6 .Hence, PQ=rsin(6,-6, ),and PQ=rcos(6,-9).
Since the triangle OPQ is right-angled at Q, the hypotenuse OP =
K (known as the manda-karna) is given by

K=0P=,0OQ*+QP* = \/(OPO +P0Q)2 +QP?

= \/{R+rcos(90 —em)}2 +7*sin*(0,-0,)

m’

Again from the triangle POQ, we have
K'sin A@=PQ=rsin(6,-6, )
Hence,
sin A6 = sin (9, - 0 ) = % sin (6, - 6,)
Now in most of the Indian astronomy texts, is not a constant, but
varies such that — X is a constant. — is writen as ﬁ where 7 is the

mean or tabulated value of the radius of the manda epicycle. Hence
the true longitude, 6 is given by the expression:

0=0,-sin"’ [%sin(@o - em)}. (M)
For the sun, 2=~ and 8, = 78° For the moon, 57 and 0,

'R80 R 80/
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increases at a constant rate.

Hence, the true longitudes of the sun and the moon are given
by:
. 4] 3 .
0. =6, —sin [% sin(6,,,,, — 78°)}. 2)

sun - 0Osun

emoon = e0 moon Sil’l_l [% Sin(eo moon em moon ):| : (3)

TRUE DAILY OTIONS OF THE SUN AND THE MOON

Verses 53-54 in “Sphutaprakaranam” ( True Longitudes of Planets)
in Tantrasarigraha give the expression for the “instantaneous”
velocity of a planet, after discussing the manda-correction to a
planet:

Let the product of the kotiphala (in miuutes) and the daily motion
of the kendra be divided by the square root of the square of
the bahuphala of the moon subtracted from the square of trijya.
The quantity thus obtained has to be subtracted from the daily
motion [of the moon] if [the kendra lies within the six signs]
beginning from Makara and is to be added to the daily motion
if [the kendra lies within the six signs] beginning from Karkataka.
This will be accurate (sphutatard) value of the instantaneous
velocity can be obtained (tatsamayajagati) of the moon. For the
sun also [the instantaneous velocity can be obtained similarly].

These verses clearly state that at any instant, the velocity or the
true daily motion of the sun or the moon is given by:

d(0,-0
4o _&_ 1, cos(6, -6, ) ( 0 n)

dt dt R —sin’(6,-6,)

where 6 is the mean longitude, 8, is the mandocca of the planet,
8, — 6, is the (manda) kendra, r, is the radius of the epicycle and R
is the radius of the deferent. r, cos(8, — 6 ) is the kotiphala, and 7,
sin(6,— 0 ) is the bahuphala. The first term corresponds to the mean
velocity and the second term corresponds to the manda-correction.
This correction term can be written as:
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a(6y—6,,)
dt

rO
“cos(6, -6
R cos( )

12
\/ 1- —sm *(6,-6 )
The true daily motion of the planet can then be written as:
do do, ‘Bcos(o,—0,) 0t

dt - dt 2 ’
\/ —%sin 6,-96,)

It can be easily seen that this expression can be got by taking the
derivative of the expression for the true longitude, 6 in terms of
the mean longitude, 6, the apogee, 6 , and the epicycle radius, 7.
Here, it can be mentioned that the instantaneous velocity was first
discussed by Bhaskara Il in his celebrated work, Siddhantasiromani,
in 1150 ceitself. There, he had essentially used the approximation,
sin™'x ~ x, for small x. In Tantrasamgraha, no such approximation is
made and the correct expression for the derivative of the inverse
sine function is used This is in 1500 ce! This is truly amazing.

3 7
For the sun, E 80 and 6, = 78°. For the moon, =5y and 0

is its apogee which i increases constantly. Then, their true daﬂy
motions are given by the expressions:

desun _ deO sun %COS(OO sun 780) d(eo 78 ) (4)
dt i \/1—£sin ® —78°) '
802 0
7 d(em moon em moon)
demoon — deO moon __ %COS(GO moon em moon)T . (5)
dt dt \/1 802 SIH (90 moon emmoon)

TIME OF CONJUNCTION OF THE MOON AND
THE EARTH’S SHADOW

Possibility of a Lunar Eclipse

The earth’s shadow always moves along the ecliptic and its
longitude will be exactly 180° plus that of the longitude of the sun.
When the moon is close to the shadow and both of them are near a
node, then there is a possibility of a lunar eclipse. This means that
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the latitude of the moon should be small. This situation is depicted
in fig. 21.2, where C represents the chayi (shadow), and A and B
are the positions of the moon before and after the lunar eclipse.

Computation of the Instant of Conjunction

Usually, the longitudes of the planets are calculated at sunrise
on a particular day. Let 0,0 and 6_be the true longitudes of the
sun, the moon and the chaya (earth’s shadow) respectively. Then,
obviously,

6 =6_-180° (6)
When the longitudes of the moon and the earth’s shadow are the
same, the sun will be exactly at 180° from the moon. Since the
sun and the moon are diametrically opposite each other at this
instant, they are said to be in opposition. In order to determine this
instant, the true longitudes of the sun (8 ) and the moon (0 ), are
first calculated at sunrise on a full moon day. Then, the difference
in longitudes of the moon and the chaya, given by

AO=86 -6 )

is computed. The sign of A6 indicates if the instant of opposition
is over or is yet to occur.

1. If A8 < 0, it means that the instant of opposition is yet to

occur, as the moon moves eastward with respect to the sun.

2. If A8 > 0, it means that the instant of opposition is already
over. The positions of the moon corresponding to these two
situations are indicated by A and B in fig. 21.2. Let At be the
time interval between sunrise and the instant of opposition
in ghatikas or in nadikas. Note that there are 60 ghatikas in a
civil day. Then At is computed using the relation,

fig. 21.2: Possibility of a Lunar Eclipse.
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6]

dm - ds
where d_and d_are the true daily motions of the sun (deﬂ)
and the moon (de;;“") which are given in the equations (4)
and (5) respectively. The above expression for At (in ghatikas)
is obviously based upon the rule of three. If 60 ghatikas
correspond to a difference in longitude d - d, what is the
time interval At, corresponding to the longitude difference,
IAB?

Having determined At, the time of opposition of the sun and
the moon, or equivalently the conjunction of the moon and the
earth’s shadow at the end of the full moon day, which is the same
as the middle of the eclipse denoted by ¢ , is obtained using the
relation:

At = x 60 (8)

t =Sunrise time + At. 9)

We have to use “+” if the instant of opposition is yet to occur and
“~" otherwise.

EXACT MOMENT OF CONJUNCTION BY ITERATION

The instant of conjunction calculated using (9) is only approximate,
as At used in the expression is found using a simple rule of three,
that presumes uniform rates of motion for the sun and the moon,
which is not true. In order to take the non-uniform motion into
account, an iterative procedure to determine the true instant of
conjunction is described here.

As per the computational scheme followed by Indian
astronomers, the instant of sunrise or sunset is the reference
point for finding the time of any event. Hence, the instant of true
sunrise is first to be determined accurately. It was noted that this
involves the application of the cara (ascensional difference), and
the equation of time, where the latter has two parts, namely the
correction due to the equation of centre and the correction due
to the pranakalantara. Here it is prescribed that the cara and the
equation of time are to be determined at the instant of conjunction,
in order to find the instant of true sunrise or sunset as the case
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may be. In this paper, we do not follow this procedure. We find
the true longitudes of the sun and the moon directly at 5"29™
Indian Standared Time (IST) on the given day. All the times would
refer to the IST. This is because, we can then directly compare our
computations with the ephemeris values (Rastriya Paficarnga).

First, the true longitudes of the sun and the moon are found at
5"29™ IST on the full moon day. Next, At is found using equation
(8), and the first approximate value of the instant of conjunction,
t  is found using equation (9). The true longitudes of the sun and
moon, and their true daily motions are determined at this instant
using the procedure described in the previous sub-section, and
A® is found at this instant. The second approximate value of the
instant of conjunction is now determined using equations (8) and
(9). The true longitudes and the daily motions are again computed
at this instant, and the third approximate value is found using
equations (8) and (9). This iteration process is carried on till two
successive values of the instant of conjunction are the same to the
desired accuracy.

MOON’S LATITUDE
The expression for the latitude, B of the moon is given by:
sinf =sinisin (6, - 6),

where i is the inclination of the moon’s orbit, and 6 , 6 are the
true longitudes of the moon and its ascending node respectively.
When i is small,

B~isin(6 —6).
In Indian astronomy texts, i is taken to be i = 4.5° = 270'. Then the
formula given for the latitude 3 of the moon is,

270'xRsin(@, —6,)
p= R

where R is the trijya, whose value is taken to be 3,438 minutes, and
270' is the inclination of the moon’s orbit in minutes. The latitude
thus obtained is in minutes which should be less than that of sum
of the semi-diameters of the shadow and the moon, for a lunar
eclipse to occur.

(10)




320 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

THE TIME OF HALF-DURATION, THE FIRST
AND THE LAST CONTACT

The expression for the half-duration of the eclipse and the
procedure to determine the instants of the beginning and the end
of the eclipse may be understood with the help of fig. 21.3. Here
O represents the centre of the shadow, and X is the centre of the
moon’s disc as it is about to enter into the shadow.

The total duration of the eclipse is made up of two parts:

1. The time interval, At,, between the sparsa, which is the instant
at which the moon enters the shadow and the instant of
opposition (¢, ).

2. The time interval, At, between the instant of opposition (¢t ),
and the moksa, which is the instant of complete release.

The suffixes 1 and 2 refer to the first and the second half-
durations of the eclipse respectively. Though one may think naively
that these two durations must be equal, this is not so because of
the continuous change in the longitude of the sun, the moon and
moon’s nodes. Let 7, and 7, be the radii of the discs of the earth’s
shadow in the path of the moon and moon itself. In fig. 21.3, AX
and OX represent the latitude () of the moon and the sum of the
radii of the shadow and the moon, that is, r, + r,, respectively. If
d and d_ refer to the true rates of motions of the moon and the
sun at the middle of the eclipse, the first half-duration of the eclipse
in ghatikas or nadikas is found using the relation:

1
«—— Al ——> | «— AL, ——>

e

ecliptic A

Moon being in Earth's shadow
contact with the shadow

fig. 21.3 : First and the Second Half-durations of a Lunar Eclipse
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OAx60 JOX? - AX? y

diff. indailymotion  d, —d.

—\M)Z_Bz % 60 (1)

dm =5

At,(in ghatikas) = 60

Here the factor 60 represents the number of ghatikas or nadikas in
a day. In the above expression, f is the latitude of the moon at the
sparéa or the beginning of the eclipse. However, the instant of the
beginning of the eclipse is yet to be determined, and hence the
latitude of the moon at the beginning is not known. Moreover, the
latitude of the moon is a continuously varying quantity. What is
prescribed in the text Tantrasamgraha is an iterative procedure for
finding the half-duration. As a first approximation, the latitude
known at the instant of opposition is taken to be p and At, is
determined. The iterative procedure to be adopted is described in
the following section.

HALF-DURATIONS: ITERATION METHOD

The positions of the sun and the moon at the time of contact are
now by subtracting their motions during the first-half duration
from their values at the instant of opposition. The motion of the
sun/moon is obtained by multiplying their true daily motions
(d,, d) by the half duration — the first approximation of which
has been found as given by (11) — and dividing by 60 (the number
of nadikas in a day). This is done for the node also (but applied in
reverse, as its motion is retrograde), whose longitude is required
for the computation of moon’s latitude. The latitude of the moon,
Bis now calculated using the values of d, and d_at the first contact.
At is now calculated using this value of B. This is the second
approximation to it. The iteration procedure is carried on till the
successive approximations to the half-durations are not different
from each other to a desired level of accuracy. The procedure is
the same for computing the second half-duration (moksa kala),
except that the positions of the sun and moon at the time of the
moksa (release) are obtained by adding their motions during the
second half-duration to their values at the instant of opposition.
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FIRST AND SECOND HALF-DURATIONS OF TOTALITY

The beginning and end of totality are depicted in fig 21.4. Totality
is the moment when the earth’s shadow covers the moon fully. The
procedure to find the two half-durations of totality is discussed
below. The procedure is the same as the one for first and second
half-durations of the eclipse, as a whole, with r, + r, replaced by
r, — r,in the relevant expressions. Let T(1) (in minutes) be the first
half duration of totality.

B:

.................................... Moon’s orbit

Moon at beginning of totality Earth’s shadow

fig. 21.4: The First and Second Half-durations of Totality
of a Lunar Eclipse

The expression for T(1) is given by,

(7’1 _rz)z _Bz

T(1)=
1) i -d

x 60,

where B is the latitude of the moon at the beginning of totality.
However, the instant of the beginning of the totality is yet to be
determined and hence the latitude of the moon at the beginning
of totality is not known. As a first approximation, B is taken to
be the latitude known at the instant of opposition, and T(1) is
determined. Then, an iteration procedure which is the same as the
one for the first half-duration of the eclipse as a whole, is used to
find the first half-duration of totality to the desired accuracy. The
second half-duration of totality is determined in the same manner.

ANGULAR RADII OF THE EARTH’S SHADOW
AND THE MOON'S DISC

The average radii of the orbits of the sun and moon (r,and ),
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and the actual linear radii of the sun, the moon and the earth (R,
R and R are given in the Table 21.4).

Table 21.4: The Radii of the Sun, Moon and Their Orbits,
and the Radius of the Earth

Radii of Notation used Radius in Yojanas
Orbit of the sun 7, 459,620
Orbit of the moon T, 34,380

Sun R, 2,205
Moon R, 157.5

Earth R, 525.21

From fig 21.5, it is clear that the angular radius, o of the moon is
*. This is in radians. We have to multiply this by 3,438, which is

tfle number of minutes in a radian, to obtain the value in minutes.

Hence, the angular radius of the moon in minutes is given by

Earth

Moon’s Disc

fig 21.5: Distance between Earth and Moon’s Disc

T, = &x 3,438 = 157.5
T 34,380

2

x3,438 =15.75"-

m 7

Angular Radius of Earth’s Shadow
In fig 21.6:
Radius of the sun = AS - R,
Radius of the earth =CE - R,
Radius of the earth’s shadow = GF - R,.

S E m F
Moon'’s orbit
Earth

fig 21.6: Angular Radius of the Earth’s Shadow
(not to scale)

Rs|
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It is clear that the triangles ABC and CDG are similar. Hence,
€D _AB,
DG BC
Now, CD=CE-DE=CE~-GF=R,-R,.
DG = EF =r, (Radius of the moon’s orbit).
AB=AS-BS=AS-CE=R, —-R.
BD = SE =r_(Radius of the sun’s orbit) .
Hence, R, R, R, -R
P %
Ry R _Ry—R
roor T

m m S

, or

Rsh
Now 7~ is the angular radius of the earth’s shadow in radians.
Hence angular radius of the earth’s shadow (at the moon) in

minutes,
R R,-R
71:(—8‘ sh "jx3,438
T T

m S

52521 (2,205-525.21)
34,380 459,620
=39.96.

Here, it should be noted that r, and r, are the average values of
the angular radii of the earth’s shadow and the moon’s disc. The
actual radii vary with time as radii of the sun’s and moon’s orbit
vary with time.

LUNAR ECLIPSE ON 27/28 JULY 2018: COMPUTATIONS
BASED ON TANTRASAMGRAHA

For the demonstration of the above procedure to find the instant
of opposition and half-duration at the time of release and contact
during lunar eclipse, let us consider the lunar eclipse which
happened on 27/28 July 2018 which was a total lunar eclipse
which lasted about 3"55™. The duration of totality was 1"44™.
Now, the ahargana for 22 March 2001 is known to be 1,863,525
(Ramasubramanian and Sriram 2011). Then the ahargana for 27
July 2018 is easily calculated to be 1,869,861.
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True Longitude of the Sun and Its Rate of Motion on 27 July 2018, 5"
29" IST.
The mean longitude of the sun at 6" at Ujjain is given by,
_ Ax4,320,000
" 1,577,917,500
= 5119.278746 revolutions.

The mean longitude of the sun in degrees can be obtained by
taking only the fractional part of the above value and multiplying
it by 360, that is,

= 0.278746 x 360
=100.348°.

The mean longitude of the sun at 5"29™ (in degrees) at Ujjain is
given by,

. 31
0y, .., = 6, — Mean rate of motion x 1260
=100.348 — 0.985602859 x 360
=100.327°

The mean longitude of the sun at Indian Standard Meridian (ISM)
is given by:
(82.5-75.78)

24x15
Hence, the mean longitude of the sun at 5"29™IST in deg. min.
and sec. is given by:

0 =100.309° = 100°18'32"

02 sun

0. = Oy . — 0985602859 x

02 sun 01s

Using the formula for the true longitude of the sun in terms of the
mean longitude, the true longitude of the sun is:

0, =100°18'32" — sin"! (% sin (100.309° — 78°))
=99.493° = 99°29'35".
The true daily motion of the sun can be obtained as,
$€0s(100°18'32" - 78°)

\/1 ~ 2 sin’(100°1832" - 78°)

0 x 0.985602859

=0.985602859 —

Si

— 0057V5VV
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True Longitude of the Moon and Its Rates of Motion on 27 July 2018,
5" 29"IST
Including the dhruva of the moon, the mean longitude of the moon
6" at Ujjain is given by
Ax57,753,320
1,577,917,500
= 68438.736935562221 revin. + 4.7627777°
= 0.736935562221 x 360° + 4.7627777°
= 270.060°
The mean longitude of the moon at 5"29™ local time at Ujjain is
given by,

0,= revin. + 4.7627777°

. 31
0, v = 8, — Mean rate of motion x ieo

= 270.060° — 13.17635124 x —2t
24 x 60

=269. 776°.

The mean longitude of the moon at 5"29™ IST is given by,

(82.5-75.78)

0 —13.17635124 x
on 24x15

02moon 01 mo

=269.530°.
Hence, the mean longitude of the moon at 5"29™ IST in deg. min.
and sec. is given by,

6 =269.530° = 269°31'48"

0 moon
The longitude of the moon’s apogee at 6" at Ujjain including the
dhruva is given by,

0, = AxI8812 ry 3500, 119984720
ComSAPEEE 577,917,500

=0.4334675581 x 360° + 119.28472°
=275.330°

The mean longitude of the moon’s apogee at 5"29™ local time at
Ujjain is given by,

0,,,, = 9, — Mean rate of motion x

01 m
31
24 x60

24 %60

=275.333 - 0.111364453 x
=275.331°.
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The mean longitude of the moon’s apogee at 529 IST is given by

: (825-7578)
902 m eOlm - 0111364453 X 2415

= 275.329°

— 275019!44n‘

Using the formula for the true longitude of the moon in terms of
its mean logitude and its apogee, the true longitude of the moon is

0, ., =269°3148"—sin™' (%sin(269°31’48" - 275°19'44")j
=270.037°=270°2'13"
The true daily motion of the moon can be obtained as,
8%COS(270°2'1 3"—275°19'44")
\/1 - %Sin2(270°2'13" —275°19'44")
x(13.1763512 -.111364453) =12°220"

0 =13.17635124° —

moon

Computation of the Instant of Opposition,
or the Middle of the Eclipse, t, .

The longitude of the earth’s shadow is:
6, =0_+180°
=99°29'35"
=279°29'35".
Then, the time interval between 5"29™ IST, and the instant of
opposition in hours is
0,1~ (O, ~180°)
d —d
_ 199°29135"—90°2113"]
(12°220" - 0°57'5")
=20.468 hours.

At = x 24

In this case, as the moon lags behind the shadow, we have:

Instant of opposition, t = At + Initial time (5"29™)
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=20.468 + 5.483
=25.951 hours = 25"57™.

The instant of opposition obtained is by interpolation. We have to
compute the longitudes of the sun and the moon at this intsant
(t,) and check whether they are actually in opposition. If they are
not, an iteration method would have to be adopted to compute
the true instant of opposition.

The mean longitude of the sun at _ is.

(t ) =100°18'32" + 0.985602859 x 20468
24

0 sun
=101.150° = 101°9".
Therefore the true longitude of the sun at ¢, is:
0, (t)=101°0' - sin"’ (% sin (101°9' — 78°%)).
=100°18'18".
The mean longitude of the moon at ¢, is:

(t ) =269°31'48" + 1317635129 x 20468

0 moon
= 280.767° = 280°46'2".
The longitude of the moon’s apogee at ¢, is:

275°19'44" + 0.111364453 x 20468

moon apogee (En) =
= 275.424° = 275°25'26".
Therefore, the true longitude of the moon at ¢, is.
(t,)=280"462" - sin‘l(%sin (280°46'2" — 270°25'26")).
=280°18'0".

Hence, we see that 8__(t,) + 180° = 280°18'18", which is very close
to®__ (t)=280°180" already, and we stop here.

mon

The daily Motions of the Sun and the Moon at
the Middle of the Eclipse, t

The daily motion of the sun at tm can be obtained as:
%Cos(101°9' —78°)

\/1 3 §in%(101°9' - 78°)

0., =0.985602859 —
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x (0.985602859 = (0°57'6"
The daily motion of the moon at ¢ can be obtained as:

& €0s(280°4612" - 275°25'26")
\/1 - %Sin2(280°46'2" —275°2526")
x (13.17635124 —111364453) = 12°2'17".

0, =13.17635124 —

sul

Latitude of the Moon at the Instant of Opposition,
or the Middle of the Eclipse, t

Now to determine the first half duration, we need to know the
latitude of the moon at the instant of opposition which involves
the longitude of the moon’s node. Including the dhruva of the
node, the longitude of the moon’s node at Ujjain at 6 a.m. local

time corresponding to the ahargana, 1,869,861 is:

Ax232,300
, =—- = 4202020
emoonsnode 1,577,917,500 0 0

= — 275.279734396 revin. + 202°20'

—101.704° + 202°20'

101.629°

Hence, the longitude at 5"29™ local time at Ujjain is
_ o 31
=101.629° + 0.052998968 x - ~——
=101.630°.

Hence, the longitude of the moon’s node at 5"29™ IST is:
= 101.630° + 0052998968 x E22-7578)

24x15

=101.631°.

Hence, the longitude of the moon’s node at the middle of the
eclipse, t is

0 =101.631° - 0.052998968 x
=101.586°
=101°35'10".
Then, the latitude of the moon at the instant of opposition is
found to be:

20.468
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B (t )= 270" sin (280°18'0" — 101°35'10")
= 6.060'.

First Half-duration of the Lunar Eclipse

The sum of the radii of the earth’s shadow-disk (r, = 39.96'),
and the moon’s disk (r, = 15.75), r, + r, = 55.71". Hence, the first
approximation to the first haf-duration of the eclipse is given by:

2 2
At,, (11) = V5571 ~6060°

(722.28—-57.096) "
= 1.998 hrs. = 119.88 min.

To obtain a more accurate value, an iteration procedure is involved.
To find the second approximation to the first half duration,
the longitudes of the moon and its node are found at the first
approximation to the beginning of the eclipse. The longitude of
the moon at this instant is:

6, (Af,, (11) =280.3° - 1222 x 12,038
=279.298°
Longitude of the moon’s node:
1.998

0, (At (1)) = 101.586 +

=101.590°

Latitude of the moon:
B =270' sin (279.298 — 101.590)

=10.80".

Then, the second approximation to the first half duration is given

by:
At,,(12)= V5571-108"
(722.28 - 57.096)
=1.972 hrs. = 118.32 min.
The successive values of the first half-duration obtained are quite

close, so we stop here. Therefore the first half duration of the lunar
eclipse which happened on 27/28 July 2018 is 118.32 min., i.e. 1"58™.

1 ( x 0.052998968
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First Half-duration of Totality

The difference of the radii of the earth’s shadow-disk (r, = 39.96"),

and the moon’s disk (r, = 15.75"), r, — r, = 24.21". Hence, the first

approximation to the first haf-duration of totality of the eclipse,
T (1), is given by:

T (1) = V2421 —6.060°

(722.28 —57.096)

= 0.846 hrs. = 50.76 min.

To find the second approximation to the first half-duration of
totality, the longitudes of the moon and its node are found at the
tirst approximation to the beginning of totality. The longitude of
the moon at this instant is:

X

0 (T(1, 1)) = 280.300 — % x 12.038
= 279.876°
The longitude of the moon’s node at this instant is:

0 (T(1, 1)) = 101.586 + % x 0.052998968

=101.588°
Latitude of the moon at this instant is:
B =270'sin (279.876 — 101.588)
= 08.066'.

Then, the second approximation to the first half-duration is given

by:
T(12) = V2421 -8.066"
(722.28 —57.096)
=0.824 hrs. = 49.44 min.

The successive values of the first half-duration of totality obtained
are quite close, so we stop here. Therefore the first half-duration of
totality of the lunar eclipse, T (1) which happened on 27/28 July
2018 is 0.824 hrs., i.e. 49.44 min.

Second Half-duration of the Eclipse

The first approximation to the second half-duration as whole is
the same as the first approximation to the first half-duration, as
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B is taken at the middle of the eclipse, and therefore At
At, , (11) = 1.998 hrs.

To find the second approximation to the second half-duration,
the longitudes of the moon and its node are found at the first
approximation to the end of the eclipse. The longitude of the
moon at this instant is:

21) =

1/2

6, (Af,, (21) =280.300 + 125 x 12,038

= 281.302°.

The longitude of the moon’s node at this instant is:

1.998

6, (At , (21)) = 101586 — == x 0.052998968

o (At (
=101.582°.
Latitude of the moon:
B =270' sin (281.302 — 101.582)
=1.319'.

Then, the second approximation to the first half-duration is given

by:
2 2
At , (22) = VST -1319°
(722.28 — 57.096)
=2.009 hrs. = 120.54 min.

To find the third approximation to the second half-duration, the
longitudes of the moon and its node are found at the second
approximation to the end of the eclipse. The longitude of the
moon at this instant is:

6 (At ,(22)) = 280.300 + x 12.038

1/2

2.009
24
=281.308°.

The longitude of the moon’s node at this instant is:
0, (At, , (22)) = 101586 2';)29 x 0.052998968

=101.582°.
Latitude of the moon:
B =270"sin (281.302 — 101.582)
=1.291".
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Then, the third approximation to the second half-duration is

given by:
2 2
At ,(23) = NBB7I-1298
(722.28 — 57.096)
=2.009 hrs. = 120.54 min.

The successive values of the first half duration obtained are the
same (to an accuracy of 0.001 hr.) . Hence, we stop here. Therefore
the second half-duration of the lunar eclipse as a whole which
happened on 27/28 July 2018 is 120.54 min, i.e. 2"1™.

Second Half-duration of Totality

The first approximation to the second half-duration of totality, T(2)
is the same as the first approximation to the first half-duration of
totality, as P is taken at the middle of the eclipse, and therefore
T(21) = T(11) = 50.76 min.

To find the second approximation to the second half-duration
of totality, the longitudes of the moon and its node are found at
the first approximation to the end of totality. The longitude of the

moon at this instant is:

0 (T(2,1)) = 280.300 + % x 12.038

m

= 280.724°.
The longitude of the moon’s node at this instant is

0 (T(2,1)) = 101586 — % x 0.052998968

=101.584°.
Latitude of the moon at this instant is
B =270"sin (280.724 — 101.584)
=4.053".

Then, the second approximation to the second half-duration of
totality is given by:

T(22) = Y2421 ~4.053°

(722.28 — 57.096)

= 0.861 hrs. = 51.66 min.

X
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The successive computed values of the second half-duration
of totality differ from each other by only 0.9 min, so we stop here.
Therefore the second half-duration of totality, T (2) is 51.66 min.

COMPARISON BETWEEN THE COMPUTED VALUES
AND THE VALUES OBTAINED IN “RASTRIYA PANCANGA”
FOR SOME LUNAR ECLIPSES

In Table 21.5, we compare the various parameters tabulated in
the condensed Indian ephemeris (Rastriya-Paficanga, 2017), and
the values computed from the parameters and the procedure of
Tantrasarigraha, as above. It is very remarkable that the two sets
of values are close to each other.

A similar exercise was carried out for the lunar eclipse which
occurred on 7 August 2017. For this, the Tantrasarigraha values and
the modern values (Rashtriya Panchang, 2016) are compared in
Table 21.6. Again there is a very remarkable agreement between the
two sets. This eclipse was partial according to both the computed
values and the values tabulated in the Rastriya-Paficarnga.

Table 21.5: Comparison of the Rastriya-Pajicariga Parameters and those

Computed from the Procedure described in Tantrasargraha for the
Total Lunar Eclipse on 27/28 July 2018

Rastriya Calculated
Paficanga value from
Value Tantrasariigraha
0_,, (Long. of the sun at 5"29™ IST on 99°49'30" 99°29'35"
27 July 2018)
0., (Long. of the moon at 5"29™ IST 270°37'44" 270°2'13"
on 27 July 2018)
t  (Middle of the eclipse, w.r.t. the O 25h52m 25h57m
IST of 27 July 2018)
At ,, (1) (First half-duration of the 118 min 118.32 min
eclipse)
At , (2) (Second half-duration of the 117 min 120.54 min
eclipse)
T, (First half-duration of totality) 52 min 49.44 min

T, (Second half-duration of totality) 52 min 51.66 min
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Table 21.6: Comparison of the Rastriya-Paficanga Parameters and those
Computed from the Procedure described in Tantrasarmgraha for the
Partial Lunar Eclipse on 7 August 2017

Rastriya Calculated
Paficarga value
0_,, (at 5"29™IST) 110°35'34" 110°13'20"
0, .., (at 5"29™1ST) 281°54'23" 281°17'16"
t, (Middle of eclipse) 23h51m 24h
At, , (1) (First half-duration) 59m 1m
At, , (2) (Second half-duration) 58m 1m

Concluding Remarks

Indian astronomy texts are noted for their simplified calculational
procedures for various kinds of variables in general and eclipses
in particular. Tantrasariigraha of Nilakantha Somayaji composed in
1500 ck is one of the major astronomy texts of the Kerala school,
noted for many advancements including a major modification
of the Indian planetary model. It had also been noticed that the
longitudes of the sun and the moon computed from this work
are fairly accurate (within a degree) even for recent dates. Hence
it is worhwhile to check whether the eclipse calcuations using
the Tantrasamgraha procedure and parameters are accurate. The
solar eclipse calculations are very involved, as parallax plays an
important role in them. Hence, we have confined ourselves to
lunar eclipse computations only in this paper. We have given all
the details of the procedure and illustrated it with the explicit
example of the total lunar eclipse of 27/28 July 2018. We calculated
the instant of opposition and the two haf-durations of the eclipse as
a whole and also the two half-durations pertaining to the totality.
We compared the computed values of these with the values
tabulated in the Indian national ephemeris (Rastriya-Paficanga).
The agreement is excellent. We performed the calcualtions for
another eclipse (which was partial) on 7 August 2017. Again
there is a remarkable agreement between the computed and the
tabulated values. It would be worthwhile to carry out a detailed
and systematic study of the accuracy of the Tantrasarigraha
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procedure and parameters for a large number of lunar and also
solar eclipses with a statistical analysis, to establish its efficacy for
eclipse-computations.
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Non-trivial Use of the
“Trairasika” (Proportionality Principle)
in Indian Astronomy Texts

M.S. Srivam

Abstract: For the Indian astronomer-mathematicians, the rule of
three, which is essentially the proportionality principle, and the
theorem of the right triangle play a crucial role in the derivation
of all the results related to the planetary positions and the diurnal
problems. For instance, in his Grahaganita (planetary mathematics),
a part of his magnum opus, Siddhanta-Siromani (Crest-jewel of
the Astronomical Treatises), the celebrated Indian astronomer-
mathematician Bhaskara (twelfth century cg) lists many latitudinal
triangles (right triangles where one of the acute angles is the latitude
of the place). Then very many relations which are of relevance to
the shadow problems and the diurnal problems are derived using
the similarity of triangles. These are straightforward applications of
the proportionality principle. However, there are very non-trivial,
far-from-direct applications of the proportionality principle also in
Indian astronomy texts. In this article, three examples of these are
considered. Two of them are considered by Bhaskara: one of them
is the derivation of a second-order interpolation formula due to the
great astronomer-mathematician Brahmagupta (seventh century
cE), and the other is an expression for the part of the equation of
time due to the obliquity of the ecliptic. The third is a relation
involving the vikyas (mnemonics) for the longitude of the moon
on 248 consecutive days.
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Introduction

IN explaining verse 246 of his Lilavati, Bhaskara remarks that,
just as this universe is pervaded by Lord Narayana in all his
manifestations, “so is all this collections of instructions for
computations pervaded by the rule of three terms”. The rule of
three is a very important topic in all Indian mathematical texts. This
rule and its generalization to rules of five, seven, nine, etc. have
wide applications in Vyavaharaganita (mathematics of (business
and other) practices), and normally discussed in great detail with
a large number of examples. It also has very many applications in
astronomy. For instance, in the chapter on diurnal problems in the
Grahaganita part of Siddhanta-Siromani, Bhaskaracarya lists eight
important latitudinal triangles' in verses 13-17. As these are all
similar triangles, the sides are in the same proportion in all of them.
Then, we obtain relations among the various physical quantities of
importance related to diurnal problems, like the zenith distance,
hour angle, declination, latitude and azimuth. using the rule of
three (repeatedly at times). In verse 29 of the Siddhanta-Siromani
Bhaskara exclaims:

There are 63 ways of obtaining the pala jya (Rsin @, where ¢ is
the latitude), and the lamba jya (R cos ¢). From the hundreds
of ways of obtaining agra jya (essentially, the distance between
the rising—setting line and the east-west line), there are infinte
ways of obtaining the lamba jya and other quantities (using the
rule of three).

Most of the applications of the rule of three in Indian mathematics
and astronomy are somewhat direct and straightforward, as in
the case of the latitudinal triangles mentioned above. However,
there are some very non-trivial applications too, which lead to
significant results. We discuss three such examples in this paper.

The Udayantara Correction and the Proportionality Principle

Infig.22.1, I is the first point of Aries, where the ecliptic intersects
the equator, P is the pole of the equator and S is the sun. A =T'S

! Right triangles with the latitude of the location as one of the acute
angles.
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fig. 22.1: Longitude A, Right Ascension o, and Declination &.
is the sayana (tropical) longitude of the sun, which is measured
along the ecliptic, and o is the right ascension corresponding to A,
measured along the equator. This is the rising time of the ecliptic
arc A =TS at the equatorial horizon. Let € be the obliquity of the
ecliptic (the angle between the ecliptic and the equator) and  be
the declination of the sun. Then it can be shown that:

) sinA—sin*8 sinAcose
sina, = = ,
Ccosd Ccosd

where we have used sin 8 = sine sin A for obtaining the second

expression for sin a. The first expression was stated first in the
Indian tradition by Sripati in his Siddhantasekhara (eleventh century
cE), without any explanation. Bhaskara states both the expressions
in his Siddhanta-Siromani and provides the rationale in the upapatti
for the pertinent verses.

Now A — a.is the part of equation of time due to the obliquity
of the ecliptic and is termed udayantara in Indian astronomy. € =
24° in most Indian texts, which is also the maximum value of d.
Then A — a.is never too large. This is exploited by Bhaskara to give
a simple expression for the udayantara, . — o, based on trairasika
(rule of three):

A — o =2.6°sin (21).
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This is how Bhaskara explains it in the upapatti (rationale) for the
verse 65 of the Siddhanta-Siromani:

Upapatti (Rationale): ... Find the Rsine of the longitude (Rsin 2,
or the dorjya) and the day-radius (R cos 3 or the dyujya) of the
tropical mean sun. Divide the dorjya by the dyujya and multiply
by dyujya at the end of Mithuna (the third zodiacal sign, Gemini).
The arc of the above in asus? subtracted from the mean tropical
longitude of the sun in minutes is the true value of the antara in
asus. By this is meant the udayantara. In the middle of the quarter,
this is slightly more than 26 palas (or vinadrs). To find it according
to the Rsine, the (mean longitude of the) sun is doubled. When
the Rsine of double the sun is found, then it (corresponding arc)
becomes three signs (90°) at the middle of the quarter. Apply
the rule of three for 26 and the Rsine (of double the longitude).
If for a Rsine equal to kharka (120), we obtain a difference of 26,
what is it for the desired Rsine?

Here, Bhaskara gives a simple, approximate expression for the
udayantara correction, using an ingenious intuitive argument based
on proportionality (Arkasomayaji 2000).

Now A — o =0 when A =0 and A = 90°. Hence A — o cannot
be proportional to sin A*. Bhaskara argues that A — a would be
maximum at the middle of the quadrant, that is when A = 45°. So,
he proposes that A — a. is proportional to sin 2, or,

A—o =Asin 2\,

where A is a constant.

sinAcos €

Now, sina = . € =24° and sin 6 =sin € sin A. When

Ccosd

2 Essentially, minutes; however, as it is a time unit, it is termed asus.

* A word of caution: In Indian texts, only Rsines is used instead of
the sine function and only arcs are considered instead of the angles.
The Rsine of an angle is the normal sine of the angle multiplied by
the radius, R of the circle, which is normally taken to be 21600 ~ 3438.
However, a smaller value of R is also chosen at times. In the present
context, Bhaskara uses a value of R = 120. In this section, we do not
include R explicitly in the expressions which follow. Also, the unit
of “degree” is used for the arcs in the Indian texts.
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A = 45° we find that a = 42.41°. Therefore, A — a. = 2.59° = A, for
A =45°. Also, 360° = 60 nadr = 3600 vinadr. Hence, 1° = 10 vinadk.

Hence, for a general A,
A — o =2.59°sin (2A) = 25.9 vinadr sin (2).).

Bhaskara uses 2.6° instead of 2.59° and 26 instead of 25.9 vinadi.
Here, udayantara is found directly and the expression for it is far simpler
than what one would have got by computing o from the expression
for sin a, finding the arc o from it, and subtracting it from A.

Explanation of the Second-order Interpolation in
Bhaskara’s Siddhanta-Siromani

FIRST-ORDER INTERPOLATION FOR THE R SINES

The sine function plays an important role in most calculations in
spherical astronomy. So, it is important to know the value of the
sine function accurately for an arbitrary angle. Normally, in Indian
astronomy texts, the quadrant is divided into 24 equal parts and
the value of the Rsine is specified for 24 angles which are integral
multiples of 20° ~3°45'. The value of the Rsine of an intermediate
angle is determined by linear interpolation which amounts to
using the rule of proportions. This is how Bhaskara describes it
in his Siddhanta-Siromani (Arkasomayahi 2000):

tattvasvibhakta asavah kala va tallabdhasaritkhya gatasifijint sa nion

yataisyajtoantaradesaghatat tattvasvilabdhya sahitepsita syat |

When the arc in minutes [corresponding to the desired Rsine] is
divided by 225, the obtained number (quotient) is the [number
of] elapsed Rsines. The remainder multiplied by the difference
between the succeeding and preceding Rsines and divided by
225, together [with the elapsed Rsine] gives the desired Rsine.

He explains it thus:

Upapatti (rationale): Aren’t the Rsines 24 in number? In the circle,
a quadrant consists of 5400 minutes. Each of the 24 divisions is
equal to 225 minutes. Therefore, the elapsed minutes divided by
225 gives [number of] elapsed Rsines. In the circle, the difference
of Rsines corresponds to an arc-difference of 225. Then if we
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fig. 22.2: Rsine of an intermediate angle

obtain the (known) difference of Rsines corresponding an arc-
difference of 225, then what will it be for the remaining minutes?
The result of this added to the previous Rsine gives the desired
result (desired Rsine).

Bhaskara’s upapatti can be understood thus:

The Rsine table gives the values of the Rsines for angles
which are multiples of o = 225',i.e. R sin (ia), i = 1, ..., 24. For an
intermediate angle 0, the R sine is found from interpolation. Let
0 be divided by a.. Let the quotient be i and the remainder be ¥,
ie.0=io+ ¥, ¥ < 225'. Then Rsin 6 — Rsin ia is found from the
rule of proportions, that is, if the Rsine difference is Rsin [(i + 1)
o] — Rsin ia for an angular difference a, then what is it for an
angular difference ¥? The answer is:

Rsin®—-Rsinio = Ran[(Hl)a]—RsmzaxT‘
ol

From this, Rsin 0 is determined.

BRAHMAGUPTA’'S SECOND-ORDER INTERPOLATION
FORMULA EXPLAINED BY BHASKARA

Implicit in the linear interpolation formula is the assumption that
the Rsine varies uniformly within each of the twenty-four 225'
intervals. This is reasonably accurate for most purposes. However,
many texts, especially the karana ones use larger angular intervals
for simplicity in computational procedures, with shorter Rsine
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tables. For instance, Brahmagupta uses an interval of 15° (that
is a sine table with only six entries) in his celebrated karana text,
Khandakhadyaka (Sengupta 1934). Bhaskara also uses an interval of
10° in the Siddhanta-Siromani (apart from the 225" interval). For such
large intervals, it is necessary to go beyond linear interpolation.
It was Brahmagupta who gave the second-order interpolation
formula for finding trignometric functions for arbitrary angles
for the first time, in his Khandakhadyaka. Bhaskara also gives this
interpolation formula in the Siddhanta-Siromani and explains it too
in the upapatti. This involves invoking the proportionality principle
in a non-trivial manner. We now discuss Bhaskara’s statement of
the second-sorder interpolation formula and his explanation for
the same.

In verse 16 of Spastadhikara (chapter on true longitudes), he
says in the Siddhanta-Siromani:

yataisyayoh khandakayorvisesah sesamsanighno nakhahrt
tadiinam \
yutarir gataisyaikyadalarir sphutarit syat kramotkramajyakara-
netra bhogyam 111611

The difference of the preceding and succeeding Rsine differences
is multiplied by the remaining degrees and divided by 20
(nakha), and this result subtracted from the arithmetic mean
of the preceding and succeeding [Rsine differences] gives the
rectified Rsine difference. In the case of utkrama-jya or Rversine,
the result is added (instead of subtracted).

Bhaskara explains it thus:

Upapatti (Rationale): The Rsine difference at the midpoint of
the preceding and succeeding Rsine differences should be
their arithmetic mean. The succeeding Rsine difference should
be at the end of the interval. [Now, use] the rule of three. If for
an interval of 10°, we have half the difference between the two,
what should be the difference, for the remainder expressed in
degrees? Also, by the rule of three, multiply the remainder of
degrees by the difference between the preceding and succeeding
Rsines and divide by 20. Subtract the result from the arithmetic
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mean of preceding and succeeding Rsines, since the differences
decrease in the case of Rsines, and add the result for Rversines,
since the differences increase in the case of Rversines.

Bhaskara’s upapatti can be understood thus:

Here Bhaskara gives a second-order interpolation formula for
an intermediate angle, which is the same as in the Khandakhadyaka
of Brahmagupta conceptually (Sengupta 1934).

Leti-10<0 < (i +1)-10° ie. the point on the quadrant is
between i - 10° and (i +1)10°. Then Bhaskara defines a “rectified”
Rsine difference corresponding to the relevant 10° interval. Let

A. = Rsin (i - 10) — Rsin[(i — 1)10],
be the tabulated Rsine difference corresponding to the 10° interval
between (i — 1) - 10° and (i — 10°). It is obvious that

A, ., = Rsin[(i + 1)10] - Rsin (i - 10).

Then, the rectified Rsine difference A', | corresponding to the
remainder ¥ within the 10° interval between i - 10° and (i + 1)10°
is defined as

’ A1'+Az’+l (Ai+Az’+l)
m=T Vo

Let 0 =i-10 + ¥. Then Rsin 0 obtained using the rectified Rsine

difference is given by

(i +1)10°

So
fig. 22.3: Pertaining to the second-order interpolation formula
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Rsin® = Rsin(i-10)+y 1f61 .
Bhaskara’s reasoning for the expression for the rectified Rsine
difference is as follows: The Rsine difference for the “previous” 10°
interval is A, whereas it is A, | for the “coming” 10° interval S.S,.
The Rsine difference at the junction of these two intervals at S, is
taken to be 221 The Rsine difference at the end of the interval
S,S,is taken to be A, | itself. As A, | can be written as:

Ai+Ai+1 Ai_Ai+1

A =
i+1 2 2

The change in the Rsine difference over the full 10° interval S,S,
is given by
A+Ai, A-Ai,
2 i+1 2 :
Then the change in the Rsine difference at the desired point S can
be found from the rule of proportions:

A1+Ai+1 ' \ Ai_Am

A'+1 - )
2 ! 10 2

7

or

’

i+1 2 20

which is the stated result.

CAFA ‘V(Ai _AM)

Here, the Rsine difference at the beginning of the interval
S.S, is taken to be Athi , which is the mean of two tabulated
Rsine differences, whereas it is taken to be A, , a tabulated Rsine
difference over the intervali- 10 <0 < (i + 1) - 10°. This is a plausible
argument. In any case, we have an imaginative use of the rule of

proportions here.

Comparison with the Taylor Series up to the Second Order

Writing 0 as 0 =0, + (0 - 0)), where 0, =i-10and ¥ =6 - 0 and
using the expression for the rectified Rsine difference, A', | and
rewriting in a slightly different form, we have:
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Ai+1 _A-

A +A . _ 2|: 10 16:]
RsinG:Rsin90+(9_eo)[ i 1+1}+(e 90) .

2-10 2 10

The Taylor series for R sin 0 up to the second order is

Rsin®)
do

0-0,)° d*(Rsino)|

(
+
2 ae?

d
Rsin®=Rsin®, +(6-0,) (

-6 60

So Brahmagupta/Bhaskara’s expression has the same form with
the arithmetic mean of the R sine differences per unit degree in
the “previous” and the “coming” intervals,

A+AL g [Rsin(i 10) - Rsin[(i~1)10] | Rsin[(i +1)10] - Rsin(i- 10)}

210 2 10 10

d(R;én % and the rate of change of the
Rsine difference per unitinterval 1" thatis L Ain _ ﬁ} playing the
10

2 .
role of the second derivative %. 10t 10

playing the role of derivative

A Relation among the Moon’s “Vakyas” (Mnemonics)
Using the Proportionality Principle

MOON’S LONGITUDE IN THE VAKYA SYSTEM

In the vakya system of astronomy prevalent in south India, the true
longitudes of the sun, the moon and the planets can be found at
regular intervals, using vikyas (mnemonics) (Sriram 2015; Pai et al.
2016a). These are based on the various periodicities associated with
these celestial bodies. For example, moon’s anomaly completes
very nearly 9 revolutions in 248 days, and correspondingly, there
are 248 candra-vakyas for the moon, which give the longitudes of
the moon at mean sunrise on 248 successive days, beginning with
the day at the mean sunrise of which the moon’s anomaly is zero.
There are more elaborate tables of vakyas for the longitudes of
planets which involve their zodiacal anomaly, as well as the solar
anomaly. We are concerned only with the moon’s longitude in the
vikya system here.

The moon’s true longitude is obtained by applying the
“equation of centre” to the mean longitude. The equation of centre
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at any instant depends upon the moon’s “anomaly” which is the
angular separation between the “mean moon” and the “apogee”
of the moon. The khanda-dina is the day at the sunrise of which
the moon’s anomaly is zero. The candra-vakyas are based on the
following formula for the change in the true longitude of the
moon, i days after the khanda-dina (Sriram 2015; Pai et al. 2016a, b):

V. =R, -360-i—sin™’ [%xsin(R2 x360-i)}, (1)

where R, and R, are the rates of motion of the moon and its
anomaly respectively, in revolutions per day. The second term
represents the equation of centre of the moon. As it stands, V' is
in degrees. The candra-vakyas are essentially the values of V,, after
converting them to radis (zodiacal signs), degrees, minutes and
seconds, and expressed in the katapayadi system.

R,, the mean rate of motion of the moon, is taken to be
ézgggg;;ggo = 27.321167852 revolution per day in the texts related to the
viakya system. It will be seen that the value of R, does not play any
role in the relation among the vakyas that we are considering. For
finding the vararuci-vakyas (mnemonics due to Vararuci (probably

seventh century cE)), R, is taken to be % revolution per day.*
For the madhava-vakyas (mnemonics due to Madhava of Kerala
(fourteenth century cE), R, = 7 88611 revolution per day, used in the
Venvaroha and the Sphutacanrapti composed by Madhava), which

is more accurate than ﬁ (Pai et al. 2016b).

VAKYASODHANA: ERROR CORRECTION CHECKS
FOR CANDRA-VAKYAS®

Vararuci-Vakyas

_— 9 . .
Substituting the value of R, = 772 in this case,

V,=R,-360-i—sin"’ [lxsm(ix%o-iﬂ.
80 1248

* This corresponds to 9 revolutions of the anomaly in 248 days. This
anomaly cycle had been noticed by Babylonian, Greek and Indian
astronomers of yore.

5 Pai et al. 2016b; Sriram, 2017.
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Hence,

V.

248—1i

R, -360-(248 — i) —sin"" {1 < sin(i %360 (248 - i)ﬂ
80" "'\ 248
7 (o .
=R, -360-(248 1) +sin {—x sm(—x 360 - zﬂ,
80 "\ 248

V,, =R, -360-248 —sin" {1 x sin(l x360- 248)}
g0 " 248

248
=R, -360-248,

as the last time in the RHS of the equation for V,; is 0. Clearly,
V4V, .=V, (modulo 360°). 2

248 — i
This implies that if there is any doubt about the value of V, this
relation can be used to find it, if V,,; ,is known. Hence, it is termed
the vakyasodhana (error correction check for mnemonics (for moon))

(Pai et al. 2016b).

Madhava-Vakyas
In this case, as R, # %8’ the relation (2) clearly does not hold. For
the madhava-vakyas, the vakyasodhana procedure is as follows (Pai

et al. 2016b):

Suppose one is in doubt about V.. Let j = 248 — i. Then, V. is
the complementary vakya. If V, and the vakyas above and below
it are known, find:

_ (Vj+1 _‘/j—l _2V1)
/ 225 '
Then,
V., -V._ =2V
v :Vm_{v__( 11~ Vi 1)]].:248_1" 3)
: / 225
Note that i = 248 — j. We rewrite the above equation in the form:
V..-V._ -2V
8]' = V] +V248—j _V248 = 2ésl - (4)

We now show that the above relation is valid to a very good
approximation, using the ubiquitous Indian principle of trairasika
or the “rule of three” (Sriram 2017).
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Explanation of the Vakyasodhana Expression for 8],
Using Trairasika (Sriram 2017)

We denote the Madhava value 1222? 1 for R, by a.. Then,

V.

248

O, =Vi+Vyg ;=
=R, -360-j—sin"" [87—0sin(a 360 - j)}
+R,-360-(248 - j) - sin™’ [87—05in(a -360-(248 — j))}

—R,-360-248 +sin™ [% sin(a.- 360 248]

Therefore, -
~3,=sin"' _%sin(oc -360- j)}
+sin”! 87—OSin(oc 360 - (248 — j))}
—sin! _g—osin(a -360- 248}.
We split o as
Y R
“_(“ 248)+ 248°
Hence,

AN

o}
S|

~5 =sin’ —sin((a—i).36o-j+i-360-]')
j 0 248 248
9
4
9

+sin”’ {—sin((a - ﬂj -360-(248 - )+ % -360-(248 - ])ﬂ

lsin((oc - —) .360-248 +—2—.360 - 248) .
0 248 248

—sin™"

x®©

Let
c= (a—i)xaﬁo —4.6948x10° %
248

Using this notation in the above equation we have,
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—Sj:sin’ [805111(24918 360-j+e-jﬂ

—sin!| Lsin[-2-.360- j— (248 — i
sin [805m(248 360-j—-<-(248 ]))}

—sin™! [% sin(e ~248)}.

Let f be the function representing the equation of centre, sin'[sin
)] where () is the anomaly. Hence,

=3 :f(% 360.j+ € ]j f(%.360.j—e.(248—j)j—f(e 248)

=y, — f(€.248),
9 . .
=| —.360. —| —=.360.j— €.(248 -
(248 * ]j (248 Jme ])j
=€.248 = x,around a value of anomaly (5)

where y, is the difference in the equation of centre corresponding
to a change in the anomaly (which is the argument) equal to
(i 360 j+e- ;) (i 360-j— e<(2487]')) = € - 248 = x,, around a value of

248
anomaly equal to 57z x 360. j. Note that the change in the anomaly

248
which is proportional to € is resulting from the departure of o =
R, from 9_
248 °

Now consider a different kind of difference:
].H—Vj_lzR1~360-(j+1)—f(a360-(j+1))
~[R, 360 (= 1)~ f (360 - (j - 1)]
Hence, V.o - V]._ ,=2-R,-360-y,, 6)

j+1

where y, is the difference in the equation of centre corresponding
to a change in the anomaly equal to (o - 360 - (j + 1)) — (o - 360 - (j —
1)) =2- o - 360 =x,, around a value of anomaly equal to . x 360 - j.
Here, the change in the anomaly is due to the fact that we are
considering the wvikyas for two different days, corresponding to
j+landj-1

y,and y, are the changes in the equation of centre corresponding
to changes in the anomaly equal to x, and x, respectively. Now,
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we use the frairasika (the rule of three), or the law of proportions,®
which plays such an important role in Indian mathematics and
astronomy:
Y, :xX =Y, Xy,
Y,
==2.x.
or Y X, 1 (7)
Using equations (5), (6) and (7), and the values of x,= € - 248 and
x,=2- o - 360, we have,
8, =—y, + f(-:248)

(V..,—-V_)-2-R, 360

i 24 248).
50360 x€-248 + f(<-248)
Now,
€-248 4 x 6948 x 248 x 188611 <10~
2-0-360 2 x 360 x 6845
1
_ -3 _
=4 x 4558 x10 = 554 474d"
. . . 1
This is approximated as 5 Therefore,
5 z‘/]#l_‘/j—l_zx 8)
s 225 ’
where,
X=R,- 360—@ x 225. 9)
Now,
J(€248) 295 - Lgin™! (l sin(248- e)) x 225 =1.1449.
2 80
Hence,

X =R, - 360 — 1.1449. (10)

¢ Actually, x, is the change in the anomaly around % -360 - j, whereas

i i . . — 6845 9
x, is the change in the anomaly around o - 360 - j. As o = 188611~ 243"

we ignore this difference, which will lead to changes of higher order

in €.
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From equation (1),

V, =R, -360—sin” [lsin( 0845 ><360D

80 188611
=R -360-1.1334 (11)

Comparing equations (10) and (11), we find:
X=V. (12)

Substituting this in equation (8), we have:

V., -V -2V,
8, =V, +Vy =V = T, (13)

which is the desired result.

It is very significant that such a highly non-trivial relation
among the candra-vakyas (moon’s menmonics) can be derived by
a judicious application of trairasika (rule of three).
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Suddhadrgganita

An Astronomical Treatise from Northern Kerala

Anil Narayanan

Abstract: The present paper analyses a modern Keralite
astronomical work — Suddhadrgganita. This treatise written
in Sanskrit, authored by V.PK. Potuval, has been published
from the Jyotisadanam of Payyanur, Kerala. The present paper
discusses the methods therein to find the Kali epoch and the
mean position of a planet. It summarizes how Suddhadrgganita
serves in maintaining the continuity of the tradition of the Kerala
school of astronomy and mathematics.

INDIAN mathematics encompasses the era of the Kerala School
of Mathematics. The Kerala School of Mathematics flourished
between fourteenth and eighteenth century. During this age, Kerala
immensely contributed to the field of mathematics. It is justifiably
claimed as the golden period in the history of Indian mathematics
(Parameswaran 1998: iii). To our knowledge, the guru—sisya
parampard of the Kerala School of Mathematics commences from
Sangamagrama Madhava' (1340-1425 ck). His decisive steps

! For more details on the contribution of Madhava, refer Sarma 1972: 15-
17; Bag 1976: 54-57; Gold and Pingree 1991; Gupta 1973, 1975, 1976, 1987,
1992 and Hayashi, Kusuba, Yano 1990, etc.



356 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

were followed by Vatasseri Paramesvaran Namptiri* (1360-1455
ce), Damodara® (1410-1520 ck), Kelallur Nilakantha Somayajin*
(1444-1545 ck), Jyesthadeva® (1500-1610 ck), etc. In attempting to
solve astronomical problems, the Kerala School of Mathematics
independently created a number of important mathematics
concepts. Many of the findings of the Kerala School of Mathematics
anticipated the discoveries of mathematicians like James Gregory,
Newton and Leibnitz. However, the discoveries of the Kerala
School of Mathematics were “re-discovered” very late and thanks
to the painstaking efforts of T.A Saraswati Amma,® K.V. Sarma,”
C.T. Rajagopal, K. Mukundamarar (Rajagopal and Rangachari
1978, 1986), etc. for their valuable contributions. K.V. Sarma has
rightly evaluated that the spirit of enquiry, stress on observation
and experimentation, concern for accuracy, researcher’s outlook,
and continuity of tradition are some of the salient features of the
Kerala School of Mathematics (1972: 7-10). Apart from the aforesaid
characteristics, one of the hallmarks of the Kerala tradition is the
periodical revision of systems of computations. Many astronomers
and mathematicians of the Kerala School of Mathematics
introduced refinements and improvements on the methods of
calculations, and it indeed paved the way for the development of

2 For more details on the contribution of Parsmesvara, refer Gupta
1977, 1979; Plofkar 1996; Raja 1963.

® Damodara was the son of Paramesvara. No full-fledged work of
Damodara has come to light. Somayajin has quoted Damodara on
many occasions in his Aryabhatiya commentary.

* For more details, on the contribution of Nilakantha, refer Hayashi
1999; Roy 1990; Sarma, Narasimhan and Somayaji 1998.

® Suggested readings for Jyesthadeva are Sarma 2008; Divakaran 2011;
Sarma and Hariharan 1991.

® For more details, ref. https://www.insa.nic.in/writereaddata/
UpLoadedFiles/IJHS/Vol38_3_8_Obituary.pdf.

7 K.V. Sarma has authored sixty books and 145 research papers. The
complete bibliography of the writings of K.V. Sarma on Indian culture,
science and literature has been compiled and published from Sri
Sarada Education Society Research Centre, Adayar, Chennai, in 2000.
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the twin disciplines — astronomy and mathematics. The present
paper addresses the feature of continuity of astronomical/
mathematical tradition in north Kerala by examining a modern
manual, called Suddhadrgganita®, into account.

Continuity of Tradition and Periodical Revision
in North Kerala in the Medieval Period

Kerala astronomers and mathematicians adhered to the
Aryabhatiyan system and followed the Aryabhatiya. The
Kerala School of Mathematics has produced a large number of
commentaries on the Aryabhattya.’ But at the same time, they were
also deeply engaged in revising, supplementing and correcting
the Aryabhatiyan system for more accurate results. The systems
of computations were revised periodically. One of the significant
events in the annals of Kerala astronomy is the revision of the
Aryabhatiyan system of calculation by Haridatta (c.683 cE).
Through his works, the Grahacaranibandhana (a digest on the
motion of the planets) (Sarma 1954) and the Mahamarganibandana
(a digest of extensive full-fledged astronomy) (Sarma 1954: 5),
Haridatta promulgated the parahita system of calculation. Tradition
(Parameswaryyar 1998) holds that the system was proclaimed on
the occasion of the twelve-year Mamankarh (Skt. Mahamagham)
festival, at Tirunavaya in north Kerala in 683 ct. These corrections
were called bhatasariiskara (corrections to Aryabhata). It was also
called sakabdda-sariskara since it applied from the date of Aryabhata
in the Saka year 444, at which date his constants gave accurate
results. The Bhatasariiskara specifies that for every completed year
after Saka 444, a correction in minutes (kala) —9/85, — 65/134, —

8 This twentieth-century astronomical work authored by V.P.K. Potuval
from the Payyanur, Kannur, north Kerala. The text has been published
with an autocommentary in Malayalam.

 Parames$vara’s commentary (available at https://ia800208.us.archive.
org/1/items/aryabhatiyawithcOOarya/aryabhatiyawithcOOarya.
pdf), Kelallur Nilakanthasomayaji’s comm.(available at https://
1a601902.us.archive.org/28/items/Trivandrum_Sanskrit_Series_
TSS/TSS-101_Aryabhatiya_With_the_Commentary_of_Nilakanta_
Somasutvan_Part_1_-_KS_Sastri_1930.pdf etc. are notable.
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13/32,+45/235, +420/235, — 47/235, - 153 /235, + 20/235 should
be made to the mean positions of the moon, moon’s apsis, moon’s
node, Mars, Mercury, Jupiter, Venus and Saturn respectively (ibid.).
Haridatta also advocated that no correction is necessary in the case
of the sun (ibid.). Inspired by the works of Haridatta, during later
times, treatises like the Grahacaranibandhanasariigraha (Sarma 1954:
App.) were composed. Through the course of years, the results
of computation began to differ appreciably from those of actual
observation. This necessitated corrections to the parahita system
and Vatasseri Paramesvaran Nampftiri (henceforth Paramesvara)
was prompted to compose his magnum opus the Drgganita. The
revealing statements of Parames$vara at the very outset of his work
are as follows:

(The positions of) planets derived according to the parahita
(system of computation) are found to be different (from their
actual positions) as seen by the eye. And, in the authoritative
texts (éastra) it is said that (only) positions as observed (should
be taken) as the true ones. (The positions of) the planets are
the means of knowing the times specified for (the performance
of) meritorious acts. (Here), times calculated from incorrect
(positions of) planets will not be auspicious for those acts.
Hence, efforts should be made for knowing the true (positions
of) planets by those who are learned in the sciences and by those
who are experts in spherics."

The Drgganita of Parame$vara has two parts and the first part
consists of four sections called paricchedas. The method of calculation
of days elapsed in the Kali epoch and the methods for the computation

10 Translation by K.V. Sarma of the verses:
39a=d faem oo fomn wfedifean:
Jaeag]: TR el ureEftadiian||
HehHifeashered 78] fe Farem|
srersfere®: fag: wer: ggl 7 )

3 q WREIRTgg MerfRtaRy W |
Tpeg=RfaRA act: HE fEea: |l
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of the mean positions of the planets are discussed in the first
pariccheda. The position of the mean planets at the commencement
of the Kali epoch have been discussed in the second pariccheda.
The computation of the true position of planets is dealt with in the
third, and the fourth pariccheda is on the derivation of the sine of
arc of anomaly and commutation (manda-jya and $ighra-jya) and
on the method for the calculation of the arc from the sine. The
second part of the text appears to be a reiteration of part one. But
the difference is that the reiteration is done by making use of the
katapayadi system." The author himself has stated that the purpose
of reiteration is “for the benefit of young learners”."? As the results
obtained in the Drgganita system was found more accurate, it was
used for horoscopy (jataka), astrological queries (prasnas) and for
the computation of eclipses (grahana), whereas the use of parahita
was confined to only fixing the auspicious time for rituals and
ceremonies (muhiirta).

Traditional astronomers and astrologers of north Kerala
followed the parahita system for their calculations up to the first
three decades of the twentieth century. Then, some revolutionary
changes took place. Optical instruments like telescope became
common for observation. These instruments are of great use for
observing remote planets by collecting electromagnetic radiation
such as visible light. With the help of telescopes and artificial
satellites, the positions of planets were located more accurately.
Hence, it was felt by the traditional astrologers that the positions of
planets as given by modern science (with the help of satellites, etc.)
can be taken into account and further calculations can be carried
out in the traditional manner itself. This resulted in the advent of
a new system of computation called Suddhadrgganita.”® In Kerala,

' For more details and applications of the katapayadi system, see
Narayanan (2013).

12 Teehy IO 98 HEUAS: | SHA Wigd aenadied 9 ad I
- gd hlﬂq\, gare HIT:, 9UH: Tcdlh:
13 In the Indroduction of Suddhadrgganita, it is stated that the

system of Suddhadrgganita was first suggested by a north Indian,
Venkatesaketakara, through his work Jyotirganita (Saka 1812).
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Puliyur Purushottaman Namputiri,* K.V.A. Ramapotuval® and
V.PK. Potuval® took initiatives for implementing the system of
Suddhadrgganita. Among these three, it was V.P.K. Potuval who
first introduced the system in northern Kerala by composing the
work called Suddhadrgganita.

Types of Astronomical Manuals and
the Nature of Suddhadrgganita

E. Sreedharan, in his Introduction to Suddhadrgganita, has
mentioned about the different types of astronomical manuals. All
the primary astronomical manuals can be grouped into four classes
or types. The first class consists of the Siddhanta texts. These
types of texts include very long procedures for computations.
For calculating the mean position of planets, computations have
to be done from the starting date of the first kalpa and need to
be carried over to the desired date.”” Most of the ancient texts
like the Brahmasphuta-Siddhanta and Siddhanta-Siromani come
under this class. The second class of texts is called Tantra texts in
which calculations from the current yuga up to the desired date
are necessary to derive the mean position of planets. Hence, the
calculations prescribed by Tantra texts is simpler compared to the
Siddhanta texts. Texts like the Aryabhatiya, Tantrasarigraha and

1 Puliyur suggested the system through his work Ganitanirnaya and
the text was used in the southern Kerala.

5 Through Ganitaprakasika, K.V.A. Potuval suggested the system and
it gained popularity in northern Kerala.

16 V.P.K. Potuval is the author of the text Suddhadrgganita. The text
was composed in 1978 ck. Potuval hails from the Payyannur area of
Kannur - a north Kerala district. Apart from Suddhadrgganita, he has
another work called Sitksmadrgganitasopana to his credit. He presented
his Suddhadrgganita scheme of computation in an august assembly of
astronomers and astrologers at Ayodhya and was awarded the title
Jyotirbhiisanam.

17 I eI TASHERAR : RGeS HARIET GRETETA o
TR = %H 3Ad, 9 fagraasy sfa sasmneaersET |
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Yuktibhasa, are examples of the Tantra type of texts.' The third class
is known as the Karana texts. Here, for finding the mean position
or for finding the Kali epoch, the calculations are carried over
from a karanarambhadina (which will be suggested by the author)
to the desired date. Hence, practically the simplest method of
calculation is the one suggested in the Karana type of texts. The
Khandakhadyaka, Karanakutiihala, etc. are Karana type of texts.”
Most of the texts produced by the Kerala School of Mathematics
are Karana texts. The Grahacaranibandhana, Drgganita Paficabodha,
Sadratnamala, Karanapaddhati, Jyotissastrasubodhini, etc. come under
the Karana class. The fourth class is known as Vakya texts, in
which mnemonics are organized into tables. So, a person without
much knowledge of mathematics can find planetary positions,
without doing much calculations. The Vararicivakya, Vakyakarana,
Kujadipaficagrahavakyas, etc. are examples of the Vakya class of
texts. As SDG suggests a karanarambhadina for calculations, it is
Karana type of text.

Topics such as finding the ahargana (Kali epoch), finding the
mean position of planets, finding the true position of planets, are
generally discussed in the Karana type of texts. As stated, they
also provide a karanarambhadina (a date, starting from which all
the calculations are carried over) and the position of planets at a
specified date and at a specific time (which are known as dhruvakas).

Parameters Used in Suddhadrgganita

Suddhadrgganita, being a Karana type of text, suggests methods for
finding the Kali epoch, mean position of planets, true position of
planets, etc. by providing a karanarambhadina. Karanarambhadinas
provided by the Karana texts are in order to make the calculations
easy. The karanarambhadina suggested by Suddhadrgganita is the
Independence day of our country, i.e. 15 August 1947, and the
desired time given is the sunrise of the same day. The calculations
and positions of planets provided in Suddhadrgganita are in
accordance with the place Trivandrum, the capital of Kerala

18 FARHGIRENode Heal SAd, aq a1 |1
19 AT STRfEARRE T S=Ad A FROTALI, |
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(having a longitude of 77°E). Hence, it should be noted that the
position of planets at a longitude 77°E on 15 August 1947 at sunrise
are directly provided in Suddhadrgganita. These mean positions
of planets on a desired date and at a desired time suggested by
Karana texts are called dhruvakas. To get the positions of planets
at any other date, time and place, further calculations have to be
carried out.

Suddhadrgganita on Finding the Kali Epoch

Suppose one has to find the kali-dina-sankhya of any day, say the
1%t day of the month of Simha in the Kollam® year 1175 (i.e. 17
August 1999, Tuesday).

Then according to Suddhadrgganita, one has to proceed as
follows:#

Step 1: Multiply the Kollam year (to which the Mesa month of the
target date belongs) with 365 —i.e. 1174 x 365 = 4,28,510. This result
is known as diavasa-sarikhya.

Step 2: The Kollam year is multiplied by 10 and divided by 39,
and the result is added to the obtained divasa-sarikhya —i.e. (1174
x 10)/39 + 428,510 = 428,811.
Step 3: The number 1,434,007 is added to the final result obtained in
step 2, i.e. 428,811 + 1,434,007 = 1,862,818. This will be the ahargana of
the 1** day of Mesa (Aries) of the Kollam year we have considered.
Step 4: The number of days elapsed after the 1% day of Mesa up
to the target date is added to the result in step 3, i.e. 125 is added
and hence the answer is 1,862,943.

Hence, according to Suddhadg*gganita, 1,862,943 is the kali-dina-
sarnikhya of 1** day of Sirhha month, 1175.

% The Kollam (Kolamba, Skt.) year commenced from 15 August 824 ck.
For more details, see Sarma 1996.

2 FHieTeaHifEdAde: (365) T Hiersdl Yfe (39) &g (10) = | faes
ﬁ'—ﬂ—?ﬁ!—’l@?ﬁ (14300007) Jaresam fheamadsE: |
— Suddhadygganita, TeHEAHIHIOM_ , I ¢
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Suddhadrgganita on Finding the Mean Position of Planets

Let us now analyse the method of finding the mean position of Sun
as suggested by Suddhadrgganita. The following steps are involved
in the calculation.

Finding the mean position of the sun as elucidated by
Suddhadrgganita:
Step 1: At first, find the difference between the two aharganas, i.e. the
ahargana (kali-dina-sankhya) of karanarambhadina and the ahargana
of the desired date. The result obtained is known as khandasesa

Step 2: This khandasesa is multiplied by 11 and divided by 764 to get
the bhagadi (bhaga means degree so the result should be in degree,
minute and second).

Step 3: The bhagadi (obtained in step 2) is subtracted from khandasesa.
The result is known as the prathama phala of siiryagati.

Step 4: Khandasesa is divided by 2,374 and the quotient is known
as dvittya phala which will be in kaladi (minute, second and arc
seconds).

Step 5: The prathamaphala obtained in step 3 and dvitiyaphala
obtained in step 4 is summed up and siryagati phala is found out
from this sum.

Step 6: The siiryagati phala obtained in step 5 is added with the
sitryasphuta of karanarambhadina which will give the mean position
of the sun (at Trivandrum) at sunrise on the target date.

Now, suppose one has to find out the mean position of the
sun on a desired /target date, say the 1** day of the month Sirnha,
in the Kollam era 1175. Then, according to Suddhadrgganita:

Step 1: The difference between the aharganas of karanarambhadina
and the desired date has to be found out.

The ahargana of the desired date (1% Sirhha of 1175) = 1,862,942. The
ahargana of karanarambhadina (15 August 1947) = 1,843,947

Their difference is 1,862,942 — 1,843,947 = 18,995; which is known
as khandasesa.

Step 2: The khandasesa is multiplied by 11 and divided by 764 to
get the bhagadi.
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18,995 x 11/764 = 273 degrees 29 minutes 18 seconds.
Step 3: The bhagadi (obtained in step 2) is subtracted from khandasesa.

18,995 deg. 00 min. 00 sec. —
273 deg. 29 min. 18 sec.

18,721 deg. 30 min. 42 sec., which is known as the prathama
phala of stiryagati.
Step 4: The khandasesa is divided by 2,374 and the quotient is known
as dvittya phala (which will be in kaladi/ minutes)
18,995
2,374
Step 5: The prathama phala and dvitiya phala are summed up and
the siiryagati phala is found out from this sum.

18,721 deg. 30 min. 42 sec. +
0 deg. 08 min O sec.

=0 minutes 08 seconds 00 arc seconds.

18,721 deg. 38 min. 42 sec. 1 deg. 38 min. 42 sec. (as 18,720
is exactly divisible by 60).
Step 6: The siiryagati phala obtained in step 5 is added with the
sitryasphuta of karanarambadina, which gives the mean position of
the sun on the desired date.
The siiryasphuta of karanarambadina is provided by Suddhadygganita
by the phrase mabandhusridharolam?® (which in katapayadi
corresponds to 3 rasi 29 deg. 29 min. 35 sec.)

0 rasi 01 deg. 38 min. 42 sec. +

3 rasi 29 deg. 29 min. 35 sec.

4 rasi 01 deg. 08 min. 17 sec.; which is the mean position
of the sun on 1% Sirnha 1175 at sunrise at Trivandrum.

2 The grahasphutas in karanarambhadina are given in Suddhadrgganita by
the verse:

A SRee AftTee T Sfafaf<i=l: quantis Agsaua e =areon
oA ;| U @O Juadeqenedl FReReTd T et
JHATEE G |
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Conclusion

The methods of finding the kali-dina-sankhya and the mean
position of planets were among the major subjects of discussion
in the Keralite astronomical texts.”® For example, the seventh-
century text Grahacaranibandhana of Haridatta had discussed the
method of finding kali-dina-sankhya and the mean position of
planets. Later, in the fourteenth century, the Drgganita of Vatasseri
Parames$varan Nampiitiri, also discussed the method of finding
kali-dina-sankhya** and the methods of finding the mean positions.
But each time when these methods were promulgated, there was
some novelty and this novelty does not lie in the methodology.
Rather, the novelty lies in the revision of astronomical constants.
As the position of planets derived according to some specified
system of computation was found to be different from their
actual positions, different texts and systems of computations
were produced in Kerala periodically. Thus, the contributions of
texts like Suddhadrgganita do not lie in the enunciation of any new
working methodology but on the periodical revision of different
astronomical constants. As has been discussed, Suddhadrgganita
being a Karana type of text, made the computations easier by
suggesting new astronomical constants. Thus, by suggesting new
multipliers and divisors for the derivation of days in the Kali epoch
for the calculation of mean position of planets and by revising
the systems periodically, Suddhadrgganita serves to maintain the
continuity of the Kerala tradition of astronomy and mathematics.

# Even non-Keralite works have also discussed kali-dina-sankhya-nayana.
e.g. Sripati (eleventh century cE), in his work Siddhantasekhara, has
discussed seven different methods for finding the kali-dina-sarikhya. For
more details refer the Sekharavaisistyam, Ramakrisha Pejjathaya, SMSP
Sanskrit Research Centre, Udupi, pp. 33-36, 2002.
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Some Constr/uctions in
the Manava Sulbasttra

S.G. Dani

Abstract: The Manava Sulbasiitra, while less sophisticated than the
other Sulbasiitras, is seen to contain some mathematical ideas and
constructions not found in the other Sulbastitras. Here we discuss
some of these constructions and discuss their significance in the
overall context of the Sulbasttra literature.

Introduction

AMONG the works from the Vedic period that have come down to us,
the Sulbasiitras constitute a major source enabling understanding
of that time concerning the mathematical aspects. Sulbasitras were
composed in aid of the activity around construction of agnis and
vedis (fireplaces and altars) for performance of the yajiias which, it is
needless to add here, had a very important role in the life of the Vedic
people. The Vedic community was fairly heterogeneous, though with
a shared tradition and body of knowledge, and there would have
been numerous gulbasﬁtras, used by various local communities.
Not surprisingly, very few have survived. Of the handful of extant
Sulbastitras, four are found to be significant from a mathematical point
of view: The Baudhayana Sulbasiitra, Apastamba Sulbasiitra, Manava
Sulbasiitra and Katyayana Sulbasiitra.
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While there is considerable uncertainty about the time when
the Sulbasiitras were composed, it has now become customary
among the commentators to assign to their composition the period
800-200 Bck, with the Baudhayana §ulbasﬂtm, believed to be the
earliest, to be from around 800-500 Bck. It is also concluded from
various considerations that the Manava Sulbasiitra is from a later
period than the Baudhayana Sulbasiitra, but is a little older than the
Apastamba Sulbasiitra and considerably so compared to the Katyayana
Sulbasiitra; the ranges assigned typically are 650-300 BcE for the
Manava and Apastamba Sulbasiitra and 400-200 for the Katyayana
Sulbasiitra. Despite being the oldest the Baudhayana Sulbasiitra is found
to be better organized and more elegant in its presentation among all
the four, while the Manava Sulbasiitra is least appealing from these
considerations.

It has also been the one to have received least attention in terms
of editions, commentaries, etc. whether in traditional or in modern
context, perhaps due to its lack of appeal. The first modern edition
with English translation, due to Jeanette van Gelder (1963), is only
a little over fifty years old, while for the others similar activity was
undertaken well over 100 years ago, in the nineteenth and early
twentieth centuries.

Notwithstanding its lack of appeal, there are some very
interesting original observations in the Manava Sulbasiitra in terms
of the mathematical content, which in the overall context seem to
have not received adequate attention. I may also putin a comment
here that there seems to be a tendency among the scholars in the
area to view the Sulbastitras body of knowledge mostly as a totality
and the special features of the individual Sulbastitras are scarcely
highlighted, except at a superficial level, while, on the other hand,
there is no doubt that comparative studies between the individual
Sulbasiitras could throw a good deal of light on various aspects
of the Vedic civilization, especially as the Sulbasiitras are from
different periods, and very likely also from different geographical
regions of India. It is the aim of this article to highlight some of
the unique features of Manava Sulbasiitra compared to the other
Sulbasiitras.
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Circumferance of the Circle

During the ancient period, around the world the ratio of the
circumference to the diameter of the circle was thought to be 3,
and the belief is also reflected in one of the siitras in the Baudhayana
Sﬁlbasﬂtm; at one point there is an incidental reference to this, where
a circular pit “with diameter 1 pada and circumference 3 padas” is
mentioned, indicating that the circumference was taken to be three
times the diameter. The issue does not feature elsewhere in the
Baudhayana Sulbasiitra and in the Apastamba and Katyayana Sulbasitra.
In the Manava Sfulbasﬂtm, however, one sees a recognition that the
assumption is not correct. A verse in the Manava (10.2.3.13 as per
Kulkarni (1978) and 11.13 as per Sen and Bag (1983) numberings) states:

viskambhah paficabhagasca viskambhastrigunasca yah |
sa mandalapariksepo na valamatiricyate 1\

A fifth of the diameter and thrice the diameter is the circumference
of a circle, not a hair-breadth remains.

Viskambha, which also means supporting beam or bolt or bar of a door
(see Monier-Williams and Apte), was the technical term used for the
diameter of a circle. Mandala stands for the circle and pariksepah is
the term for the circumference. Even though the value described is
considerably off the mark, the fact of recognition of the ratio being

! One may wonder why the value for the ratio was taken to be 3 across
various cultures. My hypothesis on the issue is that the idea of the
ratio being 3 dates back to the time when humans were yet to think in
terms of fractions (except perhaps for “half”, which may have meant
a substantial portion that is not nearly the whole — as commonly used
even now in informal conversations — rather than its precise value);
it may be noted that while encounter with the circle, in the context of
wheels, is atleast over 5,000 years old, fractions seem to have appeared
on the scene in a serious way, in Indian as well as Egyptian cultures,
only around the first millennium Bce. The ratio is thus 3 in the sense
thatitisnot2 or 4, or even “three and half”. The ingrained notion could
have developed into a belief (often tagged also to religious authority). It
was then not reconsidered for a long time, even after fractions became
part of human thought process. The episodes such as discussed here
mark a departure from the past.
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strictly greater than 3 is worth taking note of, and so is the apparent
exultation over the finding.?

It may be recalled here that in the Jaina tradition a similar
recognition is seen in siiryaprajiiapti (believed to be from fifth
century BCE), where the classical value 3 for the ratio is recalled and
discarded in favour of another value V10. The values could thus be
contemporaneous, but evidently unrelated from a historical point of
view, especially on account of the substantial difference in the values
proposed, in numerical as well as structural terms.

A brief description of the location of the verse in the body of the
Manava Sulbasiitra would be in order here, to place the verse in context.
Section 10.3 in which the verse occurs, at 10.3.2.13,2 is the last of the
three sections in the Manava Sulbasiitra, referred by the sulbakara as

2 In van Gelder (1963) and in Kulkarni (1978) following it, the verse is
wrongly interpreted as concerning determination of a square with the
same area as the given circle: the translation of the verse is given as
“Dividing the diameter of the circle into five parts and then individual
parts into three parts each (thus dividing the diameter into 15 parts
and taking away two parts) yields the side of a square with the same
area as the circle. This is accurate to a hair-breadth.” If the translation
in the first part were to be correct then it would correspond to the
formula for the side of the square with area equal to that of a given
circle is 13 seen in the Baudhayana (at 1.60) and also in the Apastamba
and Katyayana Sulbasiitra. The translation, however, is quite erroneous
inmany respects: occurrence of the word viskambha twice readily shows
that it is not the individual parts that are being subdivided, and there
is no reference at all to taking away two parts from the 15 subdivided
parts. Besides, pariksepa unambiguously corresponds to circumference,
with the verb pariksip meaning “to surround”, “to encircle”, etc. (see
Monier-Williams, Apte), and not the area. It appears that having
difficulties in interpreting the verse the translator chose to relate it to
the 13/15 formula seen in the other Sulbasiitras. The translation in Sen
and Bag (1983) on the other hand is along the lines described here.

w

Actually the 10 is superfluous in these numbers, since the whole of
Manava Sulbasiitra is covered in sections of chapter 10; the numbering
has to do with the translation of the Manava Sulbasiitra in van Gelder
(1963), in which the Sulbastitra appears as chapter 10.
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Vaisnava; the significance of the name, and association with Visnu, if
any, is not clear from the contents of the section. The general narrative
in the part containing the verse concerns description of construction
of vedis. Interestingly, after talking about the volume of the vedi called
Samitra vedr the siitrakara states:

ayamamayamagunam vistaram vistarena tu |
samasya vargamiilam yat tatkarnam tadvido viduh |

Multiply the length by the length and the width by the width.
It is known that adding them and taking the square root gives
the hypotenuse.

The reader would recognize this statement as an equivalent form
of what is called the Pythagoras Theorem, with the figure in
question (not specified in the verse) being the rectangle.* It may
also be noted that the statement is in quite a different form than
in the other Sulbasiitras; in a way, while the other Sulbasiitras
seem to be referring to geometric principle involved, considering
in particular the areas of the squares over the respective sides, the
exposition here is seen to be focused on computing the size of the
hypotenuse from the sizes of the sides, without specific reference
to the underlying geometry.

A few verses down from there, which concern practical details
about the vedrs and the performance of yajiia, we are led to another
important mathematical statement, involving now the construction
of a circle with the same area as a square.’ In the Vedic literature

* Kulkarni (1978) also mentions the right-angled triangle in this respect
but there is no evidence, on the whole, of the Sulbastitras discussing
right-angled triangles.

o

Itis argued in Hayashi (1990) that 10.3.2.10 gives rules both for squaring
the circle, and circling the square, with the latter being the same as
Baudhayana's rule discussed earlier. The rule for the other direction,
according to the interpretation in Hayashi (1990) is that given a circle,
the perpendicular bisector of the equilateral triangle with the diameter
of the circle as the side, is the side of a square with the same area as
the circle. The argument involves an emendation of the extant text,

which the author justifies also on considerations of grammar, but with
5
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this issue concerns constructing the ahavaniya, which is a square and
garhapatya which is circular with the same area;® along with there is
also the semicircular figure with the same area to be constructed for
the daksinagni. The method described here for finding a circle with
the same area as a given square is the same as given in the Baudhayana
Sulbasiitra in geometrical content, but formulated with a difference: in
an isosceles triangle produced by the diagonals of the square, extend
the perpendicular (as much as the semi-diagonal side of the triangle)
and of the extra part of the semi-diagonal (beyond the side) adjoin a
third part of it to the part within the square, to get the radius of the
circle. As is well known (see in particular Dani (2010) for a discussion
on this) this is not very accurate, but is interesting as an approximate
construction. This is followed by two verses which concern doubling of
area when measure of a side is replaced by that of the diagonal of the
square. This is evidently related in this context with the construction
of the daksinagni, though it has not been explicitly mentioned, and
has also not been brought out in the translations in Kulkarni (1978)
and Sen and Bag (1983).

And then comes the cited verse for the circumference of the
circle! What is the relevance that we can identify? We see that some
circles have appeared on the scene, though what is involved about
them are the areas. Nothing in the context warrants, apparently,
consideration of the circumference. However, having got to the circles,
seems to have inspired the author to mention, and that too with some
gusto, something interesting that he had realized, namely, that the
circumference is not just three times the diameter as people thought,
but more than that, and one would have a safe estimate by adding

« it many aspects which are unclear from the earlier translations from
van Gelder (1963) and Sen and Bag (1983) become clearer. As noted
in Hayashi (1990) the above-mentioned rule for squaring the circle is
unique to the Manava Sulbasiitra. The rule however is not very accurate.

o

In Dani (2010) concerning the motivation for considering the problem
of circling the square, I had made a reference to the rathacakraciti,
which however seems to be an inadequate explanation — the primary
motivation for the problem is very likely to have been the equality of
the areas of ahavaniya and garhapatya.
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one-fifth of the diameter. Thus the statement (like much else actually,
but it bears emphasis here) appears to be side input, from which it
would be difficult to draw further inference about the thought process
that may be involved.

Indeed, one may wonder why the sulbakara chose the value
3% for the correction, rather than something that would have been
better, specifically like 1/6, if not 1/7. From the context, and the
value itself, it is clearly an ad hoc value being adopted, essentially
in the context of becoming aware of the classical value of 3 for the
ratio is not satisfactory, and that something remains. I may reiterate
here in this respect that the verse notes that “not a hair-breadth
remains”, which is what atiricyate corresponds to, with the verb
atiric meaning “to be left with a surplus” (see Monier-Williams), and
is strictly not a reference accuracy in terms of both lower and upper
estimates (as treated, for instance, in Kulkarni (1978)). But having
recognized that the value should be more than 3, why and how did 3%
come to be chosen for it. The value 3;, which would be appropriate
in hindsight, would perhaps would have been rather odd (lacking
in aesthetic appeal, which is often a consideration while making
ad hoc choices) to think about at that time. However, why not,
say 3 %, which would have been much closer to the correct value?
Thinking of a sixth would seem simpler and natural compared a
tifth part, it being half of a third, and division into three parts is
easier operationally, than into five parts, and then halving would
of course be the trivial next step.

The sitrakara, however, prefers to consider division into five
parts. A clue for this seems to lie in the decimal place value system
of representation of numbers (writing numbers to base 10, as we
do now). For a number written in this system, it is much easier to
compute its fifth part than the third, or any other, part. Indeed, the
Manava Sulbasiitra shows preference to using decimally convenient
divisions in other contexts as well. The verse following the cited one,
for the circumference describes the size of a square inscribed in a
circle, viz. with vertices on the circumference. It may be noted that
the desired size would be 1/ V2 times the diameter of the circle.
The prescription given is to divide the diameter into 10 parts and
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take away 3 parts; thus 7/10 is used as a (n approximate) value for 1/
V2. Actually, for V2, there was a standard approximate value 17/12
adopted in the Sulbastras, according to which the desired ratio
would be 12 out of 17 parts, which would be more accurate, but
Manava adopts the proportion 7 out of 10, suggesting preference
for decimal division. In the verse for a new construction for circling
the square, which we shall discuss in the next section, there is a
division into 5 parts involved. It may also be recalled here that the
major large unit involved in the Sulbasiitras is purusa and there is a
subunit aratni, which is a 5™ part of purusa. This may also be looked
upon as a factor, related to the use of the decimal system, which
would have encouraged considering division into 5 parts. I may also
recall here that in the construction of various vedis that are described,
division by 5 is involved in many computations.

We conclude this discussion with another small related
observation. Granting that the value of the circumference to diameter
ratio was recognized by the sulbakira as being greater than 3, and
that he looked for additional decimal parts after which “nothing will
remain”, % is the right choice; 1/10 would have been closer, but it is
less than the correct value.

Circling the Square

As noted in the last section the problem of circling the square, namely,
of describing a circle with the same area as a given square, had attained
considerable importance in the Sulbasiitras period. It may be
emphasized that the framework envisaged for the problem is quite
different from the analogous problems in Greek mathematics, where
the constructions were sought to be performed with only the ruler
and compass, and any comparison of the achievements of the ancient
Indians, in the context of the Greeks “not having been successful”
with the problem are facile and irrelevant. The constructions given
are important in terms of historical development of mathematical
ideas and need to be viewed only as such.

We have gone over the geometric construction given in the
Baudhayana Sulbasiitra for drawing a circle with the same as a given
square. As noted there, the result it produces is not very accurate,
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and in fact involves an error of the order of 1.7 per cent (see Dani
(2010) for more details in this respect). In course of time, the
suspicions would have gained weight, serving as motivation to
look for an alternative construction, and one seems to find such
an attempted construction in the Manava Sulbasiitra, which we
shall now discuss.

The construction in question is described in a verse which follows
right after the contents discussed in the last section here (in 10.3.2.15
as per the numbering of Kulkarni (1978) and 11.15 of Sen and Bag
(1983). The verse is:

caturasrarit navadha kuryat dhanuh kotistridhatridha
utsedhatparicamarit lumpetpuriseneh tavatsamar 1\

The first part of the verse may be translated, quite unambiguously, as:

Divide the square into nine parts, (by) dividing the horizontal
and vertical sides into three parts each.

Unfortunately, arriving at the right translation of the rather terse
second part of the verse, and its interpretation, call for additional
inputs of contextual nature, and want of these seems to have
confused earlier translators: in Sen and Bag (1983) the authors
translate the second part as:

drop out the fifth portion (in the centre) and fill it up with
loose earth.

And in the commentary section, they comment:

Possibly these are not problems of quadrature of the circle. Ordinary
squares are drawn without any mathematical significance.

The comment seems quite unwarranted, though it may be
emphasized there that nothing in the verse specifically indicates
that it does concern a quadrature formula, or procedure towards
one. In Kulkarni (1978), following van Gelder (1963), the second
part is interpreted (in Marathi and Hindi equivalents) as:

from the part jutting out take away one-fifth part and draw a circle
with the remaining part as the radius.
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Here the word utsedha is interpreted to mean the part of the
trisectors (arrived at in the first part) that is jutting out on either
side of the square, until meeting the circle passing through the
vertices of the square. One-fifth of that is subtracted from the
segment of the trisector up to its midpoint and the remaining
part is taken as the radius of the prescribed circle. Implementing
the procedure accordingly, they calculate the radius; it, however,
turns out to be much too large for the corresponding circle to have
the same area as the square, thus putting the interpretation into
question, but the matter is left at that, with no comment.

Another interpretation of the verse was given by R.C. Gupta
(1988) (see also Gupta (2004)). Here utsedha is interpreted to mean
“height” and is associated with the “height”, viz. the radius, of the
semi-circle from the circle through the vertices of the square. Thus,
the author infers that the radius of the prescribed circle is meant
tobe 4/5" of the circumscribing circle. With this interpretation the
area of the circle produced, starting with the unit square, works
out to be 8m/25, and thus the procedure corresponds to a value
of T as 25/8. This is a good value by the Sulbasatras standards.
However, the interpretation is unsatisfactory in various ways. First
and foremost, the interpretation does not involve the first part
of the verse at all. It is inconceivable that the sulbakara first asks
you to elaborately divide the square into nine parts, and in the
following line gives a procedure for the quadrature problem which
has nothing to do with the subdivision. Second, in the second part
if it was just the radius of the circumscribing circle to be used as
a reference, why would it be referred to with the unusual word
utsedha, which does not occur anywhere else in the Manava (or
in other Sulbasiitras), rather than in terms of the diameter of the
circle, which is something that occurs so frequently in Sulbasitra
geometry.

For a faithful interpretation of the verse it seems imperative
that it must involve the trisectors of square introduced in the first
part; also utsedha must have something to do with the trisectors
and the choice of the unusual term must have to do with that the
trisectors also do not occur anywhere else. Thus, it would seem that
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the interpretation in van Gelder (1963) and Kulkarni (1978) is on the
right track inasmuch as it focuses on considering individually the
lines trisecting the given square along each of the sides, extended
up to the circle passing through the vertices of the circle. The circle
isindeed being described in terms of certain points on these lines.
The main difficulty however seems to be in understanding which
points are meant. Evidently, the interpretation with regard to the
points, and how they are to be used (see more on this below),
adopted in van Gelder (1963) and Kulkarni (1978) does not seem
to the right one, as it is way off the mark.

The overall formulations and symmetry considerations suggest
that we are to pick two points on each of the four lines that trisect the
square along a side, located symmetrically (and hence at the same
distance from the centre of the square) and the circle through these
points is the desired circle; this in a way explains the explication
through “covering with loose earth”, as the totality of the eight points
is indicative of a circle which is what is to be covered. Now, which
are the two points on each of the lines? One would be in a better
position to figure out what the sulbakara’s line of thought, if one keeps
in mind the Baudhayana construction of the circle, described earlier.
Recall that there the bisector of the square is extended until meeting
the circle through the vertices, and 1/3™ of the part is added to the
segment within, to get the radius of the circle that is sought after; one
can alternatively think of this as identifying the point through which
the circle should pass (the centre of the circle is of course understood
to be the centre of the square). The new idea now is that instead of
the bisectors of the squares we are considering the trisectors. On the
bisectors the points in question were chosen to be at 1/3" of the jutting
out part, from the side of the square. One now needs to look for a similar
number, and the analogous point on the trisectors, to complete the
analogous construction. The number is picked to be 1/5%; the choice
could have been based on intuition, and the point is now meant to
be on the trisector at 1/5" of the jutting out part, from the side of the
square. At this point the analogy with the Baudhayana construction
throws open, to our minds, two possibilities, one is to take the
segment of the trisector up to the point thus constructed either from
the midpoint of the trisector, or the centre of the square; in the case of
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the Baudhayana construction with the bisector the two coincide, but
here they are different. For some reason in Kulkarni (1978) the former
interpretation is favoured (with respect to the point picked there,
on which was commented upon above). However, viewed in the
full context, it is the other interpretation that may be seen to be
more appropriate. The sulbakaras do not in general try describe a
number for the radius, but a region to be covered determined by
some point (or a collection of points), and second, in the overall
context of the description of the construction the midpoint of the
trisector has no relevance (and has not been referred to). Once
these points are noted, the inference would be that the prescribed
circle passing through the point(s) as above on the trisectors, at
one-fifth of the jutting out part from the side of the square. One
may now rewrite the interpretation of the second part, referring
to the collection of the 8 points, as:

on the parts jutting out mark the points at one-fifth (from the
square) and draw the circle through them.

A simple calculation shows that for a square with unit side length
the radius of the circle is

2
1{ 1(\/5 ]} 1
LS P VA
A EE 8

and this yields the area of the circle to be 0.994 ..., a much more
accurate value compared to the earlier one, with an error of only
about 0.5 per cent, in place of 1.7 per cent (see Dani 2010) for
details of the calculations and other related comments). Thus, from
a mathematical point of view, this turns out to be a good choice.
We see also that it emerges naturally as a generalization of the
Baudhayana construction in terms of development of ideas. As a
result, it seems reasonable to expect that this is what the sulbakara
had in mind. The interpretation incorporates all the components
of the verse, and all the ingredients needed in the formulation
may be seen to be present in the verse, in their natural order. The
author is hopeful that the interpretation would be confirmed to
be valid by expert Sanskritists, from a linguistic point of view,
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possibly after some emendation that could be justified based on
considerations of Corruption on account of one or other factors.
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Geometry in Sulbasfitras

Sudhakar C. Agarkar

Abstract: India has a long tradition of mathematics. A variety of
mathematical principles were used in rituals followed in ancient
Indian society. Although most of these principles were passed
on from one generation to another orally, some of them have
been recorded in siitra forms. Sulbastitras composed sometimes
in 800 BCE is one such document. It depicts some of the major
theorems of modern geometry. Pythogoras theorem can be
cited as an example. The Bodhayana Sulbasiitra clearly states
the theorem in the context of a diagonal of a rectangle. It goes
on describing how to draw figures like square, rectangle and
circle. Sulbastitra also describes the methods of transformation
of figures. Procedures for transforming circle into a square,
a square into a circle, circle into a rectangle and a rectangle
into a circle are given clearly. Study of these procedures and
principles brings out clearly how deep geometrical concepts
were embedded into the thinking of our ancestors. This paper
attempts to highlight geometrical knowledge of ancient Indian
mathematicians as presented in Sulbasitras.

Keywords: Ancient geometrical knowledge, mathematics in
rituals, Sulbasiitras, transformation of figures.
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Introduction

OuRr search for ancient mathematical literature takes us to
Sulbasiitras that deal with the rules for the measurement and
construction of various sacrificial fire places (agni) and altars
(vedrs). Sulbasiitras do not describe geometry in the forms of
formulae or statements of theorems. Instead, they give guidelines
for the accurate layout of altars and fire places. In spite of the above
limitations the Sulbasiitras have a special place in the history of
Indian mathematics.

The name Sulbasitras is derived from two Sanskrit words
$ulba and siitra. Sulba in Sanskrit literally means a cord, a rope or
a string. It is derived from the basic word sulb or sulv meaning
to mete out or to measure. The word siitra means aphorism or a
short rule. In ancient India, there was a practice of using slokas
for writing. These $lokas give a lot of meaning in shortest possible
words. Since most of the knowledge in ancient India was passed
on from one generation to another through oral mode, this siitra
mode of writing helped them to remember and reproduce the
matter correctly.

There are many versions of Sulbasiitras available. Out of
these the Sulbastitras of Baudhayana, Apastamba, Katyayana and
Manava are well known.

* Baudhayana Sulbasiitra: 323 siitras in 21 chapters

e Apastamba Sulbasiitra: 202 verses in 21 chapters

e Katyayana Sulbasiitra: 61 verses in 6 chapters

 Manava Sulbasiitra: 233 verses in 16 chapters

Exact time of the composition of these treatises is not known.
But historians give the following chronology:

e Baudhayana Sulbastitra: 800-500 BCE
 Manava Sulbasutra: 750-690 BCE

o Apasatamba Sulbasiitra: 650-450 BCE
e Katyayana Sulbasttra: 400-300 BCE
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Sulbastitras provide useful information about geometrical
figures and their transformations. As T.A. Saraswathi Amma (2017)
mentions in her book, Geometry in Ancient and Medieval India, the
geometrical contents of the Sulbastitras can be broadly divided into
three categories: 1. Theorems expressly stated, 2. Constructions,
and 3. Geometrical truths implied in constructions.

Theorem of Square of Diagonal

The theorem popularly known as Pythagoras Theorem is
mentioned in and the Baudhayana Sulbasiitra in the following sloka:

KR ERRIRES B N I SRR 1]
ERGERINERat e
The diagonal cord of a triangle makes both (squares) that the

vertical side and the horizontal side make separately. Pictorially
the theorem is shown in fig. 26.1.

The theorem is also extended to square. In this case since the
vertical and horizontal sides are same it is stated “The diagonal
cord of a square makes double the area” in the following sloka:

BRI RINES (S IERIs (e U]

P Q
fig. 26.1 The Katyayana form of Pythagoras’s Theorem
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Perpendicular Bisector of a Line

Sulbakaras had the duty to find out the directions. Using the
shadow of the sun they could determine the east-west direction.
In order to find the north-south direction they used to draw a
perpendicular bisector to the east-west line. This procedure is
described in the following sloka:

TR e, YAy
U EA¥I o, Te [UaHaRd: |ar]

Doubling the distance between the end points on a cord and
making ties one fixes the ties on the pins, stretches the cord to
the south and strikes a pin at the middle point. Similarly to the
north. That is the north-south line, a perpendicular bisector of
an east-west line.

Actual procedure of obtaining the perpendicular bisector is shown
in fig. 26.1. This method looks similar to the modern method of
obtaining the perpendicular bisector where arcs are drawn instead
of stretching the ropes.

Construction of a Square

Square is a common figure in geometry. Sulbakaras suggested a
practical method of obtaining the squares. The most primitive
method of getting a square is based on drawing a perpendicular
bisector to a given line from its midpoint. It suggests to take a
bamboo equal to the length of the side of a square. It should have
holes at the ends and at the middle. Place the bamboos at the right

angles to the first one. Slip the middle hole of the bamboo so that
N

e
/:\\
FARN

fig. 26.2: Procedure of obtaining the perpendicular bisector
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fig. 26.3: How to make a square: a practical method

its ends touch the arcs. The ends of the bamboo mark the corners
of the square. Since the bamboo is tangential to the arc it makes
a right angle with the other bamboo touching it (fig. 26.3). Let AB
be the line with O as its centre. A bamboo equal to the length of
AB is first pivoted at A and the free end is rotated as shown. Then
the bamboo is pivoted at B and the other end is rotated. These two
arcs meet at P. Join OP and extend. Finally place the bamboos or
draw lines tangential to these curves. We thus get square ABCD.

Square Equal to Sum of Two Squares

The Apastamba Sulbasiitra suggests a very simple method of getting a
square equal to two squares in the $loka as given below (see fig. 26.4):

THIE: H0A FHIE gEgfeaed|
FEIRAREY TR

With the side of a smaller one a segment of the bigger one should
be cut off. The diagonal cord of the segment will combine the

two squares.

z

A

1l 1
i B p X Q

fig. 26.4: Method to find a square equgl to the sum of two given
squares is given in all Sulbastitras
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Let ABCD and PQRS be two squares. Mark the point X taking the
distance equal to the side of a smaller square. Join X with the vertex
S. The length of this line should be the length of the new square.
Thus, square XYZS is equal to two squares ABCD and PQRS.

Square Equal to Difference of Two Squares

Even the method of finding out a square equal to the difference of
two squares in the Apastamba Sulbasiitra is quite simple. It states:

TR FSER aafafsEta 7@ s gEgfeaed|
FEEET YIREHMT ST Tald Uve SuHed 91 I Frucesufsemll

Wishing to deduct a square from a square, one should cut off
a segment by the side of the square to be removed. One of the
lateral sides is drawn diagonally across to touch the other lateral
side. The portion of the side beyond this point be cut off.

The procedure is illustrated in fig. 26.5. Let ABCD be the larger
square and AE be the side of the smaller square. Mark a point E
equal to the length of small square side. Draw AD diagonally until
it touches EF at P. EP will be the side of square after subtraction.

Converting Rectangle into a Square

As stated above the Sulbastitras give procedures for transformation
of figures. It would be appropriate to see some of them. As a first
case let us take the conversion of a rectangle into a square. The
Apastamba Sulbasiitra gives the following procedure for this

conversion:
D F C

A E B

fig. 26.5: Method to find out a square equal to
the difference of two squares
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D (o]
X Y P
E
F R
L N
M
A G B Q

fig. 26.6: Finding a square equal to a given rectangle
refaqresl aeaqd fafeto fofes mmmfe)
T fassed SUREATd, WUe "R SqRdl|

Wishing to turn a rectangle into a square, one should cut off
a part equal to the transverse side and the remainder should
be divided into two and juxtaposed at two sides. The bit at the
corner should be filled in by an imported bit.

The procedure to be followed is described below along with
(see fig. 26.6). The rectangle ABCD is given. Let L be marked on
AD so that AL = AB. Then complete the square ABML. Now bisect
LD at X and divide the rectangle LMCD into two equal rectangles
with the line XY. Now move the rectangle XYCD to the position
MBQN. Complete the square AQPX. Now rotate PQ about Q so that
it touches BY at R. Then QP = QR and we see that this is an ideal
“rope” construction. Now draw RE parallel to YP and complete
the square QEFG. This is the required square equal to the given
rectangle ABCD.

Converting a Square into a Rectangle

The procedure to convert a square into a rectangle as given in the
Apastamba Sulbasiitra:

Frafces wrvdarl geifaen swyEl wuiesHEal
1 AR gaqdiada=n a9 faafd
Tq SR feroel Tt A, a8 <EaQRy Tafdin
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fig. 26.7: Procedure to convert a square into a rectangle

Producing the sides of square eastward to the desired length of
a lateral side one should draw the north eastern diagonal. The
part of the transverse side to the north of the point where the
diagonal cuts it is to be discarded and its southern part is to be
made the transverse side of the rectangle.

The procedure is illustrated in fig. 26.7. Let ABCD be given the
square we wish to convert into a rectangle. Produce AD and BC
to F and E so that AF = BE = the required side of the rectangle.
Complete the rectangle ABEF and join the diagonal BF cutting CD
in G. Through G draw a straight line IH parallel to the side of the
square. IBEH is the required rectangle equal to the square ABCD.

Converting a Square into a Circle

Sulbasitras also give guidelines to convert a square into a circle.
An attempt is made to describe this procedure with illustration
(fig. 26.8). Let ABCD be the given square. First find the centre of
this square, let it be O. Connect O with the midpoint of DC (P) and
extend the line. Now rotate OD to get the point E. Obtain Q on
PE such that PQ is one third of PE. The required circle has centre
O and radius OQ.

Converting a Circle into a Square

All the Sulbasitras contain a method to square the circle. It is an
approximate method based on constructing a square of side "/,
times the diameter of the given circle. In fig. 26.9 XY is taken as
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E

/

A B

fig. 26.8: The Sulbasiitras method of “circling the square”

B/ part of the diameter AB. The circle passing through X and Y
is the required circle equal to the given square. In this case & = 4
x (¥/5)* = 7/, = 3.00444. So it is not a very good approximation.
None the less, a circle closely equal to the area of the square can
be obtained whenever required.

Geometrical Truths Implied

Even though, not explicitly stated, there are many geometrical
truths that are implied in the construction procedure suggested
in Sulbastitras. Some of them are mentioned here:

1. The circle is a locus of points at constant distance from a
given point.

fig. 26.9: The Sulbastitras 3/;; method of “circling the square”
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2. The perpendicular bisector is the a locus of points at a
constant distance from a given point.

3. The tangent to a circle is perpendicular to the radius at the
point of contact.

4. Afinite straightline can be divided into any number of equal parts.
5. The diagonal of a rectangle or a square bisects them.

6. The figure joined by the midpoints of the adjacent sides of
a square is itself a square.

Conclusions and Implications

Sulbastitras are important treatises of ancient Indian mathematics.
Although written to construct Vedic altars, they possess important
geometrical information (Thakura Feru 1987). The techniques
suggested in Sulbasitras are useful even in modern days. Hence, school
and college students in India must be made familiar with this literature
so that they get the glimpse of wisdom possessed by our forefathers.

Engineering needs a lot of geometry. They should be made to
follow the procedure described in these treatises. It will facilitate
the ability to construct different geometrical figures. Carpenters
and plaster workers are seen using these techniques quite often
with the help of a rope. The ancient mathematics behind the
procedure followed must be clarified to them (Kulkarni 1998).
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Development of Geometry in
Ancient and Medieval Cultures

Shrenik Bandi

Abstract: The important branch of mathematics which received
earliest attention was geometry and it is well explained in the
texts of ancient and medieval cultures. In this paper I make an
attempt to explore how geometry was developed and also discuss
various results obtained by Vedic and Jaina scholars.

The beginning of geometry can be traced to ancient Mesopotamia,
Egypt, Babylonia and India. Geometrical concepts were used in
the development of towns in Indus Valley Civilization. We find
many geometrical patterns in nature. Pythagoras was probably
one of the first to give a deductive proof of Pythagoras Theorem.
Thales expanded the range of geometry.

Geometry flourished in India, Arabia, China and Europe in ninth
century. Analytic geometry, projective geometry, non-Euclidean
geometry and so on were developed in seventeenth century.

Results related to rational right-angle triangle and conversion
of one figure into other, all are mentioned in the Sulbasiitras.
Louis Renou lists eight Sulbastitras of which most notable are the
Baudhayana, Apastamba and Katyayana. In the construction of
mahavedt and altars properties of right-angle triangle were used.
M. Cantor and others recognize that Pythagoras Theorem was



398 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

known to Indians before eighth century Bce. The method for
finding the area of a triangle A= \/ s(s—a)(s—b)(s—c)(s—d) was

5in0 =A is given in the Vedic text.
T

known. Derivation of relation

The Jaina texts — the Bhagavatisiitra, Tattvarthadhigamasiitra
Bhasya, Jambudvipasamasa, Tiloyapannatti, Brhatksetrasamasa,
Laghuksetrasamasa, Jambiidvipapannatti Sangaho and Trilokasara
contain detailed knowledge of geometry. I have illustrated
and derived some of the results from Jaina texts. The epithet
is ksetra-ganita, rekha-ganita and ksetramiti. In the Siryaprajiiapti
ellipse was known by visamacakravila. Perimeter of the ellipse
P ~+4a® +6b* and area of the ellipse » PxZL were given. Now
geometry is applied to computer science, crystallography and
number theory.

Keywords: Euclidean, lines, triangle, quadrilateral, circle,
Pythagorean, Sulbasiitras, Vedas, ksetra-ganita.

Introduction

GEOMETRY (from the Ancient Greek: yemwpetpito, geo — “earth”,
metron “measurement”) is a branch of mathematics concerned
with shape, size, relative position of figures and the properties
of space. It arose independently in a number of early cultures
and it was a collection of empirically discovered principles. The
earliest recorded beginnings of geometry can be traced to ancient
Mesopotamia and Egypt in the second millennium BcE (Friberg
1981; Neugebauer 1969). By the third-century BcE, geometry was
put into an axiomatic form by Euclid, whose treatment, Euclid’s
elements set a standard for many centuries to follow (Turner et
al. 1998: 1).

Greek expanded the range of geometry to many new kinds of
figures, curves, surfaces and solids; they changed its methodology
from trial and error to logical deduction. Geometry began to see
elements of formal mathematical science emerging in the West as
early as the sixth century Bce (Boyer 1991: 43). Euclidean geometry
includes the study of points, lines, planes, angles, triangles,
congruence, similarity, solid figures, circles and analytic geometry
(Schmidt et al. 2002). Topology is the field concerned with the
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properties of geometric objects that are unchanged by continuous
mappings. Convex geometry investigates convex shapes in the
Euclidean space and its more abstract analogues, Algebraic
geometry studies geometry through the use of multivariate
polynomials and other algebraic techniques. Discrete geometry
is concerned mainly with questions of relative position of simple
geometric objects, such as points, lines and circles.

Geometrical Pattern Found in Nature

Living things like orchids, hummingbirds and the peacock’s tail
have abstract designs with a pattern and colour that artists struggle
to match (Forbes 2012). Mathematics seeks to discover and explain
abstract patterns or regularities of all kinds (Steen 1998).

Symmetry

Symmetry is universal in living things. Animals mainly have
bilateral or mirror symmetry, as do the leaves of plants and some
flowers such as orchids (Stewart 2001: 48-49). Plants often have
radial or rotational symmetry, as do many flowers and some
groups of animals such as sea anemones. Fivefold symmetry is
found in the echinoderms, the group that includes starfish, sea
urchins and sea lilies.

Fivefold symmetry: Starfish Rotational symmetry: Cycas circinalis
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Example of different shapes of triangle compare with the nature:

Figures of triangle from the nature.

(a) An equilateral triangle (i.e. one of which all three sides are equal)
is the elemental earth form; (b) a right-angled triangle is the spirit of
water (to find spirit of water is the most advanced kind of magic); (c)
a scalene triangle with no equal sides is the spirit of the air; and (d) an
isosceles triangle (i.e. one of which only two sides are equal) is
the elemental fire

Geometry in Early Period

The earliest known unambiguous examples of written records,
from Egypt and Mesopotamia dating about 3100 Bcg, demonstrate
that ancient peoples had already begun to devise mathematical
rules and techniques useful for surveying land areas, constructing
buildings and measuring storage containers. The earliest recorded
beginnings of geometry can be traced to the early people of
the ancient Indus Valley Civilization and ancient Babylonian
civilization from around 3000 BCe. There were some surprisingly
sophisticated principles, and it might be hard put to derive some
of them without the use of calculus; the Egyptians had a correct
formula for the volume of a frustum of a square pyramid of Indus
Valley Civilization.
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Development of Geometry in Different Countries
since Ancient Time

BABYLONIAN GEOMETRY

There have been recent discoveries showing that ancient
Babylonians might have discovered geometry nearly 1,400 years
before the Europeans. The Pythagorean Theorem was also known
to the Babylonians.

EARLY GREEK GEOMETRY

The early history of Greek geometry is unclear, because no original
sources of information remain and all of our knowledge is from
secondary sources written many years after the early period.

Thales (635-543 BCE) of Miletus (now in south-western Turkey),
used geometry to solve problems such as calculating
the height of pyramids and the distance of ships from @
the shore. He is credited with the first use of deductive
reasoning applied to geometry, by deriving four A
corollaries to Thales’ Theorem (Boyer 1991: 43). Thales
strongly believed that reasoning should supersede X
experimentation and intuition, and began to look for
solid principles upon which he could build theorems.
This introduced the idea of proof into geometry and @
he proposed some axioms that he believed to be
mathematical truths.

Thales' Theorems
¢ A circle is bisected by any of its diameters.
* The base angles of an isosceles triangle are equal.

* When two straight lines cross, the opposing angles are equal.

An angle drawn in a semi-circle is a right angle.

Two triangles with one equal side and two equal angles are
congruent.

It is unclear exactly how Thales decided that the above axioms
were irrefutable proofs, but they were incorporated into Greek
mathematics and the influence of Thales would influence countless
generations of mathematicians.
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CLASSICAL GREEK GEOMETRY

In ancient Greek, geometry was the crown jewel of their sciences,
reaching a completeness and perfection of methodology that no
other branch of their knowledge had attained. They recognized
that geometry studies “eternal forms”, of which physical objects
are only approximations; and developed the idea of the “axiomatic
method”, which is still in use.

Pythagoras (582-496 BcE), of Ionia and later Italy, then
colonized by Greeks, may have been a student of Thales. The
theorem that bears his name may not have been his discovery,
but he was probably one of the first to give a deductive proof of
it. Pythagoras established the Pythagoreas School (Eves 1990).

The Pythagoreans added a few new axioms to the store of
geometrical knowledge:

¢ The sum of the internal angles of a triangle equals two right
angles (180°).

¢ The sum of the external angles of a triangle equals four right
angles (360°).

® The sum of the interior angles of any polygon equals (211 —4)
right angles, where  is the number of sides.

¢ The sum of the exterior angles of a polygon equals four right
angles, however of many sides.

* For a right-angled triangle, the square of the hypotenuse is
equal to the sum of the squares of the other two sides.

Hippocrates took the development of geometry further. He
was the first to start using geometrical techniques in other areas
of mathematics. He studied the problem of squaring the circle
which is not perfect, simply because pi () is an irrational number.
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APOLLONIUS OF PERGA (262-190 BCE)

He was a mathematician and astronomer, and he wrote a treatise
called Conic Sections. He is credited with inventing the words
ellipse, parabola and hyperbola, and is often referred to as the
great Geometer.

GREEK GEOMETRY AND ITS INFLUENCE

Greek geometry eventually passed into the hands of the Islamic
scholars, who translated it and added to it. In this study of Greek
geometry, there were many more Greek mathematicians and
geometers who contributed to the history of geometry.

EGYPT GEOMETRY (300 BCE))

Euclid was associated with the cosmopolitan
University of Alexandria. He may well have
been an Egyptian or a Jew (Hogben 1967
118) but llke others of the school he wrote

300 Bcg, Euclid himself wrote eight more Euchd
advanced books on geometry. He was brought to the university at
Alexandria by Ptolemy I, King of Egypt. Around 300 BCE, geometry
was revolutionized by Euclid, whose Elements, widely considered
the most successful and influential textbook of all time (Boyer 1991:
119), introduced the axiomatic method and is the earliest example
of the format still used in mathematics today, that of definition,
axiom, theorem and proof. Euclid arranged them into a single,
coherent logical framework (ibid.: 104). The elements were known
to all educated people in the West until the middle of the twentieth
century and its contents are still taught in geometry classes today
(Eves 1990: 141).

Points: In many areas of// —— @

geometry, such as analytic
geometry, differential geometry, " >?>\
and topology, all objects are
considered to be built up from

points (Gerla 1995). V;/./

o+p>180°
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Line: In analytic geometry, a line in the plane is often defined as
the set of points whose coordinates satisfy a given linear equation
(Casey 1885). For instance, planes can be studied as a topological
surface without reference to distances or angles (Munkres 2000).

Following are five axioms of Euclid:

Any two points can be joined by a straight line.

Any finite straight line can be extended in a straight line.
A circle can be drawn with any centre and any radius.

All right angles are equal to each other.

S

If two straight lines in a plane are crossed by another straight
line called the transversal, and the interior angles between
the two lines and the transversal lying on one side of the
transversal add up to less than two right angles, then on that
side of the transversal, the two lines extended will intersect
(also called the parallel postulate).

Euclid’s fifth postulate cannot be proven as a theorem. Euclid
himself used only the first four postulates, but was forced to
invoke the parallel postulate. In 1823, Janos Bolyai and Nicolai
Lobachevski independently realized that entirely self-consistent
“non-Euclidean geometries” could be created in which the parallel
postulate did not hold.

Archimedes (287-212 BcE) of Syracuse is often considered to be
the greatest of the Greek mathematicians; he developed methods
very similar to the coordinate systems of analytic geometry.
Geometry was connected to the divine for most medieval scholars.
The compass in this thirteenth-century manuscript is a symbol of
God’s act of Creation.

ISLAMIC GOLDEN AGE

The final destruction of the Library of Alexandria at the Muslim
conquest of Egypt in 642 ce marks the collapse of classical
antiquity in the West, and the beginning of the European “Dark
Ages”. By the beginning of the ninth century, the “Islamic Golden
Age” flourished, the establishment of the “House of Wisdom” in
Baghdad marking a separate tradition of science in the medieval
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Islamic world, building not only Hellenistic but also on Indian
sources. Al-Mahani (820 cE) conceived the idea of reducing
geometrical problems such as duplicating the cube to problems in
algebra. Thabit ibn Qurra was a Arab mathematician, generalized
the Pythagorean theorem, which he extended from special right
triangles to all triangles in general, along with a general proof
(Sayili 1960: 35-37).

ARABIA

In the Middle Ages, mathematics in medieval Islam contributed
to the development of geometry, especially algebraic geometry
(Rashed 1994: 35). Three scientists, Ibn al-Haytham, Khayyam and
al-Tusi, had made the most considerable contribution to this branch
of geometry whose importance came to be completely recognized
only in the nineteenth century. The theorem on quadrilaterals,
including the Lambert quadrilateral in which three of its angles
areright angles, had a considerable influence on the development
of non-Euclidean geometry.

CHINA

The Chinese knew the relation 3* + 4* = 5* in the time of Chou
Kong (Mikami 1913: 7)' (1105 Bcg). The first definitive work on
geometry in China was the Mo [ing, the Mohist canon of the early
philosopher Mozi (470-390 BcE). It was compiled after his death by
his followers around the year 330 Bce (Needham 1959, vol. 3: 91).
However, due to the infamous Burning of the Books in a political
manoeuvre by the Qin Dynasty ruler Qin Shihuang (221-210 BcE),
multitudes of written literature created before his time was purged.
This book included many problems where geometry was applied
and included the use of the Pythagorean Theorem. The book
provided illustrated proof for the Pythagorean Theorem (ibid.: 22).

EUROPE

The first European attempt to prove the postulate on parallel lines
made by Witelo, the Polish scientists of the thirteenth century. The
proofs put forward in the fourteeth century by the Jewish scholar

! The Kahun Papyrus (2000 BcE) contains four similar relations.
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Levi ben Gerson (France). Euclid had stimulated both J. Wallis’s
and G. Saccheri’s studies of the theory of parallel lines. Euclid’s
tifth postulate, the parallel postulate, is equivalent to Play fair’s
postulate, which states that, within a two-dimensional plane, for
any given line { and a point A, which is not on {, there is exactly one
line through A that does not intersect {. In hyperbolic geometry, by
contrast, there are infinitely many lines through A not intersecting
{, while in elliptic geometry, any line through A intersects {.

—

1

Hyperbolic Euclidean Elliptic

INDIA

Geometry arose independently in India, with texts providing rules
for geometric constructions appearing as early as the third century
BCE, both in Vedic and Jaina cultures.

Geometry in Vedic Culture

Indian mathematicians also made many important contributions
to geometry. The Satapatha Brahmana (third century BCE) contains
rules for ritual geometric constructions that are similar to the
Sulbasiitras. According to Hayashi, the Sulbastitras contain the
earliest extant verbal expression of the Pythagorean Theorem,
although it had already been known to the old Babylonians. In the
Baksali manuscript, there are a handful of geometric problems.
The Aryabhatiya (499 cg) includes the computation of areas and
volumes, he stated his famous theorem on the diagonals of a cyclic
quadrilateral and complete description of rational triangles (i.e.
triangles with rational sides and rational areas) (Hayashi 1995:
121-22).

The Sulbasiitras in the Vedas is a manual of geometrical
constructions (Murthy 1992: 1). The Taittirya Sarnhita of the
Yajurveda gives the measurement of mahavedr with a right angle of
sides 15, 26 and hypotenuse 39. Katyayana gives the construction
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of a right angle triangle with sides =1 g, n 4, and a hypotenuse
of length 2+1 4. Such construction was used in building the ved?s
using the propertles of similar triangles. It is surprising to find
that an instrument was actually used for drawing circles in the
Indus Valley as early as 2500 Bce (Mackay 1938). The date of oldest
Sulbasitras is said to be eight century BcE.

The theorem (Murthy 1993: 155-58) stating that the square on
the hypotenuse of a right angle triangle is equal to the sum of the
square on its sides has been explicitly stated in the Sulbastitras. Itis
attributed to Pythagoras (540 Bce). We call it hypotenuse theorem.
Many different proofs have been given. We consider the proof
(Amma 1979: 133) given by Bhasakra. Twice the product of the bhuja
and koti combined with the square of their difference will be equal
to the square of the side (hypotenuse) (Bhasakra Bijaganita 129):

;e 5= = wAted: |
TANTEH: ¥ W5, gaRAwAR ||

Draw a square ABCD of each side of length A
¢ units. Draw a perpendicular from point
A, B, C and D as shown in the diagram b
which meets at G, H, E and F. The length 0
AF = BH = CG = DE = a and the length of N\ H a_\g
AE = BF = CH = DG =b. therefore, GE = EF
=FH=HG=a-b. ¢

The four triangles are all congruent e
and the area of each triangle =24 - b.

Therefore, the sum of the area of four triangles = 2 ab.

Area of the square ABCD = ¢?. Area of the small square GHEF
=(a - b)>

Now area of square ABCD = sum of the area of four triangles
+ area of the small square GHEF.

Therefore, ¢* = 2ab + (a — b)?, simplifying we get ¢* = 2>+ b?
which proves the theorem. Proof given by Leonardo da Vinci and
Euclid are lengthy. Its proof (Murthy 1993: 158) is also given in the
Yuktibhasa, commentary on the Tantra Sariigraha.
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In the Taittiriya Sarithita (2000 Bce) we find 36* + 15% = 392

The method for finding the area of a triangle (Datta 1932: 96)
that was known in Sulba.

Area of triangle = (base x altitude), by Sridhara the area of
the triangle A = \/5(5 —a)s(s—b)s(s—c) where s is semi-perimeter of
the triang]le.

Derivation of relation %:A from the
Vedic Text (Murthy 1993: 169):

FISTE I RIS el TR
1 fgon FrEgys ®iv Tga fasee:d
— werEpe fagr: X127 \E

The product of the two sides of a triangle

divided by the altitude is equal to the radius of the circle that
passes through the three vertices of the triangle, i.e. be _ R Here
b and c are two sides of the triangle and p is the altitude. R is the
radius of the circle circumscribing the triangle. Draw a triangle
ABC of sides a, b and c. Draw AD altitude of length p. Now draw
a circle passing through three points ABC. Draw a diameter 2R

from point A meeting at point E of the circle.

Consider the two triangles ABD and AEC. Angle ABD = angle
AEC, and Angle ADB = angle ACE = g Therefore, triangles ABD
and AEC are similar.

Hence
AB _ AD or <P or E:R,or a—bCaR or a—bczlaR or @:lap,
AE AC 2R b 2p 2p 4p 2 4R 2
abe _ 5

which is the area of triangle or /z =4. Katyayana gave the method
of construction of a right angle triangle (Murthy 1993: 162).
A

TR SAfestafa qey skl e

If n squares of side a are to be combined, we
have to construct an isosceles triangle ABC

. n+l
with (n — 1) a as base and —-aas other s o °
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side. AD the altitude is drawn. Then AD is the side of the square
whose area will be na>.

To derive the rectangle contained by two sides of a triangle is
equal to the rectangle contained by the circum-diameter (Rao 1994:
118) and the altitude to the base, i.e. AB - AC = AD - AE.

Interpretation is “as many squares of equal side as you wish to
combine into one of the transverses line will be one less than that
and twice aside will be one more than that” (Datta 1932: 72-73).

n+1

1
For BD =% BC = % a, AB = AC = =5~ a, by the Hypotenuse

theorem AD? = AB? — BD? = {(nﬂ)u}z _{(H)a} =na, AD = Jna.
2 2

We can construct a right angle triangle of sides
Qu,@ and @a, or if we put n = m?, we get sides =
0 =1 and 4D, such geometrical idea was used in the
construction of a vedr.

Baudhayana and Apastambea list several right angle triangles
of different measurements (Murthy 1993: 162) (triplets).

Apastamba Baudhayana
(15, 36, 39) (3,4,5)
(12, 16, 20) 5,12, 13)
(15, 20, 25) 8, 15,17)
5,12, 13) (7,24, 25)
8, 15,17) (12, 35, 37)
(12, 35, 37) (15, 36, 39)

Early Schools of Geometry

Most notable were the schools of Baudhayana, Apastamba and
Katyayana. The Hindu Geometry (Datta and Singh 1980: 121)
originated in a very remote age in need of the construction of
the altars. The Hindu geometry did not make much progress
in the post-Vedic period (Datta 1929: 479). Al-Biruni, a Persian
mathematician and traveller, made an attempt to introduce Euclid’s
elements in India and later in the Mughal period, it was introduced
(Law 1916: 84). Hindu name’s for geometry — the earliest name was
$ulba. In the Manavasulba and Maitrayaniyasulba we get the name
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Sulba vijiiana for the science of geometry. Later, Hindu geometry?
was known as ksetraganita. The treatment of plane figures is
called ksetraganita. There is a general recognition that Indian
mathematicians of ancient and medieval time gave only rules and
never bothered about their proof which is not completely true.
G.R. Kaye (1914: 327) remarks: “The later Indian mathematicians
completely ignored the mathematical content of the Sulbasitras.”

Geometry in Jaina Culture

The epithet (nick name) ksetraganita occurs in the works of
Siddhasena Gani (550). It was also called rekhaganita by Jagannatha
(1718) and ksetramiti by Baptadeva Sastri. In Jaina works, we find
the name rajju (Datta 1930: 126). The classification of quadrilaterals
is found in the Jaina text SiryaPrajiiapti. They are sama caturbhuja
(square), ayata caturbhuja (rectangle), dvisama-caturbhuja (isosceles
trapezium), trisama caturbhuja (equitrilateral trapezium) and visama
caturbhuja (quadrilateral of unequal sides). Circle was termed as
mandala. In the Stirya-Prajiiapti eight types of quadrilaterals are
given. The geometry of a circle and a straight line is the geometry of
the Jamb Island and its symmetric mountains. The Jaina schools
carried on an exhaustive campaign to measure every object in
various coordinate frames.® The Sitrakrtangasiitra mentions that
geometry is the lotus in mathematics and the rest is inferior. In
the Prajiiapanasiitra (92 BCE) by Syamacarya, references of solid
geometry were given by the following gatha:

S ST d YSIfaeT qUurr § S8l UiHvSH JuSToTafiuran,
d FHUSUTIROM, FSHTHU30 GRUE A™Fd U39 R

Geometrical Results from Jyotisakarandaka

Based on Stirya-Prajiiapti

Here a is the length of arc and & is the height between chords, d
is the diameter and c is the length of the chord of a circle. The
following formulae are mentioned in this text.

2 The Ganitasara Sarigraha of Mahaviracarya (850 cE).
3 Srutaskandha, ch. I, V.154.
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Table 23.1: Some Prominent Mathematicians of the
Prakrta Canonical Class and Their Works on Geometry

Mathematician Period Major Work Language
Sudharma Svami 300 BCE Bhagavatisiitra Ardhamagadhi
Yativrsabha 176-609 ce  Tiloyapannattt Sauraseni Prakrta
Umasvati Fourth Jambadvipasamasa, ~ Sanskrta

century ce  Tattvarthadhigama-
siitra Bhasya

Jinabhadragani 600 ce Brhatksetrasamisa
and Laghuksetra-
samasa
Akalanka Seventh Tattoarthavrtika
century CE
Virasena 816 cE Dhavala Sauraseni Prakrta
Nemicandra 981 CcE Trilokasara, Sauraseni Prakrta
Siddhantacakravati
Padmanandi 1000 ce Jambidvipapannatti- Sauraseni Prakrta
Sarmigaho

2 2
c=Jand—h), a=\6h? +c*, h =, |2 ;C , c=at — 6.

Circumference of circle = /1042,

Circumference x d
4

Area of circle =

Geometrical Results from
Tattvarthadhigmastitra Bhasya

All these results are also given in the Jambiidvipasamasa by Umasvati
and in the Laghu Sarighayant by Haribhradha Stiri.

Geometrical Results from the Jaina School of Mathematics

In Trilokasara V.17, it is mentioned that the circumference of a circle



412 | History AND DEVELOPMENT OF M ATHEMATICS IN INDIA

is obtained by multiplications of diameter with three and area is
equal to one-fourth of diameter with circumference. If we take
approximation of the square root and apply to the result of the
area of circle we get or

Az(dz—d—zj+(d2—d—2)xl

4 4 18

By simple manipulation.

This type of modification was also available outside India

(first century BcE). The area of circle was calculated by Heron of
Alexandria (Waerden 1983: 18) using

2 2
(£} 42)
2) 702
In 150 ck, Nehemiah, a Hebrew Rabbi (Beckmana 1974: 76)
gave the formula for area
2 2
A=g?-L _d
7 14

Geometrical Results from the Bhasya of the
Tattvarthadhigamasiitra

Let us denote the area of a circle as A, d its diameter, r its radius,
s as arc of its segment whose height is h, ¢ the chord and p the
circumference. The formulae are:

= \J104>.
,/4h(d h) .

1.
2.
35( 2)
4.

-1
h—z(d ).
5.d=(h2+ﬁ <h-
4
1
A= Zpd.
6. A 2p

The part of the circumference of the circle between two parallel
chords is half the difference between the corresponding arcs. All
the above relations are also available in the ]ambudvlpasamasa with

the exception of (4). It instead is /1 = /
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In the Ganitasara Saringraha it is given, s (gross) = (5h*+¢c?), s
(fine) = \/(6h* +¢?) .

In Greek Heron of Alexandria (c + 200), we find (Heath 1921,
vol. 2: 331) s=+/(4h? +c?) +ih.

The Chinese, Chien Huo (1075 cg) gives (Mikami 1913: 62) s
= (4h*+c?) +ih. Similar formulae occur in the Ksetrasamasa and
the Laghuksetra-samasa.

Geometrical Results from Tiloyapannatt

In the words of T.A. Saraswati Amma (1979: 76): “First four
mahadhikaras of Tiloyapannatt? is a storehouse of mathematical
formulae”. The author had given formulae for finding the area of
different geometrical figures, circumference of circle, length of the
chord; the following formulae are available in the Tiloyapannatti.

P — circumference, ¢ — chord, /1 — height of the chord from centre,
s —arc, A — area, d — diameter and r — radius

1. P= 1042, [(v. 4.6],

2. (Chord of a quadrant arc)* = 272 [v. 4.70]
.C= 4[(%) ~(2-1) } [v. 4.180] J.P. gives the rule

3
4. c= (ah@d—h) [v.2.23;69]
5
6

. s= \/2[(01 +h)? _(d)Z} [v.4.181], J.P. gives the rule

5= J6(h)+(c?) [v.2.24,29,6.10]

1
_did P “dviva Praifiapti

7. h= 2[ 4 4} [v. 4.182]. Here J.P. means Jambiidvipa Prajiiapti.

The Trilokasara furnishes the following formulae (Kapadia
1937: XLIV).

1. p(gross) =3d and p (subtle) = 10d (v. 311)
A=1/3pd(v.311)
r=9/16 (side of square of equal area) or =t (16/9)* (v. 18)
c2=4h(d-h)
s? = 6h% + % (v. 760)

S
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6. d= 40" (v 761)
4h
7. A (gross) = J1ock c— v. 762)
8. 2= 6l (v. 766)
2
— 4hld+Z
9. ¢?= ( Y

10. h= /(s> ~c?+6) (V.763)

1. d= l(i_ j . 765
2lon " (v. 765)
12. d= %(d—x/dz—cz) (v. 764)

13. h = /d2+%sz—d (v. 765)

Similarly, the Gommasara contains the formulae about volumes
of a prism, as base into height. The volume of a sphere is equal to
9/2 (radius). There is a gatha 1.24 of the Jambiudvipasamasa to find
the area of the circle:

fIeRE g WUl B8 IRy 9 |

TR B g AqHearo @l ||
In the above gatha the formula for the area of a circular thing is
given.

The area is A:cxE , where c is the circumference and d is the
diameter. We also find the formulae for the chord, length of the
arc, height of chord from the lowest point of the circle and other
result. These types of results are also given in the Lokavibhaga text.

wgoredfe wfeE StaraT gon fa sqafed |

TR g foray &z s |

— Gatha 2.26

Explanation: In the above gatha, the formula for the diameter of

the circle is given as:
_ (chord)

4(height)
In the Siirya-Prajiiapti it was known by Visamacakravala.
Menaechmus (c.350 Bce) (Heath 1921, vol. I: 11) obtained ellipse

+ height.
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by cutting an acute angled cone by plane perpendicular to it and
hyperbola from right and obtuse-angled cone.

Perimeter of the ellipse = /442 + 6p? = P (Parameter)
And area of the ellipse = Px Zzbgwmz +6b% .

Takao Hayashi (1990: 5) points that the terminology
for the breadth (2b) and for the length (2a) implies

Ellipse the condition b < a.

Geometry in Bhagavatisiitra

The geometrical figures such as triangle, quadrilateral, circle,
rectangle and ellipse are mentioned in it.* This text has 656 gathis
containing mathematical results of solid geometry and plane
geometry. Malayagiri wrote commentary on it (Upadhyaya
1971: 241). Jinabhadragani Ksamasramana (609 ce) wrote this
mathematical book. Jinabhadragani explains by a mathematical
formula in gatha 122 how to find the area of different regions of
Jambtidvipa. The author gives a method to find circular area
between two parallel chords of the circle in the gatha (Gupta 1987:
60-62). Given the length of small chord AB = a and length of big
chord CD = b, the distance between the two chords, LN = h.

According to the mathematical law given, the area of circular
region ABFDCEA is:

K=[ %(a2+b2)}<h

C b
Yo

A

™
4

mmhiz

fig. 23.1: Area of Circular Region

The detail of this result is as follow. The area of trapezium
ABHDCGA inside the required circular part’is T =1/2 (a + b) h.
However, this is less than the required area. So using

* Bhagavatisiitra, Sataka 24, uddesaka 3.
5 Brhatksetrasamasa, A-1, gatha 64.
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s -t {2

2

2_1[.2 42 a-b|
(GH) —E[a +b ]—[T:| .

However, the first result gives more value of the area than its
exact value. The explanation is as follows — Let the length of the
chord = C and the Height of the segment = g. Then using this result
of ancient time we have 4g (2R — g) = C?, where R is the radius of
the circle. This formula was known to Jinabhadragani® using this
result; we can find the length of the chord EF that is the middle
chord between AB and CD chords. Its length is — (EF)* = 1/2(a* +
b?) + h*. Therefore, we can consider the effective average length of
the chord, which is approximately taken as %(a2 +0) .

When it is multiplied by / we get the required results which
is same as given by Jinabhadragani.

Table 23.2: Comparison of Circumference and Area of
Circle in Different Jaina Texts

Text TP GSS JPS TS Modern
Formula Value
Circum- C=3xd C=3xd C=2nr
ference €= d*x10? n 5 C=+dxdx10
of the c=+d"x10 C=10xd
circle
Area of 2 B 4 C=2mr
the circle AZCX% A:3x(%) A 10((%)2j A=C><Z

A=C><i

4

¢ Brhatksetrasamasa, A-1, gatha 36.
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Table 23.3: Comparisons of the Relation between Chord, Height of the
Chord, Arc and Diameter of a Circle in Different Jaina Texts

Text TP JPS TS LV
Formula
Chord = (4 (L c=J(d—hyxhx4 = 4xh(d—h) c=d—h)xaxh
in terms €= 5 5
of hand
d
hin 2 2 2 (2 2 -
terms of h=é—\/(d) —lczh:d_\/d —C  p=d=Nd -c

2 2 4 2 2
cand d
din d C2 h d=h C2 d C2+4><h2 B
terms of =—+ =n+ =
candh 4.h 4xh 4xh
ain a* = 6h? + c? A?=6xh+c a>=6xh+c* a>=6xh>+c?
terms of
cand h

Here C - circumference, d — diameter and A — area
Length of Chord = ¢, Diameter = d, Length of the arc =4
Height of the chord from the lowest point of the circle. = 1,

TP = Tiloyapannatti, [PS = Jambadvipapannattt Sariigaho, TS = Trilokasara,
LV = Lokavibhaga, GSS — Ganitasara Sariigraha

Modern Geometry

In the early seventeenth century, there were two important
developments in geometry. The first and most important was
the creation of analytic geometry by René Descartes (1596-1650)
and Pierre de Fermat (1601-65). Since then, and into modern
times, geometry has expanded into non-Euclidean geometry
and manifolds, describing spaces that lie beyond the normal
range of human experience. This was a necessary pioneer to the
development of calculus. The second geometric development of
this period was the systematic study of projective geometry by
Girard Desargues (1591-1661). Projective geometry is the study of
geometry without measurement, just the study of how points align
with each other (Rosenfeld and Yausehkeviten 1996, vol. 2: 470).
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The Eighteenth and Nineteenth Centuries:
Non-Euclidean Geometry

The very old problem of proving Euclid’s Fifth Postulate, the
“Parallel Postulate”, from his first four postulates had never been
forgotten. Giovani Girdamo Saccheri (1701), John Heinrich Lambert
(1760), and Adrien Marie Legendre (1799) each did excellent work on
the problem in the eighteenth century. Beginning to suspect that it
was impossible to prove the Parallel Postulate, they set out to develop
a self-consistent geometry in which that postulate was false. In this
they were successful, thus creating the first non-Euclidean geometry.

In the twentieth century, David Hilbert (1862-1943) employed
axiomatic reasoning in an attempt to provide a modern foundation
of geometry. Analytic geometry applies methods of algebra to
geometric questions, typically by relating geometric curves to
algebraic equations. Euler called this new branch of geometry
geometria situs (geometry of place), but it is now known as
topology. Topology grew out of geometry, but turned into a large
independent discipline.

Application

Geometry has applications in many areas, including cryptography,
the art of writing or solving codes and in string theory (string
theory is a theoretical framework in which the point-like particles
of particle physics are replaced by one-dimensional objects called
strings). Discrete geometry is concerned mainly with questions of
relative position of simple geometric objects, such as points, lines and
circles. Euclidean geometry also has applications in computer science,
crystallography (crystallography is a technique used for determining
the atomic and molecular structure of a crystal) and various branches
of modern mathematics. An important area of application is number
theory. In ancient Greece the Pythagoreans considered the role of
numbers in geometry. Since the nineteenth century, geometry has
been used for solving problems in number theory, for example,
through the geometry of numbers or, more recently, scheme theory,
which is used in Wiles’s proof of Fermat’s Last Theorem.
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Conclusion

We found that geometry is well explained in all the philosophical and
mathematical texts of different cultures. Mathematicians and others
developed geometry for different purposes. There was a pervasive
fascination with geometrical results. It will motivate further studies
and research of ancient and medieval geometry. We have shown
that geometry grew independently in different cultures. Indians had
also good knowledge of geometrical calculations and their approach
was scientific. We should not forget that all these accomplishments
were made in the absence of the modern mathematical techniques.
Indian ancient texts remained unexposed to the Western countries
due to several reasons and the history was written by English so
no importance was given to Indian mathematicians by foreigners
(Dange 1972). Certainly, it seems that Indian contributions to
geometry has not been given due acknowledgement until very
recently in modern history of mathematics.
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Life and Works of T.A. Saraswati Amma
and Suggestions for Future Work
in Geometry

P.S. Chandrasekaran

Abstract: T.A. Saraswati Amma'’s early life, education and
academic career have been briefly described. Her modern
approach to prove some of the siitras and her systematic
chronicling of the developments in geometry in India from
ancient times to early seventeenth century have been highlighted.
A few suggestions for further work including examples, thereof,

have been provided.

T.A. SARASWATI Amma, the Sanskrit scholar and mathematician
par excellence, who has contributed immensely to the recording
of Indian geometry was born as the second daughter of Achyuta
Menon and Kuttimalu at Cherpulassery in Kerala in the year 1918.

She had her basic graduation from the University of Madras,
with Physics and Mathematics as her main subjects. She then took
her MA in Sanskrit from the Banaras Hindu University and MA
in English Literature from Bihar.

After her studies, Saraswati Amma worked for a number of
years in the Sree Kerala Varma College, Trissur and the Maharaja
College, Ernakulam. In the year 1957, she joined the Sanskrit
Department of University of Madras as a Government of India
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Research Scholar and came under the guidance and mentorship
of the great Indologist V. Raghavan.

Raghavan, who clearly saw her huge potential, advised
her to take up research in the field of Indian contributions to
mathematics.

Saraswati Amma’s talent bloomed under Raghavan’s watchful
eyes and she could bring to bear her considerable erudition in
both Sanskrit and mathematics on the texts she laid her hands on.
Being a Malayalee helped her considerably as many of the exciting
developments in the post-Bhaskara II phase were concentrated
in Kerala and she could easily understand and analyse the texts,
which were in Malayalam.

Her research work was completed in 1963 and she was awarded
a doctorate degree in 1964. Much as she tried, she could not publish
her research work till 1979. The book which was published by
Motilal Banarsidass under the title Geometry in Ancient and Medieval
India, drew rare reviews and catapulted her to instant celebrity
status. The book traces the History of Indian mathematics from
the Vedic times to the early seventeenth century. Besides providing
proofs of many mathematical formulae, she also drove home the
point that some of the discoveries in India preceded those of the
West by three to four centuries.

After retirement from the principal’s post at Dhanbad,
where she worked last, Saraswati Amma moved to her home in
Ernakulam to attend to family work and her aged mother. She
shifted to Ottappalam subsequently. Because of family issues she
could not continue her research work and breathed her last on 15
August 2000.

It is noteworthy that no subsequent work on Indian geometry
has come about, though it is almost forty-two years since her
book was first published. This in itself is an ample testimony to
the comprehensive and thorough nature of her treatment of the
subject.

Saraswati Amma justifiably introduces her book as the third
in a series of books on Indian mathematics, succeeding Parts I and
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IT of the History of Hindu Mathematics by Bibhutbhushan Datta and
Awadesh Narayan Singh.

The text Geometry in Ancient and Medieval India contains ten
chapters. In the first chapter which forms the introduction, the
author gives a brief history of Indian mathematics beginning with
the Vedic period, up to the seventeenth century ce. The author
explains that the absence of proof in many of the sitras is due to
the fact that mathematical knowledge for its own sake did not
interest the Indian scholars and that the mathematical knowledge
was deeply rooted in its applied nature. However, proofs were
given in later-day commentaries for many siitras.

Chapter II is devoted to the “Sulbastitras”. Many important
features of the same such as the theorem of the square of the
diagonal, construction of squares, rectangles and trapezia,
combination and subtraction of areas, properties of similar figures
and areas, etc. are explained in great detail.

Chapter III deals with geometry as found in early Jaina
canonical texts. The value of V10 for =, solid figures, relations
between chord lengths, height of chords and areas of segments
have been explained in this chapter.

The balance chapters are arranged subject-wise. Chapters IV-
VII deal with trapezia, quadrilaterals, triangles and circles.

The chapter on trapezia deals with the treatment of the subject
in early Jaina literature as well as by Aryabhata I, Brahmagupta,
Mahavira and later authors like Sripati and Bhaskara.

The chapter on quadrilateral gives a detailed exposition of the
cyclic and non-cyclic quadrilaterals and an in-depth discussion on
Brahmagupta’s treatment as well as analysis by the Kriyakramakart
Yuktibhasa, etc.

Chapter VIIIis on volumes and surfaces of pyramid, formation
of a cone, sphere, etc. are dealt with. The surface area and volumes
of spheres are derived by integration methods.

Chapter IX deals with geometric algebra, where the practice
of representing and solving algebraic and arithmetical problems
geometrically is explained in detail.
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Chapter X deals with shadow measurements and calculations
which form an important part of astronomy and therefore of
mathematics from very early texts.

Saraswati Amma’s Methods of
Handling Some Important Topics

SEGMENTS OF CIRCLES

One of the important relations in a segment of circle is that
connecting the arc length to the height of twice the arc & and the
sine chord S.

Q/NB
/ C1 h
A
G c
(@)

The expression is
a, = N2 (1 +1/3) + %)
a, = arc length AB
h = height of twice the arc, i.e. ABC
s = sine chord.

Saraswati Amma (2007: 180-82) derives the formula by dividing the
arc successively into half of the original size till the arc becomes
so small, to be considered equal to the chord. The height in each
case is expressed in terms of the original height.

A geometric progression is formed and the sum up to «leads
to the simple expression for 4, in terms of s and /.

Two principles of calculus are used here:



LirE AND WORKS OF T.A. SARASWATI AMMA | 427

i. A very small length of a curve is equal to the chord joining
the two end points.

ii. Integration as a sum.

CYCLIC QUADRILATERALS

In his review of the book, the Japanese scholar Michio Yano states
that “Saraswati’s discussion of the cyclic quadrilaterals treated by
Brhamagupta reveals her remarkable competence in dealing with
mathematical Sanskrit texts”.

The scholar further states that “the proofs of the well-known
‘Brhamagupta’s theorem’ and his formula for the area of the cyclic
quadrilaterals are reproduced by the author according to the
sixteenth-century works such as the Tantra Sarigraha, Yuktibhasa
and Kriyakramakari.

While deriving the various formulae for a quadrilateral,
Saraswati Amma freely uses the facts that:

i. Angle in a semi-circle is a right angle.

ii. Anglesin the same segment of a circle are equal and she also
feels that perhaps these results were known in India much
earlier.

She further derives some trigonometric results, based on
Yuktibhisa, such as:

i. sin?A — sin?B =sin (A + B) sin (A — B)
ii. sin A sin B = sin*(A + B)/2 — sin* (A - B) /2

iii. sin (A + B) =sin A cos B + cos A sin B

TRIGNOMETRIC AND INVERSE TRIGNOMETRIC SERIES

Yano describes the chapter VII the most remarkable chapter of
the geometry in ancient and medieval India “which shows an
outstanding aspect of Indian mathematics — the discovery of the
infinite series of m, and of sine and cosine series.

Through a lengthy procedure, Saraswati Amma derives the
series formulae for sin ¢ and cos @, viz.

sine=0-0%/3!'+2°/5!......
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coso=1-0>/2+0o*/4! .......

The series were known in Europe by the seventeenth century
whereas in India they were known as early as in the fourteenth
century.

Similarly Saraswati Amma describes a method to evaluate &
as a series:

n/4=1-1/3-+1/5-1/7 ...

which was enunciated by Gregory three centuries later in the form
of series for @ in terms of tan g, viz.

o=tan g — (tan’* @) /3 + (tan’v)/5 ...

which can be reduced to the series shown above putting tan o =
xand x =1.

Major Achievements of Saraswati Amma

1. Saraswati Amma deals with the development of geometry
in India right from the period of Sulbasttras up to early
seventeenth century.

In this respect her book is rightfully a successor to the two
volumes by Datta and Singh.

Though there appear to be no other books published by her,
yet this single work places her on a unique pedestal among
the scholars of Indian mathematics.

2. Being a Keralite, Saraswati Amma was in an advantageous
position to analyse the various Malayalam manuscripts
of the post-Bhaskara II phase. She diligently culled out,
analysed and compared various approaches in geometry
in Indian mathematics including famous works and
commentaries.

3. She has used the concepts of algebra and calculus, etc. to
illustrate the correctness of some of the formulae from our
old texts.

The surface area and volume of the sphere have been derived
using the principles of integration by the author.

4. Though her doctoral thesis was made in 1963, Saraswati
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Amma could not get it published in book form till 1979. It
shows the strong will and perseverance of Saraswati Amma
that she finally succeeded, even without the official funds
materializing for publishing the book.

5. In the rarely touched upon field of Indian geometry,
Saraswati Amma succeeded, and succeeded remarkably
well.

It is a work of such greatness that even after forty-two years
of her publication, there has been no sequel to her work.

Scope for Further Research

While it is true that Saraswati Amma has comprehensively dealt
with all the features of various geometric figures in her book,
there is also scope for further work in areas that the author has
only briefly touched upon, due to paucity of time and space. Two
such cases are presented here.

One example is the subject of regular polygons inscribed in
a circle, where the author, referring to Bhaskara, states that his
method of calculating the values of the sides are not known. She
also remarks (2007: 192-93) that Gangesa’s method of dividing the
circumference into as many equal parts and evaluating the chord
corresponding to one division using the sine table does not yield
results exactly tallying with those of Bhaskara.

The topic has been dealt with in subsequent literature, viz.
Bhaskaracarya’s Lilavati by A.B. Padmanabha Rao (2014: 129-32).
Geometric methods have been provided by the Buddhivilasini
but only for sides of 3, 4, 6 and 8. Rao has suggested a geometric
method for a pentagon while quoting the Buddhivilasini that
the heptagon and nanogon cannot be treated by any geometric
procedure.

An attempt is made here to derive the sides of a regular
polygon of n sides, inscribed in a circle, through simplification and
restatement of Bhaskara’s siitras for the chord of a circle. There is
a very good closeness of the results obtained to the values stated
by Bhaskara.
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In Sloka 219 of the Lilavati, Bhaskara enunciates the formula
for the chord of a circle, thus:

AR GerATee™: RqueEEd: TRivar=gean:|
ST T o Siedqe] SAgay JUHITg Saehl S|

The circumference diminished and multiplied by the arc shall be
called the prathama. One quarter of the circumference squared
multiplied by 5 is to be diminished by the prathama. The prathama
multiplied by 4 and the diameter should be divided by the above
result. The quotient will be the chord.

Thus, if c is the chord of the arc a and if d and p are diameter
and circumference of the circle whose part the arc is
_ 4da(p-a)
5p2/4—(p-a)a
When a regular polygon of n sides is inscribed in a circle, it divides
the circle into n equal arcs, each of length p/n.

)

Substituting this value of a2 in formula (1):

4d(p/n)(p—p/n)
5p* /4—(p-p/n)p/n
_ (adp/m)p(-1/n)
~5p" /4-p/mxp(1-1/n)
_ 4dp*(n-1)/n’
5/4p*—p? /n*x (n-1)
_ 4d(n-1)
5/4n*—(n-1)
16d(n-1)
5P —4(n-1) @
This formula which does not involve the arc length a and perimeter
p can be used to compute the side of the polygon, viz. c.

In slokas 206-08, the Lilavat7lists the lengths and sides of regular
polygons of sides 3 to 9 inscribed in a circle of diameter 120,000
units thus:
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No. of Sides Side Length When d = 1,20,000
103,923
84,853
70,534
60,000
52,055
45,922
41,031

O X NI O O B~ W

The table below shows the values of the sides as stated by Bhaskara
and the values derived by using restated formula, and also the
percentage deviations. It may be seen that the derived values in
column 3 very well with those of column 2.

No.of  Lengthasper Length as per Percentage

Sides Stitra Restated Formula Deviation
3 103,923 103,788 -0.130
4 84,853 84,708 -0171
5 70,534 70,452 —-0.116
6 60,000 60,000 0.000
7 52,055 52,128 0.140
8 45,922 46,032 0.240
9 41,031 41,172 0.344

The restated formula is thus useful for any n-sided polygon and
not limited to 9. The restated formula actually represents d sin
n/n and is used as an alternative to looking up the sin tables or
evaluation of the side length.

Another case involves a number of series for © attributed to
Madhava where Saraswati Amma states that the series can be got
by regrouping the terms of the series

n/4=1-1/3+1/5 .., etc.

but does not indicate how the regrouping is to be done.
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We can use a generalized method, using a common approach
for writing the n™ term, splitting it and then writing down the
sum of the series.

Conclusion

Raghavan in his introduction to Saraswati Amma’s book says
that the material available should be interpreted in terms of
modern knowledge in the concerned sciences. It is in this respect
that Saraswati Amma’s contribution should be assessed, as
she was one of a kind combining in herself deep knowledge of
Sanskrit, Malayalam and English and an equal command over
mathematics and sciences. Her book thus marks a milestone in the
understanding and appreciation of Indian mathematics.

Further, Saraswati Amma has stated in her work that irregular
shapes in geometry have not been taken up in her book. These
may be attempted. Some of her proofs may also be derived from
the use of trigonometric formulae wherever possible.
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Indian Math Story
Website dedicated to History of
Indian Mathematics

https://indianmathstory.com

Pattisapu Sarada Devi

Abstract: I shall present here a website: https://indianmathstory.
com, developed by me in 2018, which is a chronicle of my efforts
in history of Indian mathematics. I am positive that this will
encourage and motivate the students and researchers of this
subject. This website consists of:

a. Various conferences on this subject that I participated from
year 2000 onwards.

b. Titles of several reference books and names of the journals.

c. Names of several resource persons — questions/puzzles on
history of Indian mathematics.

d. Links of Resource Videos — Mathematical Tourism in India.

e. About the play Journey through Maths: The Crest of the Peacock
that I have developed and staged.

f. Honours programmes that I had conducted at St. Xavier’s
College, Mumbai.

This website is a continuous saga as it has room for various
additions in the future. I welcome all your valuable suggestions.
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Introduction

IN 2000, World Mathematics Year, I had developed a play on history
of Indian mathematics. I thank the staff of HBCSE, Mumbai and
School of Mathematics, TIFR, Mumbai for their support and
encouragement for developing the play, especially for the research
material. A token amount was obtained from HBCSE, Mumbai for
the stationary and reference material for the research. The script of
the play, Journey through Math: The Crest of the Peacock, developed
with the help of the students of St. Xavier’s College, Mumbai. It was
staged at several places later on. One of the observations was that
there is zero amount of awareness of history of Indian mathematics
not only among the students but also among mathematics teachers.
It is like roots of the present generation had almost been cut from
their heritage. Hence, my interest in this unattended subject
grew and that made me start attending the various conferences
held on this subject, which is the history of Indian mathematics,
from 2000 onwards. I have also conducted honours programme
for three years at St. Xavier’s College where I used to work as a
lecturer for more than twenty years. After my retirement, I found
the necessity to document all my efforts in this subject. Hence this
website: https:/ /indianmathstory.com.

About the Website

This website contains altogether thirty-nine tabs including fourteen
main tabs and various sub-tabs. This number is dynamic.

RE-DISCOVERING THE ROOTS  MATHS IN THEA

Mathematical Treasure GREAT GRANDPA'S RIDDLES  INSPIRING HISTORIAN
HONOURS ¥  VIDEO LINKS ~ CONFERENCH

fig.29.1: Main Tab 1



INDIAN MATH STORY | 435

Mathematical Treasure

fig. 29.2: Main Tab 1

About Tab 1: Rediscovering the Roots

It starts with catchy headings like “Re-Discovering the Roots”
and “Conserving our precious past for a marvellous future ...”.

dhFergrerangom ¥ medar fady ot

T gu YF pEawgud B 1

fig. 29.3: Our Irreplaceable Heritage of Millenniums

Audio of a $loka has been included with the heading “The below
music might strike a chord in you ...”.

Then objective of the site is explained:

. is to bring to the notice of today’s youth about our rich
mathematical heritage — the Indian heritage of innovating
ideas, and of astonishingly advanced thoughts and the beautiful
amalgamation of the arts and mathematics. Also it is proposed to
pay homage to all those Indian mathematicians whose immense
contributions to this universal subject have not been duly
recognized. This knowledge of “History of Indian Mathematics”
would lead the young minds to realize that mathematics is not
only a subject, but also a part of their culture.

This tab will connect us to the 2" tab “Maths in Theatre”.

Here, about the beginning of this initiative is explained. I
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express my gratitude to my students and all who lent a helping
hand in putting up this play. A short video, first 15 minutes of the
play, is also uploaded. Excerpts from an article published in The
Hindunewspaper of Hyderabad edition on 12 December 2000 with
picture of media coverage in the background are put up.

This tab will connect us to the sub-tab, “Maths Drama: Journey
through Maths — Crest of the Peacock”, of main tab “Maths in
Theatre”.

In this sub-tab, gist of the content of the play is provided:

The story starts from Indus Valley civilization, Vedic period, Jaina
Mathematics, Bhaksali Manuscript, Aryabhata, Brahmagupta,
Mahaviracarya, Bhaskaracarya, Story of Zero and Decimal
System, Madhavacarya & Mathematics from Kerala School and
ends with tributes to Srinivasa Ramanujan (that way showcasing
history of 5,000 years). A blend of folk narrative art form called
“Burra Katha” of Andhra Pradesh and present-day technology
is the medium of narration. This play includes five dance
sequences, a few Sanskrit slokas and about 80 slides.

In ancient India, mathematics was not only a subject, but also it
was part of the culture. The questions on maths used to be on
birds, bees, animals, rivers and flowers. Maths was applied in
temple architecture, music, $r7 yantras and magic squares. But,
surprisingly, the subject was also quite advanced then. Calculus,
a very important branch of mathematics has its origins in Kerala
(fourteenth and seventeenth century).

In history, one will come across the “so-called Pythagoras

s a

Theorem”, “so-called Pascal triangle”, “so-called Pells equation”.

It is quite wonderful to know how Trigonometric ratio “Sine”
got its name.

Duration of the play is approximately one hour. A team of 10
persons is performing.

Also, there is a call for the people who would like to promote this
initiative.



INDIAN MATH STORY | 437

We are looking for individuals/institutions interested in
promoting this project. Theatre is an effective tool to peep into

India’s glorious past and an opportunity to catch a few insights

into mathematics and a few “values” as well.

Benefits of studying history of Indian mathematics are mentioned
along with a few recommendations and aspirations.

This sub-tab will connect us to the sub-tab “August Audience”.
Background picture of audience has been provided.

The play was performed before:

1.

Science educators and others of HBCSE, TIFR, Mumbai on
28 February 2000.

The scientists of Tata Institute of Fundamental Research,
Mumbai on 18 April 2000 (World Heritage Day).

Delegates of International Conference on Statistics,
(organized on the occasion of Professor C.R. Rao’s 80™
birthday celebrations), Hyderabad on 13 December 2000.

To the faculty of the University of Hyderabad on 13
December 2000.

Delegates of International Conference on History of
Mathematical Sciences, Delhi in December 2002.

Students of different schools and colleges in Mumbai,
Hyderabad and Delhi.

Students of St. Ann’s School, Fort; Ruia College, K.C. College,
Mumbai, and the students who attended National Science
Day celebrations, etc.

A drama academy “Magic If” had taken this play as a
project and performed in schools of Hyderabad for 50 times.
Efforts of Mr Raj Shekhar, the director of the academy, are
appreciated.

This sub-tab connects us to the “media coverage”. Press coverage
on my efforts over the years is on display in this.

Media sub-tab connects to the sub-tab “testimonials”. A few
of the testimonials are displayed below:
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Dear Contributors of the documentary,

the play had been successfully enacted not only
enacted but also for enlightening us about the
glorious past. Thanks to the school of fine arts for
having rendered their cooperation towards success.
explanaﬁon of the show ”journey My sincere gratitude to the narrator and the director
through maths — The crest of the for their deep interest and the idea of implementing
and staging it. The play is indeed one of rare ones of
the modern times. Hope you would prepare such

The script, presentation and

peacock” are excellent.

- C.R. Rao, Pennsylvania State programs in future also. Wish you all grand success.
University - T. Hema, BSc, St. Francis College
fig.29.9 fig. 29.10

Testimonials sub-tab connects us to gallery.

FIRST INTERNATIONAL CONFERENCE OF THE NEW MILLENNIUN
ON HISTORY OF MATHEMATICAL SCIENCES
20

23 December 2001, Dethi (india)

fig. 2911 fig. 2912

This main tab concludes here.

Now we will move on to the third tab “Math (Hi)Story” to
explore more. In the main tab, many video links are provided
which enable the amateur in this to know more. A part of history
of Indian mathematics is briefly narrated in six sub-tabs and by a
main tab “Role Models/Unsung Heroes”.

The story of Indian mathematics which begins with Indus
Valley Civilization, around 3000 Bct and come all the way to the
twentieth century that’s 5,000 years!!.

The stages in this journey are:

Indus Valley (3500 BCE) Mathematics in Vedic
Sarnhitas (1750 BCE)
Sulbastitras (600200 BCE) Maths in Ancient Jaina

works (300 BCE to 200 CE)
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Bhaksali manuscript (300 cE) Aryabhata (476 CE)
Brahmagupta (598 ck) Mahaviracarya (ninth
century)

Bhaskaracarya (1114 cE)
Madhavacarya and works From Kerala (fourteenth
to nineteenth century)

Srinivasa Ramanujan (22 December 1887 — 26
April 1920)

In this journey, one would also examine the spread of zero and
decimal system from India to Arabia and then to Europe.

The following additions are there in these sub-tabs:

a. Anarticle in the form of a English lesson to 10" /11" standard
presented by Sarada Devi on “Role models from our cultural
roots” at Pune conference in 2014.

b. The letters between Hardy and Ramanujan are presented
in a poster form.

In the sub-tab “Unsung Heros”, a small list of the names of
the mathematicians from the ancient past is provided. This tab
leads to main tab “Manuscripts”.

This tab starts in the following way:

A leaf might contain huge wealth of knowledge such as a new
branch of science, a method to prepare life-saving medicine ...
who knows what it can bestow on us.

India WAKE UP ... Conserve them, preserve them. Your heritage
needs you.

India ... RISE AGAIN Uttistha ... Bharata

In this tab, the pathetic state of manuscript is briefly discussed. A
monologue by a personified manuscript is provided. A few useful
links are also given, e.g. https:/ /namami.gov.in/

This tab connects us to the main tab “Books/Magazines”. A
small list of the books is provided. The contents of this tab will
keep increasing in the future.
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This main tab connects us to another main tab “Video Links”.
This tab contains rich resource material for the researchers as many
video links by top historians are provided. This main tab connects
us to another main tab “Conferences”.

In this main tab “Conferences”, I have included all the scanned
copies of the certificates that I have attended on this subject (I
believe 70 per cent of the such conferences I have attended). This
tab is also under construction.

fig. 29.14
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fig. 29.16

This main tab connects us to the another main tab “Inspiring
Historians”.

In this main tab, a few historians’ picture slides are given with
theme “Endaro Mahaanu Bhaavulu” (Many great souls). Only a
small fraction is done here. This tab is under construction. Names
of the various institutions which are working on the history of
Indian maths will be provided in the future.
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This tab takes us to “Honours Program” tab.

A department or a course in colleges and universities on this
subject is highly required. A course either short or long is rare to
find in India on the history of Indian mathematics. Efforts and
contributions of P. Sarada Devi towards this cause have taken shape
in the “Honours Program” at St. Xavier’s College, Mumbai. The
honours program was conducted thrice in St. Xavier’s College,
Mumbeai, i.e. in 2004, 2007 and 2008.

The introduction, projects list, gallery and testimonials are
given as sub-tabs.

fig. 2917

fig. 29.18
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Another interesting main tab is “Tourism” in mathematics. The
places are Nila River Banks, Ghats and Sangama Grama (due to
Calculus), Caturbhuja Temple (due to zero), Jantar Mantar in Jaipur
and Ujjain (due to Sun dial and yantras), Patana Deviin Chalisgaon,
Maharashtra (due to Bhaskaracarya), Chand Baor of Rajasthan
(due to symmetry), Inscription with Brahmi numerals in Nana
Ghat, Maharashtra, and Dholavira, Indus Valley site in Gujarat
(due to numerate culture) and Home of Srinivasa Ramanujan and

Museum in Tamil Nadu. This list will also increase in the future.
N R - -

fig.29.20

Another fascinating main tab is “Great Grandpa Riddles” or
brain boosters.

In this tab we have provided a few multiple choice questions
on History of Indian Maths (HIM) and a few math questions from
ancient texts like the Lilavat7, Bhaksali manuscript and Ganitasara-
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saritgraha. We call them as “Great Grandpa Challenges”. Students
will enjoy solving them.

Example 1

At a distance of 200 cubits from a hill which is 1 cubits high is
situated near a pond. Two hermits are at the top of the hill. One
of them climbs down the hill and goes to the pond, while the
other with his Yogic powers jumps up some distance into the air
above the hill, and comes straight to the pond. Oh learned man!
if you are well versed in mathematics, tell me how high did the
second hermit jump into the sky, if the distance travelled by the
both hermits are equal.

Example 2:
The following was not found in the Indus Valley cities | @ Multible choice  +

O Measuring scale
Q) units of weights

(O well baked bricks

O abacus

X X X X

fig. 29.21

TEST YOUR

fig. 29.23
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Finally, there is a main tab for the “Founder” of the website.
Another tab for the “Contact” details on the website.

Email: saradapattisapu@gmail.com

Phone : +91-9985851712

Conclusion

There is a lot of scope to expand this site. For example, I could
have included a tab on “Curriculum”. An online discussion is
also a good idea. Also, I wish there will be many more websites
by all the researchers/historians/educators on this subject. That
will pave the way for the growth of this subject.
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Technology of

Veda Mantra Transmission through Ages
Relevancy of Current Communication Technology
(Verbal and Text)

M. Rajendran

THE oral tradition of Vedic chanting has been declared an intangible
heritage of humanity by UNESCO. In a meeting of jury members
on 7 November 2003 in Paris, Koichiro Matsuura, Director
General of UNESCO, declared the chanting of Vedas in India
as an outstanding example of heritage and the form of cultural
expressions. The proclamation says in the age of globalization and
modernization that when the cultural diversity is under pressure,
the preservation of oral tradition of Vedic chanting, a unique
cultural heritage, has great significance.

Divisions of the Four Vedas

The Veda is considered to be infinite (ananto vai vedal). In the
beginning of creation there was only one veda and the number of
revealed texts was far greater than we could imagine, during the
course of time due to the diminishing intelligence of mankind as
well as its declining strength, health and loss of faith, many texts
were lost and the veda that is known today is a mere fraction of
the original veda.

Towards the close of the Dvapara-Yuga, it is believed, the Lord
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manifested as Sage Veda Vyasa, who in order to save the veda
from extinction, re-edited it, dividing it into four units. Each unit
was assigned to different classes of brahmanas so that it would
be easier to preserve them. These four units are known as the Rk,
Yajur, Sama and Atharva.

Veda Vyasa had four disciples and to each of them he taught
one veda. Paila mastered the Rgveda, Jaimini the Samaveda,
VaiSampayana the Yajurveda and the Atharvaveda was learnt
by Sumantu. Romaharsana was entrusted with the duty of
transmitting the Puranas and Itihasas.

The Vedas transmitted by these sages to their disciples and
in turn by the latter to theirs resulted in the Vedas becoming
diversified into many branches or schools through the disciplic
succession.

Vedic Chant

The Vedic chant is the oldest form of psalmody known. Very strict
and complex methods of instruction have made it possible to
preserve the ritual chant unchanged, despite thousands of years
of wars, conquests and social upheavals. The Rgveda is chanted on
three notes, the Yajurveda on up to five notes and the Samaveda on
seven notes. The Sama is the only chant that is considered really
musical per se and as such is considered to be inferior to the other
two Vedas. Because of its “worldly” character it is often forbidden
in certain rituals. It is also prescribed that if the Samaveda is heard
while the other two are being recited then the recitation should
stop immediately and only continue after the Sama has terminated.
According to the Taittirtya Upanisad — Siksa-valli — there are six
main factors that need to be taken into consideration.

i. Varnah — pronunciation
ii. Svarah —notes
iii. Matra — duration
iv. Balani — emphasis
v. Sama — Uniformity

vi. Santanah — Continuity
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The Vedic Accent
The rules of correct pronunciation and articulation of sounds are
given in the Vedanga, known as stksa.
TieN ATEATET: | gUiEeR:| WA dd| WE g|E:l 3w
e ||

Siksa deals with varna (letters); svarah (pitch) [there are essentially
three svaras, viz. anudatta (gravely accented or low-pitched),
udatta (high-pitched or acutely accented), svarita (circumflexly
accented)]; matra (duration — a prosodial unit of time); balari
(strength or force of articulation); sama (uniformity); and santanah
(continuity) during recitation.

Variant Forms of Vedic Chant

Vedic recitation has assumed two distinct forms that evolved to
preserve its immutable character: prakrti and vikrti with sub-forms.

The pada-pathah forms the basis of a number of special
recitations known as vikrti (crooked) recitations. The text is recited
backward or forward or the successive words are chanted in
specific combinations. These were originally designed to prevent
the student from forgetting even one letter of the text, however,
through the ages, these mnemonic techniques became an end in
themselves.

PRAKRTI
Samhita-pathah
e § ofe | §8 Ut
Pada-pathah
sider:| 9| g1 |1 we) et
Krama-pathah
e | Tl H A5 ga=d G| WA 981 98 =t T=fa TRt

Mathematical Sequence Series of Krama-pathah
Sentence (S) = P1, P2, P3,..., P(n — 2), P(n — 1), Pn
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Krama Turn T, number (T1 ton — 1)

Turn 1 (T1) = P1, P2;

Turn 2 (T2) = P2, P3;

Turn (n - 2)=P(n —-2), P(n - 1)

Turn (n — 1) = P(n — 1), P(n)
General combination for krama-pathah is

Turn(n-1)T(n — 1) = P(n — 1), P(n);
where, n > 1 and maximum number of turns < n (without any
vestana)

Pn = n™ pada in the sentence
Tn = Turn of krama-pathah
n = Number of pada in a sentence

In the prakrti form, the words do not change their sequence.

VIKRTI
The vikrtis are given in the following verse:
S Al e e s qusl TEH: | Soate fohad: Wie:
W@Wﬂ:
l1.jata;122112/233223/344334/455445/ ...
ey ¥ § oy oA wH| ¥ e 9o € 9 e
e HHT HHA SR e WHA| WHT W' HWE WiHA |HA
g e T TS W He U i T

Mathematical Sequence Series of Jata-pathah
Sentence (S) = P1, P2,..., P(n — 2), P(n — 1), P(n)
Jata Turn (T), Number (T1 ton — 1)
Turn 1 (T1) = P1, P2, P2, P1, P1, P2
Turn 2 (T2) = P2, P3, P3, P2, P2, P3
Turn (n — 2)T(n — 2) = P(n — 2), P(n — 1), P(n — 1), P(n - 2),
P(n-2),Pn-1)
Turn (n —1)(T(n—1)) = P(n—1), P(n), P(n), P(n — 1), P(n — 1), P(n)
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General combination of jata-pathah is
Turn (n - 1)(T(n - 1)) = P(n - 1), P(n), P(n), P(n — 1), P(n — 1), P(n)

where, n > 1 and maximum number of turns < n (without
any vestana)

Pn = n' pada in the sentence

Tn = Turn of jata-pathah

n = Number of pada in a sentence
2.mala;12/21/12/23/32/23/34/43/34/ ..
3.6ikha; 1221123 /2332234/3443345/4554456/ ...

4.rekha;12/21/12/234/432/23/3456/6534/34
/45678/87654/45/5678910/1098765/56/ ...

5.dhvaja; 12 /99100 /23 /9899 /34 /9798 /45 /9798 /56
/9697 /..9798 /34 /9899 /23/99100/12.

6.danda; 12 /21/12/23/321/12/23/34/4321/12
/23/34/45/54321..

7.ratha; 12 /56 /21/65/12/56/23/67/321/765/
12/56/23/67/34/78/4321/8765/ ...

8.ghana; 1221123321123 /2332234432234 /3443
345543345/ ...
e ¥ o iy o | dew agw  Siive: iy
T 98| ¥ a5 98« @ § dE< WHA 9| 9]« § | 98
A 98 G 9 98 98« 9 9% 9% A a8
T_ WA Wl U U U 9iHE 9iHe 9 Tt 98 T et
e 9 Tt wfa et

Mathematical Sequence Series of Ghana-pathah
Sentence (S) = P1, P2, ..., P(n — 2), P(n — 1), P(n)
ghana Turn (T), Number (T1 to n — 1)
Turnl (T1) = P1, P2, P2, P1, P1, P2, P3, P3, P2, P1, P1, P2, P3
Turn 2 (T2) = P2, P3, P3, P2, P2, P3, P4, P4, P3, P2, P2, P3, P4
Turn (n — 2)T(n — 2) = P(n - 2), P(n — 1), P(n — 1), P(n - 2),
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P(n-2),P(n-1),Pn,Pn,Pn-1),Pn-2),Pn-2),P(n—1),Pn
Turn (n —1)(T(n - 1)) = P(n — 1), P(n), P(n), P(n — 1), P(n - 1), P(n)
General combination of ghana-pathah is

Turn (n-1)(T(n-1))=P(n-2),P(n-1),P(n—-1),P(n—-2),P(n-2),
P(n - 1), P(n), P(n), Pn — 1), P(n — 2), P(n — 2), P(n — 1), P(n),

where, n > 1 and maximum number of turns < n (without any
vestana)

Pn = n' pada in the sentence
Tn = Turn of ghana-pathah

n = Number of pada in a sentence.

CHANDAS (METRE)

The metres are regulated by the number of syllables (aksaras) in
the stanza (rk), which consists generally of three or four padas,
measures, divisions, or quarter verses, with a distinctly marked
interval at the end of the second pada, and so forming two semi-
stanzas of varying length.

The most common metres consisting of 8,9, 10, 11, 12 syllables
(aksaras) in each pada, are known as Anustubh, Brhati, Pankti,
Tristup and Jagati.

The Anustubh is the prevailing form of metre in the Dharma-
astras, the Ramayana, the Mahabharata and all the Puranas.

The padas of a stanza are generally of equal length and of more
or less corresponding prosodial quantities. But, sometimes two or
more kinds of metre are employed in one stanza; then the padas
vary in quantity and length.

Mabharsi Pingala Chandastitram

“Maharsi Pingala Chandastitram and Computer Binary
Algorithms” is an unusual topic which links the past and the
present. Computers represent the modern era, the Vedas are of
a hoary past. Much has been researched and documented about
computers, the Vedas are still to be solved of their mysteries.
Many Vedic hymns have astounded the modern scientists and
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astronomers, but there has been no serious effort to unravel the
real meanings behind all the Vedic hymns. Here, we present the
relevant binary system siitras with the explanation and working of
the algorithms written in coded siitras. This opens up new areas
for research and implementation of Pingala’s left to right binary
or the Big-endian system.

Of the various gifts the Hindus gave to the world, the knowledge
of ganita (mathematics) is supreme. They gave the concept of sitnya
(zero), the decimal system (base 10) and sexadecimal (base 60)
system. The binary system, which forms the basis of computation
and calculation in computers, seems to be the superlative discovery
of modern mathematics. It is astonishing to find the binary system
in the Vedanga of chandas given so clearly by Maharsi Pingala. As
with any ancient Vedic knowledge, the binary system has been
hidden in the Chandasiitram. The Hindus” unique method is of
using Sanskrit aksaras (alphabets) for writing numbers left to right,
with the place value increasing to the right. These are read in the
reverse order from right to left —artkanam vamato gatih. The binary
numbers are also written in the same manner as decimal numbers
and read from right to left. We present the relevant siitras from
Mabharsi Pingala’s Chandasiitram. The algorithms are written as
sittras. The algorithms are recursive in nature, a very high concept
in modern computer programming language. We fix the date of
this Vedanga based on the date of the Vedas.

Very large numbers have been encoded using the algebraic
code of Maharsi Pingala’s Chandasiitram. The conformity between
decimal and binary number is given in the Adhvayoga. This has to
be properly understood, these aksara binary numbers are not used
for enumeration and classification of chandas only. Chanda means
covering, hiding or concealing according to Vedic etymology.
According to Panini, it means Vedas and Vedic language. Prastara
gives the algorithm for changing an ordinal number to guru-laghu
binary syllabic encoding. Similar is the scheme of katapayadi
changing numbers to meaningful mnemonics. (We have developed
software programs of the algorithms given in Maharsi Pingala’s
Chandastitram). The algorithms should have been formulated
before the specific Veda mantras. And the Vedarnga-Jyotisa gives
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the algorithms for astronomical calculations. To memorize the
large volume of astronomical data and calculation tables Maharsi
Pingala’s binary system was used. This astronomical calculations
were necessary for making rituals at appropriate time as given in
the Kalpasiitras. Maharsi Pingala defined two series of numbers,
index or serial number and a quantitative series. The quantitative
series lists the meteric variations, and index number gives decimal
values of the variations as per adhvayoga algorithm. The main
purpose of the Chandasiitram is to give rules based on bija-ganita
(algebra) for encoding the ganas or aksara combinations.

Chandas are for the study of Vedic metre. This gives the
importance of “Encoding of the Veda Mantras”. This is the pada
(foot) of the Vedas. This gives the cryptic astronomical, algebraical,
geometrical and method of Vedic interpretation. This has been
in use in Tamil grammar Tolkappiyam. The science of metrics in
Tamil is named as Yappilakanam. Almost all the technical terms of
Chandastitram have similar word-meaning in Tamil.

Interpretation of Vedas, based on the encoding methods using
Chandasiitram, gives a method of chanting supercomputer. The
mantras are based on sound and not on written scripts. The duration
of pronunciation, the rules for when a laghu (short vowel) is to be
pronounced as guru (long vowel) gives the superiority of sound
over script. And this forms the basis of committing to memory
large numbers of astronomy using the coding schemes of chandas.

Vedas are in different chandas. One meaning of chandas is that
it is knowledge which is to be guarded in secret and propagated
with care. The Vedas are also described as chandas. The whole
of Samaveda is consisted of chandas. There is a word in Tamil
referring to Tamil language as chandahtamil. Of the six Vedangas,
Chandasastra forms a part essential to understand the Vedas.

The following algorithms are for the binary system in Pingala’s
Chandastutram.

Chandasiitram by Maharsi Pingala contains eighteen pariccheda
(sub-chapters) in eight adhyayas (main chapters). The 1% pariccheda
of six $lokas are not siitras. The rest of the Chandasiitram is composed
of siitras.
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The fourth Sloka is:

ma ya v sa ta ja bha na la ga sammitam bhramati vangamayam

jagatiyasya |
sajayati pingala nagah Siva prasadat visuddha matih ||

And the sixth sloka is:

tri viramam das varnam sanmatramuacha pingala siitram |
chandovarga padarta pratyaya hetoScasastaradou ||

In this Maharsi Pingala states that ma, ya, ra, sa, ta, ja, bha, na, la,
ga mentioned in the fourth sloka is in itself a siitra, containing ten
varnas and specifies that the same is kept on the top of all siitras
because it is the basis for chando varga padarthas and pratyayas.
Three technical terms are given here: viramam, matra and pratyaya.
The term pratyaya indicates vast and remarkable meaning.
The astonishing wonderful intelligence of Maharsi Pingala is
imbibed in various pratyayas. In fact, the pratyayas is a collection
of extraordinarily ingenious and clever solutions to problems.

The 8" adhyaya gives the following sixteen siitras (8.20-8.35)
which relate to the Pingala pratyaya system:

1. Prastarah — Algorithms to produce all possible combinations
of n binary digits.

2. Nastam — Algorithms to recover the missing row.
3. Uddistam — Algorithms to get the row index of a given row.

4. Saritkhya — Algorithms to get the total number of n bit
combinations.

5. Adhvayoga — Algorithms to compute the total combinations
of chandas ranging from 1 syllable to n syllables.

6. Eka-dvi-adi-1-g-kriya — Algorithms to compute a number of
combinations using 7 — number of syllables taking r — the
number of laghus (or gurus), at a time nCr.

Conclusion

Interpretation of Vedas based on the encoding methods using
Chandastitram gives a method of chanting supercomputer. The
mantras are based on sound and not on written scripts. The
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duration of pronunciation, the rules for when a laghu (short vowel)
is to be pronounced as a guru (long vowel) gives the superiority
of sound over script. And this forms the basis of committing to
memory large numbers of astronomy using the coding schemes of
chandas. Vedas are in different chandas (metres). One meaning of
chandas is that it is knowledge which is to be guarded in secret and
propagated with care. The Vedas are also described as chandas.
The whole of Samaveda consists of chandas. There is word in Tamil
referring Tamil language as Chandahtamil. Of the six Vedangas
Chandasastra forms a part essential to understand the Vedas.
These chandas have been studied in great details. Vikrutti’s or
chanting method serves the purpose of retaining intact in veda
mantras without any error throughout the ages. Pingala chandas
give the rules for encoding knowledge inside the Veda mantras.
These systems have to be researched and adapted for currently
communication technology.
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A Note on Confusion Matrix
and Its Real Life Application

T.N. Kavitha

Abstract: A discussion of the origin of the confusion matrix and
a variety of definition of various persons are given in a detailed
manner. A confusion matrix contains information about actual
and predicted classifications done by a classification system.
Performance of such systems is commonly evaluated using
the data in the matrix. The proportion of a data set for which
a classifier makes a prediction. If a classifier does not classify
all the instances, it may be important to know its performance
on the set of cases for which it is “confident” enough to make a
prediction, that matter is discussed herein in a detailed manner.

Keywords: Confusion matrix, classifier, prediction, contingency
table.

Introduction

A CONFUSION matrix, also known as an error matrix, is a specific
table layout that allows visualization of the performance of an
algorithm, typically a supervised learning one (in unsupervised
learning, it is usually called a matching matrix). Each row of the
matrix represents the instances in a predicted class while each
column represents the instances in an actual class (or vice versa)
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(Pearson 1904). The name stems from the fact that it makes it
easy to see if the system is confusing two classes (i.e. commonly
mislabelled one as another). It is a special kind of contingency
table, with two dimensions (“actual” and “predicted”), and
identical sets of “classes” in both dimensions (each combination
of dimension and class is a variable in the contingency table).

Meaning of Confusion Matrix

In Oxford Dictionary of Psychology, we have the following definition
for confusion matrix:

A matrix representing the relative frequencies with which
each of a number of stimuli is mistaken for each of the others
by a person in a task requiring recognition or identification of
stimuli. Analysis of these data allows a researcher to extract
factors (2) indicating the underlying dimensions of similarity
in the perception of the respondent. For example, in colour-
identification tasks, relatively frequent confusion of reds with
greens would tend to suggest daltonism. — Matthew

The confusion matrix was invented in 1904 by Karl Pearson. He
used the term Contingency Table. It appeared at Karl Pearson’s
Mathematical Contributions to the Theory of Evolution. During
the Second War World, detection theory was developed as an
investigation of the relations between stimulus and response. We
have used confusion matrix there. Due to the detection theory,
the term was used in psychology. From there the term reached
machine learning. In statistics, it seems that though the concept
was invented, a field very related to the machine learning, it
reached machine learning after a detour in during 100 years.

J.T. Townsend introduced the concept of confusion matrix
in his paper “Theoretical Analysis of an Alphabetic Confusion
Matrix” (1971). In this work, a study was undertaken to obtain a
confusion matrix of the complete upper-case English alphabet with
a simple non-serifed font under tachistoscopic conditions. This was
accomplished with two experimental conditions, one with blank
post-stimulus field and one with the noisy post-stimulus field,
for six (sensory states) Ss run 650 trials each. Three mathematical



A NotE ON CONFUSION MATRIX | 461

models of recognition, two based on the concept of a finite number
of sensory states and one being the choice model were compared in
their ability to predict the confusion matrix after their parameters
were estimated from functions of the data.

The paper discusses an experiment in which the 26 English
alphabet letters (stimuli) are presented to a subject that should
present a reply with the same letter (reaction). The confusionis a 26
x 26 matrix with the probability of each reaction to each stimulus.
This explains the name (the matrix of the subject confusion) and
matches the use in machine learning today.

Ron Kohavi and Foster Provost discussed about confusion
matrix in the topic “Glossary of Terms” (1998).

They defined a matrix called confusion matrix showing the
predicted and actual classifications. A confusion matrix is of size L
x L, where L is the number of different label values. The following
confusion matrix is for L = 2:

Actual\Predicted  Negative Positive
Negative A B
Positive C D

The following terms are defined for a two x two confusion
matrix:

Accuracy: (a +d)/(a+ b+ c +d).

True positive rate (recall, sensitivity): d/(c + d).
True negative rate (specificity): a/(a + b).
Precision: d/(b + d).

False positive rate: b/(a + b).

False negative rate: c/(c + d).

Coverage

The proportion of a data set for which a classifier makes a
prediction. If a classifier does not classify all the instances, it may
be important to know its performance on the set of cases for which
it is “confident” enough to make a prediction.
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The very first Howard Hamilton described this concept in his
2002 article named “Confusion Matrix”.

A confusion matrix (Kohavi and Provost 1998) contains
information about actual and predicted classifications done by a
classification system. Performance of such systems is commonly
evaluated using the data in the matrix. The following table shows
the confusion matrix for a two class classifier.

Predicted
Negative  Positive
Negative a B
Actual ’
Positive c D

The entries in the confusion matrix have the following meaning
in the context of our study:

* 1 is the number of “correct” predictions that an instance is
negative,

* b is the number of “incorrect” predictions that an instance
is “positive”,

¢ cisthe number of “incorrect” of predictions that an instance
“negative”, and

* dis the number of “correct” predictions that an instance is
“positive”.
Several standard terms have been defined for the two class
matrix:

® The accuracy (AC) is the proportion of the total number of
predictions that were correct. It is determined using the
equation:
a+d
)

AC=——"—,
a+b+c+d

e The recall or true positive (TP) rate is the proportion of positive
cases that were correctly identified, as calculated using the

equation:

d
TP = ——. 2
c+d @

e The false positive (FP) rate is the proportion of negatives cases
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that were incorrectly classified as positive, as calculated
using the equation:

Fp=—t ®)

a+b
® The true negative (TN) rate is defined as the proportion of
negatives cases that were classified correctly, as calculated

using the equation:

N=—"_ @)

a+b
¢ The false negative (FN) rate is the proportion of positives cases
that were incorrectly classified as negative, as calculated

using the equation:
c
N=——-1. 5
c+d ©
¢ Finally, precision (P) is the proportion of the predicted
positive cases that were correct, as calculated using the
equation:
P2
b+d

The accuracy determined using equation (1) may not be an
adequate performance measure when the number of negative
cases is much greater than the number of positive cases (Kubat et
al. 1998). Suppose there are 1,000 cases 995 of which are negative
cases and 5 of which are positive cases. If the system classifies
them all as negative, the accuracy would be 99.5 per cent, even
though the classifier missed all positive cases. Other performance
measures account for this by including TP in a product: for
example, geometric mean (g-mean)(Kubat et al. 1998), as defined
in equations (7) and (8) and F-measure (Lewis and Gale 1994), as
defined in equation (9).

g-mean, = VTP xP. (7
g-mean, = VTPxTN. ®)
£ (B +1)xPxTP ©)

B*xP+TP
In equation (9), B has a value from 0 to infinity and is used to

(6)
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control the weight assigned to TP and P. Any classifier evaluated
using equations 7, 8 or 9 will have a measure value of 0, if all
positive cases are classified incorrectly.

Tom Fawcett published the topic “An Introduction to ROC
Analysis” (2006). The matter discussed in this article is publication
areview. Given a classifier and an instance, there are four possible
outcomes.

1. If the case is positive and it is classified as positive, it is
counted as a true positive.

2. Ifitis classified as negative, it is calculated as a false negative.

3. If the instance is negative and it is classified as negative, it
is to add up as a true negative.

4. If it is classified as positive, it is counted as a false positive.

Given a classifier and a set of instances (the test set), a two x
two “confusion matrix” (also called a “contingency table”) can be
constructed representing the dispositions of the set of instances.
This matrix forms the basis for many common metrics.

Gregory Griffin, Alex Holub and Pietro Perona presented
their effort about the confusion matrix named “Caltech-256 Object
Category Dataset” (2007).

Kai Ming Ting presented in the similar way like the existing
one, that is the attempt of ‘Confusion Matrix” (2011).

In 2018, the following are very clear, i.e. in the field of machine
learning and specifically the problem of statistical classification,
a confusion matrix, also known as an error matrix, is a specific
table layout that allows visualization of the performance of an
algorithm, typically a supervised learning one. Each row of the
matrix represents the instances in a predicted class while each
column represents the instances in an actual class (or vice versa).

It is a special kind of contingency table, with two dimensions
(“actual” and “predicted”), and identical sets of “classes” in both
dimensions.
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Example

A “confusion matrix” for a classification task with the three (c
= 3) output classes: A, B and C. The test set used to evaluate the
algorithm contained 100 cases with a distribution of 30 As, 35 Bs
and 35 Cs. A perfect classifier would have only made predictions
along the diagonal, but the results below show that the algorithm
was only correct on (20 + 25 + 24) /100 = 69 per cent of the cases.
The “matrix” can be used to infer that the classifier often confuses
dairy for cans (11 incorrect) and cans for dairy (9 wrong). This
“matrix” also includes summations of the rows and columns.

ACTUAL/ A B C sum

PREDICTED

A 20 2 11 33

B 2 25 1 28

C 9 5 24 38

Sum 31 32 36 100
Conclusion

A “confusion matrix” is a table that often used to describe the
performance of a classification model (or “classifier”) on a set of
test data for which the true values are known. A confusion matrix
is a contingency table that represents the count of a classifier’s class
predictions with respect to the actual outcome on some labelled
learning set. Predictions areas were the function encounters with
all its difficulties. The application of the confusion matrix allows
the visualization of the performance of an algorithm in Python
software.
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Historical Development of
Fluid Dynamics

E. Geetha
M. Larani

Abstract: In this paper we discuss about the history and
development of fluid dynamics. Fluid dynamics is the subfield
of fluid mechanics. Fluid mechanics is the combination of
hydraulics and hydrodynamics. Hydraulics developed as an
empirical science beginning from the pre-historical times.
The advent of hydrodynamics, which tackles fluid movement
theoretically, was in eighteenth century by various scientists.
Complete theoretical equations for the flow of non-viscous fluid
were derived by Euler and other scientists. In the nineteenth
century, hydrodynamics advanced sufficiently to derivate the
equation for the motion of a viscous fluid by Navier and Stokes:
only laminar flow between parallel plates was solved. In the
present age, with the progress in computers and numerical
techniques in hydrodynamics, it is now possible to obtain
numerical solutions of Navier-Stokes equation.

Keywords: Pascal’s law, hydrostatics, hydrodynamics, Hagen-
Poiseuille equation, Vortex Dynamics.

Introduction

THE history of fluid mechanics, the study of how fluids move and
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the forces on them, dates back to the ancient Greeks. A pragmatic,
if not scientific, knowledge of fluid flow was exhibited by ancient
civilizations, such as in the design of arrows, spears, boats and
particularly hydraulic engineering projects for flood protection,
irrigation, drainage and water supply (Garbrecht 1987). The
earliest human civilizations began near the shores of rivers, and
consequently, coincided with the dawn of hydrology, hydraulics
and hydraulic engineering.

Archimedes

The fundamental principles of hydrostatics and dynamics were
given by Archimedes in his work on floating bodies (ancient
Greek), around 250 Bck. In it, Archimedes develops the laws of
buoyancy, also known as Archimedes” Principle. This principle
states that a body immersed in a fluid experiences a buoyant
force equal to the weight of the fluid it displaces (Caroll 2007).
Archimedes mentioned that each particle of a fluid mass, when in
equilibrium, is equally pressed in every direction; and he inquired
into the conditions according to which a solid body floating in
a fluid should assume and preserve a position of equilibrium
(Greenhill 1912) .

The Alexandrian

In the Greek school at Alexandria, which flourished under the
auspices of the Ptolemies, attempts were made at the construction
of hydraulic machinery, and in about 120 Bce the fountain of
compression, the siphon and the forcing-pump were invented by
Ctesibius and Hero. The siphon is a simple instrument; but the
forcing-pump is a complicated invention, which could scarcely
have been expected in the infancy of hydraulics. It was probably
suggested to Ctesibius by the Egyptian wheel or Noria, which
was common at that time, and which was a kind of chain pump,
consisting of a number of earthen pots carried round by a wheel.
In some of these machines the pots have a value in the bottom
which enables them to descend without much resistance, and
diminishes greatly the load upon the wheel; and, if we suppose
that this value was introduced so early as the time of Ctesibius, it
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is not difficult to perceive how such a machine might have led to
the invention of the forcing-pump (Greenhill 1911).

Sextus Julius Frontinus

Notwithstanding these inventions of the Alexandrian school, its
attention does not seem to have been directed to the motion of
fluids; and the first attempt to investigate this subject was made by
Sextus Julius Frontinus, inspector of the public fountains at Rome
in the reigns of Nerva and Trajan. In his work De aquaeductibus urbis
Romae commentaries, he considers the methods which were at that
time employed for ascertaining the quantity of water discharged
from tubes and the mode of distributing the waters of a water
supply or a fountain. He remarked that flow of water from an
orifice depends not only on the magnitude of the orifice itself, but
also on the height of the water in the reservoir; and that a pipe
employed to carry off a portion of water from an aqueduct should,
as circumstances required, have a position more or less inclined to
the original direction of the current. But as he was continued with
the law of the velocities of running water as depending upon the
depth of the orifice, the want of precision which appears in his
results is not surprising (Greenhill 1912).

Seventeenth and Eighteenth Centuries

CASTELLI AND TORRICELLI

Benedetto Castelli and Evangelista Torricelli, two of the disciples
of Galileo, applied the discoveries of their master to the science
of hydrodynamics. In 1628 Castelli published a small work, Della
misura dell” acque correnti, in which he suitably explained several
phenomena in the motion of fluids in rivers and canals; but he
committed a great paralogism in supposing the velocity of the
water proportional to the depth of the orifice below the surface of
the vessel. Torricelli, observing that in a jet where the water rushed
through a small nozzle it rose to nearly the same height with the
reservoir from which it was supplied, imagined that it ought to
move with the same velocity as if it had fallen through that height
by the force of gravity and, hence, he deduced the proposition that
the velocities of liquids are as the square root of the head, apart
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from the resistance of the air and the friction of the orifice. This
theorem was published in 1643, at the end of his treatise De motu
gravium projectorum and it was confirmed by the experiments of
Raffaello Magiotti on the quantities of water discharged from
different ajutages under different pressures (Greenhill 1912).

BLAISE PASCAL

In the hands of Blaise Pascal hydrostatics assumed the dignity of a
science and in a treatise on the equilibrium of liquids, found among
his manuscripts after his death and published in 1663, the laws of
the equilibrium of liquids were demonstrated in the most simple
manner, and amply confirmed by experiments (Greenhill 1912).

STUDIES BY ISAAC NEWTON
Friction and Viscosity

The effects of friction and viscosity in diminishing the velocity of
running water were noticed in the Principia of Isaac Newton, who
threw much light upon several branches of hydromechanics. At a
time when the Cartesian system of vortices universally prevailed, he
found it necessary to investigate that hypothesis and in the course of
his investigations he showed that the velocity of any stratum of the
vortex is an arithmetical mean between the velocities of the strata
which enclose it; and from this evidently follows that the velocity
of a filament of water moving in a pipe is an arithmetical mean
between the velocities of the filaments which surround it. Taking
advantage of these results, Italian-born French engineer Henri Pitot
afterwards showed that the retardations arising from friction are
inversely as the diameters of the pipes in which the fluid moves
(Greenhill 1912).

Orifices
The attention of Newton was also directed to the discharge of
water from orifices in the bottom of vessels.

Waves

Newton was also the first to investigate the difficult subject of the
motion of waves.
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DANIEL BERNOULLI

Daniel Bernoulli’s work on hydrodynamics demonstrated that the
pressure in a fluid decreases as the velocity of fluid flow increases.
He also formulated Bernoulli’s law and made the first statement of
the kinetic theory of gases. In fluid dynamics, Bernoulli’s principle
states that an increase in the speed of a fluid occurs simultaneously
with a decrease in pressure or a decrease in the fluid’s potential
energy. The principle is named after Daniel Bernoulli who
published it in his book Hydrodynamica in 1738 (Greenhill 1912).

JEAN LE ROND D’ALEMBERT

In fluid dynamics, d’Alembert’s paradox (or the hydrodynamic
paradox) is a contradiction reached in 1752 by French mathematician
Jean le Rond d’Alembert. He proved that for incompressible and
inviscid potential flow — the drug force is zero on a body moving
with constant velocity relative to the fluid.

LEONHARD EULER

The resolution of the questions concerning the motion of fluids
was effected by means of Leonhard Euler’s partial differential
coefficients. This calculus was first applied to the motion of water
by d’Alembert and enabled both him and Euler to represent the
theory of fluids in formulae restricted by no particular hypothesis
(Greenhill 1912).

GOTTHILF HAGEN

Hagen—Poiseuille equation: In 1839, Hagen undertook careful
experiment in brass tubes that enabled him to discover the
relationship between the pressure drop and the tube diameter
under conditions of laminar flow of homogeneous viscous liquids.

Nineteenth Century
HERMANN VON HELMHOLTZ

In 1858, Hermann Von Helmholtz published his seminal paper
“Uber Integrale der Hydrodynamischen Gleichungen, Welche
den Wirbelbewegungen entsprechen”, in Journal fur die reine und
angewandte mathematk. So important was the paper that a few years
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later P.G. Tait published an English translation, “On Integrals of
the Hydrodynamical Equations which Express Vortex Motion”, in
Philosophical Magazine (1867). In his paper Helmholtz established
his three “laws of vortex motion” in much the same way one finds
them in any advanced textbook of fluid mechanics today. This
work established the significance of vorticity to fluid mechanics
and science in general. For the next century or so, vortex dynamics
matured as a subfield of fluid mechanics, always commanding
at least a major chapter in treatises on the subject. Thus, H. Lamb’s
well-known Hydrodynamics (1932) devotes full chapter to vorticity
and vortex dynamics as does G.K. Batchelor’s An Introduction to
Fluid Dynamics (1967). In due course entire treatises were developed
to vortex motion. H. Poincare’s Theorie des Tourbillons (1893), H.
Villat’s Lecons sur la Theorie des Tourbillons (1930), C. Truesdell’s The
Kinematics of Vorticity (1954), and P.G. Staffman’s Vortex Dynamics
(1992) may be mentioned. Earlier individual sessions at scientific
conferences were devoted to vortices, vortex motion, vortex dynamics
and vortex flows. Later, entire meetings were devoted to the subject.

The range of applicability of Helmholtz’s work grew to
encompass atmospheric and oceanographic flows, to all branches
of engineering and applied science and, ultimately, to superfluids
(today including Bose-Einstein condensates). In modern fluid
mechanics, the role of vortex dynamics in explaining flow
phenomena is firmly established. Well-known vortices have
acquired names and are regularly depicted in the popular media:
hurricanes, tornadoes, waterspouts, aircraft trailing vortices (e.g.
Wingtip vortices), drainhole vortices (including the bathtub
vortex), smoke rings, underwater bubble air rings, cavitation
vortices behind ship propellers and so on. In the technical
literature, a number of vortices that arise under special conditions
also have names: the Karman Vortex Street wake behind a bluff
body, Taylor Vortices between rotating cylinders, Gortler Vortices
in flow along a curved wall, etc.

JEAN NICOLAS PIERRE HACHETTE

J.N.P. Hachette in 1816-17 published memoirs containing the
results of experiments on the spouting of fluids and the discharge
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of vessels. His object was to measure the contracted part of a
fluid vein, to examine the phenomena attendant on additional
tubes, and to investigate the form of the fluid vein and the results
obtained when different forms of orifices are employed.

Twentieth Century
DEVELOPMENTS IN VORTEX DYNAMICS

Vortex dynamics is a vibrant subfield of fluid dynamics,
commanding attention at major scientific conferences and
precipitating workshops and symposia that focus fully on the
subject.

Vortex atom theory is the new dimension in the history of
vortex dynamics, which was done by William Thomson; later
it was developed by Lord Kelvin. His basic idea was that atoms
were to be represented as vortex motions in the ether. This theory
predated the quantum theory by several decades and because
of the scientific standing, its originator received considerable
attention. Many profound insights into vortex dynamics were
generated during the pursuit of this theory. Other interesting
corollaries were the first counting of simple knots by P.G. Tait,
today considered a pioneering effort in graph theory, topology,
and knot theory. Ultimately, Kelvin’s vortex atom was seen to be
wrong-headed but the many results in vortex dynamics that it
precipitated have stood the test of time. Kelvin himself originated
the notion of circulation and proved that in an inviscid fluid
circulation around a material, contour would be conserved. This
result singled out by Einstein in “Zum hundertjahrigen Gedenktag
von Lord Kelvins Geburt, Naturwissensschaften”(1924) (title
translation: “On the 100" Anniversary of Lord Kelvin’s Birth”), as
one of the most significant results of Kelvin’s work provided an
early link between fluid dynamics and topology.

The history of vortex dynamics seems particularly rich in
discoveries and rediscoveries of important results, because
results obtained were entirely forgotten after their discovery and
then were rediscovered decades later. Thus, the integrability of
the problem of three-point vortices on the plane was solved in
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the 1877 thesis of a young Swiss applied mathematician named
Walter Grobli. In spite of having been written in Gottingen in the
general circle of scientists surrounding Helmholtz and Kirchhoff,
and in spite of having been mentioned in Kirchhoff’s well-known
lectures on theoretical physics and in other major texts such as
Lamb’s Hydrodynamics, this solution was largely forgotten. In an
article appeared in the year 1949, it was noted that mathematician
J.L. Synge created a brief revival, but Synge’s paper was in turn
forgotten. A quarter century later a 1975 paper by E.A. Novikov
and a 1979 paper by H. Aref on chaotic advection finally brought
this important earlier work to light. The subsequent elucidation
of chaos in the four-vortex problem, and in the advection of a
passive particle by three vortices, made Grobli’s work part of
“modern science”.

Another example of this kind is the so-called “Localized
Induction Approximation” (LIA) for three-dimensional vortex
filament motion, which gained favour in the mid-1960s through
the works of R.J. Arms, Francis R. Hama, Robert Betchov and
others, but turns out to date from the early years of the twentieth
century in the work of Da Rios, a gifted student of the noted
Italian mathematician T. Levi-Civita. Da Rios published his results
in several forms but they were never assimilated into the fluid
mechanics literature of his time. In 1972 H. Hasimoto used Da
Rios” “Intrinsic Equations” (later rediscovered independently by
R. Betchov) to show how the motion of a vortex filament under
LIA could be related to the non-linear Schrodinger equation. This
immediately made the problem part of “modern science” since it
was then realized that vortex filaments can support solitary twist
waves of large amplitude.
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Abstract: We have reviewed the introduction of the Hosoya
polynomial and Wiener index. We also reviewed its development
and applications in various journals. Here we discuss about the
history of the Wiener index, related indices and some of the
methodologies used in it so far.

Keywords: Wiener index, Hosoya polynomial, chemical graph
theory.

Introduction

IN EARLIER days, Wiener index played a vital role in chemical
graph theory. Application of topological indices in biology and
chemistry began in 1947. The Chemist Harold Wiener (1947)
introduced the Wiener index to demonstrate correlations between
physicochemical properties of organic compounds and the index
of their molecular graphs.

Molecular descriptors are numerical values obtained by
the quantification of various structural and physicochemical
characteristics of the molecule. It is envisaged that molecular
descriptors quantify these attributes so as to determine the
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behaviour of the molecule and the way the molecule interacts with
a physiological system. Since the exact mechanism of drug activity
is unknown in many cases, it is desirable to start with descriptors
spanning as many attributes of the molecules as possible and then
assess their ability to predict the desired activity /property.

Topological indices of a simple graph are numerical descriptors
that are derived from the graph of chemical compounds. Such
indices based on the distances in graph are widely used for
establishing relationships between the structure of molecular
graphs and nanotubes and their physicochemical properties.

Wiener (1947) originally defined his index on trees and studied
its use for correlations of physicochemical properties of alkanes,
alcohols, amines and their analogous compounds as:

WI:% Z Z d(u,v),

ueV(G)veV(G)

where d(u, v) denotes the distance between vertices u and v.

The Hosoya polynomial of a graph is a generating function
about distance distributing, introduced by Hosoya in 1988 and for
a connected graph G is defined as (Babujee et al. 2012):

H(x)— > xf

ueV(G)vEV(G)
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In a series of papers, the Wiener index and the Hosoya polynomial
of some molecular graphs and nanotubes are computed. For more
details about the Wiener.

Ivan Gutman et al., introduced the system of molecular
descriptor and its applications in QSPR/QSAR (Quantitative
structure property/activity relationships). Ivan Gutman and
Oskar E. Polansky (1986) suggested the conversion of the structure
of a molecule into a graph and introduced the concept of graph
energy, topological indices. Babujee and Sengabamalar (2012)
explained how Wiener index correlates with properties of organic
compounds and found Wiener index of some common cycles,
paths, complete graph and star graph and so on. K. Tilakam et al.
(2014) obtained the Wiener index of some graphs using Matlab.

Mohamed Essal et al. (2011) derived some theoretical results
for the Wiener index, degree distance and the hyper Wiener index
of a graph. Sandi KlavZar and Ivan Gutman (1996) compared the
Schultz molecular index with the Wiener index.

Sandi KlavZzar (2008) presented the applications of chemical
graph theory and used cut method to find the topological indices:
Wiener index, Szeged index, hyper-Wiener index, the PI index,
weighted Wiener index, Wiener-type indices, and classes of
chemical graphs such as trees, benzenoid graphs and phenylenes.

Wiener (1947) instructed to compute in a simple way to find
the path number. Multiply the number of carbon bonds on one
side of any bond by those on the other side. W is the sum of these
values for all bonds. Let T be a tree with N vertices and e one of its
edges (bonds). Letalso N,(e) and N, (¢) = N — Nj(e) be the numbers
of vertices of the two parts of T —e.

W =2 N(e)N,(e)
where the summation is over all N, edges of T.

Sonja Nikoli¢ et al. (1995) reviewed the definitions and
methods of computing the Wiener index. They pointed out that
the Wiener index is a useful topological index in the structure—
property relationship because it is a measure of the compactness
of a molecule in terms of its structural characteristics, such as
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branching and cyclicity. Also, they did a comparative study
between the Wiener index and several of the commonly used
topological indices in the structure-boiling point relationship.
Developments such as an extension of the Wiener index into its
three-dimensional version are also mentioned.

Conclusion

Reviewing the mathematical properties and the chemical
applications of the Wiener index, it is one of the best understood
and most frequently used molecular descriptors. It has numerous
applications in the modelling of physicochemical, pharmacological
and biological properties of organic molecules.
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The Origin of Semiring-valued Graph

Ramya
T.N. Kavitha

Abstract: We discuss the origin of S-valued graph and its
application fields. The semiring-valued graph is defined as the
combination of graph and algebraic structure. Various types
of S-valued graphs are defined by many persons. From those
discussions here we talk about a few of them, for example, vertex
domination on S-valued graph, degree regularity on edges of
S-valued graph, homomorphism on S-valued graph, and vertex
domination number in S-valued graph; using these discussions
we try to find a new type of S-valued graph in future.

Introduction

THE origin of S-valued graph was in 1934. H.S. Vandiver introduced
the semiring and studied “the algebraic structure of ideals in
rings”. Further, Jonathan Golan introduced the notion of S-valued
graphs, i.e. S-semiring. In the year 2015, M. Chandramouleeswaran
introduced the semiring-valued graph in the International Journal
of Pure and Applied Mathematics. In 2016, S. Jeyalakshmi introduced
vertex domination on S-valued graph in the International Journal
of Innovative Research in Science. It was followed by the authors S.
Mangala Lavanya and S. Kiruthiga Deepa and they introduced
“degree regularity on edges of S-valued graph” in the same year.
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Further, M. Rajkumar (2016) introduced “the homomorphism
on S-valued graph”. In 2016, S. Jeyalakshmi presented the paper
“Strong and Weak Vertex Domination on S-valued Graph” in The
International Journal of Pure and Applied Mathematics. The author
motivated the notion of S-valued graphs. “K-colourable S-valued
graph” was introduced by T.V.G. Shriprakash as he published in
the International journal of Pure and Applied Mathematics (2017). In
July 2017, the S-valued definition was introduced by S. Jeyalakshmi
in the Mathematical Science International Research Journal. She
introduced the definition the vertex v € Gsis said to be a weight
dominating vertex if o(11) > o(v), for all e V. M. Sundar introduced
the applied graph theory paper in the year 2017. He states that the
products of graph have lead several areas of research in graph
theory. Algebraic graph theory can be viewed as an extension of
graph theory in which algebraic methods are applied to problems
about graphs.

Origin of S-valued Graph

In 1934, H.S. Vandiver introduced the semiring in the study of
algebraic structure of ideals in rings. Further, Jonathan Golan
introduced the notion of “S-valued graphs”. That is also known
as semiring-valued graphs. There are some major applications of
it in such fields as social sciences, communications, networks and
algorithms designs.

Semiring-valued Graph

M. Chandramouleeswaran introduced the semiring-valued graph
in the International Journal of Pure and Applied Mathematics in 2015.
He mainly combined the algebraic structure with the graph that
is known as semiring-valued graph. It has the other notation as
S-valued graph.

He defined a semiring (S, +, *) as an algebraic system with
a non-empty set S together with two binary operations + and *
such that

1. (S, +, *) is a monoid.

2. (S,%) is a semigroup.
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3. Foralla,b,ceS,ax(b+c)=axb+axcand (a+b)xc=a
xc+bxc.

4. 0-x=x-0=0VxeS.

This can be applied to find certain social network problems.

Vertex Domination on S-valued Graph

S. Jeyalakshmi published an article “Vertex Domination on
S-valued Graph” in the International Journal of Innovative Research
in Science (September—October 2016).

She defined a set D — V as a dominating vertex set of G, if V v
€ V-D,N(v) N D # ¢. A dominating set D is a minimal dominating
vertex set if no proper subset of D is a vertex dominating set in G.

The study of domination is the fastest growing area in graph
theory. For that she introduced the notion of vertex domination
on S-valued graphs and proof of some simple properties.

Degree Regularity on Edges of S-valued Graph

In the Journal of Mathematics, S. Mangala Lavanya and S. Kiruthiga
Deepa published an article entitled “Degree Regularity on
Edges of S-valued Graph”.

They defined a domination set S as a minimal edge dominating
set if no proper subset of S is an edge dominating set in G. A
S-valued graph G° s is said to be d - edge regular if for any e € E,
deg_(e) = (IN(e)|,, [N (e))).

The authors studied the regularity conditions on the S-valued
graph. Further, the moved about the study of the edge-degree
regularity of the S-valued graph. Then they discussed about the
edge-degree regularity of S-valued graphs in thier paper.

Homomorphism on S-valued Graph

M. Rajkumar (2016) introduced the homomorphism on S-valued
graph. He published in the International Journal of Engineering
and Technology. He derived the concepts of homomorphism and
isomorphism between two S-valued graphs.

According to him, let S, and S, be semirings. A function 3 : S,
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— S, is a homomorphism of semirings if B (a + b) = B (a) + B (b)
andB (a-b)=B(a)-P (b) foralla,beS,.
The author has introduced the notion of homomorphism

and isomorphism on S-valued graphs. We study whether the
isomorphism of graphs prevents the regularity conditions or not.

Further, M. Rajkumar and M. Chandramouleeswaran are going
to extend S-valued homomorphism into S-valued isomorphism.

Strong and Weak Vertex Domination on S-valued Graph

S. Jeyalakshmi defined a dominating set X is said to be a strong
dominating set if for every vertex u € V — X then is a vertex v
e X with deg(v) = deg(u) and we conclude that the vertex u is
adjacent to v.

A dominating set X is said to be a weak dominating set if for
every vertex u € V — X thereis a vertex v € X with deg(v) < deg(u)
and u is adjacent to v.

The study of domination in graph theory is the fastest growing
area. So she introduced the notion of strong and weak vertex
domination on S-valued graphs and proof of some simple results.

Vertex Domination Number in S-valued Graph

In 2016 S. Jeyalakshmi presented the vertex domination number
in S-valued graph in the International Journal of Innovative Research
in Science, Engineering and Technology.

Consider the S-valued graph G°= (V, E, 6, y). Let u € V be
a vertex of G* whose degree in the crisp graph G of G°is equal to
(G). Thatis (G) = deg(u). Let w € V be a vertex of G° whose degree
in the crisp graph G of G° equal to A(G). That is A(G) = deg(w).
The minimum degree and the maximum degree of the S-valued
graph G° are defined as

Min %egS (u) = (ZveNs(u)\u(uv), S(G)) =35,(G*)

and

Maxdeg (w) = (ZveNs(w)\v(wv),A(G)) =A,(G%).

weV
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We analyse the vertex domination number in S-valued graph. The
authors Jeyalakshmi. S and Chandramouleeswaran. M gave some
results on the bounds of the weight-dominating vertex number
of S-valued graphs.

K-colourable S-valued Graph

K-colourable S-valued graph was introduced by T.V.G. Shriprakash
in the year 2017 (April). He published in the International Journal
of Pure and Applied Mathematics.

An S-valued graph G® is said to be k-colourable, if it has a
proper vertex regular or total proper colouring such that |C| =k.

In proper, the vertex colouring of the graph G, the vertices
that receive the common colour are independent. The vertices that
receive a particular colour make up a colour class.

In any chromatic partition of V(G), the parts of the partition
constitute the colour classes, which allow an equivalent way of
defining the chromatic number.

Finally, the author worked about the upper bounds of
K-colourable S-valued graphs.

Total Weight Domination Vertex Set on S-valued Graph

In the year 2017 (July), this paper was introduced by S. Jeyalakshmi
in the Mathematical Science International Research Journal. She says
a vertex v in G* said to be a weight-dominating vertex if o(u) <
o(v), forallu e V.

A subset D c V is said to be a weight-dominating vertex u set
of G¥if for eachv € D 6(u) <o(v), forallu € N_(v). If Ns (T ° =V,
then T is called a total weight-dominating vertex set of G'.

Berge introduced the domination in graphs. Nowadays the
most leading area is vertex domination. The author moved and
worked about the domination of vertex set on S-valued graph. So
he introduced “the total weight domination vertex set on S-valued
graphs”. They give some properties and simple proofs.

Cartesian Product of Two S-valued Graph
This paper was introduced by M. Sundar in 2017. Products of graph
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have lead several areas of research in graph theory. Algebraic
graph theory can be viewed as an extension of graph theory in
which algebraic methods are applied to problems about graphs.

He defined

Let

Gls = (Vll E]/ S]/ ‘Ifl)
where

V.={o 11<p <p,},
EcV xV,

and

st = (Vzl E2/ Sz, Wz)
where
V,={v,I1<j<p},
E2 c V2 X V2

be two given S-valued graphs.

VixV,={w,=(v, u)I1<i<p, 1<j<p L E XE,cV xV,

The Cartesian product of two S-valued graphs G °and G,° =
is a graph defined as

G°=G°G,=(V=V xV,E=E xE,c=0,X0, Y=Y, XV,),

where

V= {wij (v, u].) v,e V, and ue v,

and two vertices w, and w, are adjacent if i = k and wu, € E
orj=land vy, € E,.

2

In this paper, the author discussed the concept of Cartesian
products of two S-valued graphs.
Neighbourly Irregular S-valued Graphs

M. Rajkumar (2017) introduced neighbourly irregular S-valued in
the International Journal of Pure and Applied Mathematics.

A graphis said to be regular if every vertex has equal degree,
otherwise it is called a irregular graph.
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A graph in which for each vertex v of G, the neighbours of v
have distinct degrees, is called a locally irregular graph.

A connected graph is said to be highly irregular if for every
vertex v, u, w N(v), u # w implies that deg u # deg w. That is, every
vertex is adjacent only to vertices with distinct degrees.

M. Chandramouleeswaran and others introduced the notion
of S-valued graphs and regularity on S-valued graphs. Here they
introduced the notion of irregularity conditions on S-valued graphs.

First they successfully define the locally r-regular graph
which has equal degree of vertices. Further, they define the locally
r-irregular graphs which have the distinct number of vertices. It
is more generally in a way that the irregularity conditions on a
crisp graph.

Conclusion

S-valued graph is the combination of algebraic structure and
a graph. Its origin is discussed in this paper. Further we try to
develop the S-valued graph in some different way.
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History of Optimization Models in
Evolutionary Algorithms

K. Bharathi

Abstract: The collection of optimization techniques, which
is functioning based on metaphors of biological processes, is
termed evolutionary algorithm. A multi-objective optimization
problem has several incompatible objectives with a set of Pareto
optimal solutions. A developed set of solutions as population,
evolutionary algorithms in multi-objective optimization is
able to estimate the Pareto optimal position. We have a review
and overview of development in evolutionary algorithm for
multi-objective optimization during the last sixteen years.
Here, we discuss about the history of the framework, related
algorithms development and their applications and some of the
methodologies used in it so far.

Keywords: Algorithms, evolutionary algorithm, multi-objective
optimization problem, Pareto evolutionary algorithm, new

quantum evolutionary algorithm.

Introduction

EvoLuTiONARY algorithms (EAs) are the machine learning
approaches from natural collection in the biological world
(Sharma et al. 2017). EAs vary from more established optimization
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fig. 35.1: Basic evolutionary algorithm

techniques, where EAs involve a set of solutions called population.
The iterations of an EA involve an aggressive selection that includes
feasible solutions. A set of solutions is operated by using one or
more operations to get a best optimal solution. If we have more than
one criterion to be optimized with several conditions, said to be a
constraint equation, such a problem is named as multi-objective
optimization (Nanvala 2011). The processing method of the EA is
presented in fig. 35.1.

Representation of Evolutionary Algorithms

The relation made to the solution space elements by encoding the
phenotype values to a genotype value is said to be the relation
of representation. Since evolutionary algorithm can make use of
genotype representation as an encoded solution so as to precede
in the algorithm it is represented in many ways. The different
ways of evolutionary representation is genetic algorithm, genetic
programming, evolution strategy and many more.

GENETIC ALGORITHM

The development of genetic algorithms was handled by many
authors to extend the solution space of the model of optimality and
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to find the optimal result for the technical real world formulation.
The improved genetic algorithms are stochastic in natural world
models with thier condition of sufficiency is applied to technical
real world formulation in fig. 35.2.

GENETIC PROGRAMMING

A unique representation in the model of genetic algorithm is
referred to as genetic programming. The real value solution of the
phenotype is encoded as a graphical tree-shaped genome which is
the vital position of genetic programming. All the sets of solution
to the problem will have a characterized representation as a tree-
shaped genotype solution with its fitness condition applied to each
of the solutions. The generalized approach of genetic programming
is scheduled in fig. 35.3.

EVOLUTION STRATEGY

Evolution strategy, which works out from the year 1968, is an
old method evolved before genetic algorithm. This strategy
gives the best result to the models involving continuous variable
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rather than the discrete variable model. Strategy of evolutionary
encoding system differs from its genome as a real value vector
space applied in machine-based model. The encoded structure
differs from nature-based operating tool comparing with other
representations. In general, the operators are differed by their
names such as endogen instead of crossover and size of the step is
replaced by the value of mutation. Especially, the gene of the bits
of the representation is a real valued parameter-setting allocation.
Hence, the generalized flow of the evolutionary strategy is shown
in fig. 35.4.

EVOLUTION PROGRAMMING

Evolution programming, works out from the year 1960, was
introduced by Lawrence. This programming method gives the
best result to the models involving continuous variable rather
than the discrete variable model and its similarity to evolution
strategies. Evolution programming in the encoding system differs
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to its genome as a real-value vector space applied in machine-
based model. The encoded structure differs from nature-based
operating tool comparing with other representations. In general,
the operators were differed by their names such as size of the
step is replaced by the value of mutation. Especially, the gene
of the bits of the representation is as a real-valued parameter
setting allocation. Hence, the generalized flow of the evolution
programming is shown in fig. 35.5.

Multi-objective Optimization

A multi-objective optimization problem involves a number of
objective functions which are to be either minimized or maximized.
As in a single-objective optimization problem, the multi-objective
optimization problem may contain a number of constraints which
any feasible solution (including all optimal solutions) must satisfy.
Since objectives can be either minimized or maximized, we state
the multi-objective optimization problem in its general form:
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Optimize f,(x) m=1,2,3,..,M

Subject to g,(x)=0 n=12,3,..,N
h(x)=0 K=1,23,..,K
xl<x<xl 1=1,2,3,..,n
Vx>0,

where M is the number of objective functions, N is the number
of unequal constraint, K is the number of equality constraint, L
denotes the lower limit value and U denotes the upper limit value.

The main difference between the single-objective and multi-
objective optimization is that in the multi-objective optimization,
the objective functions constitute a multi-dimensional space, in
addition to the usual decision variable space. This additional

M-dimensional space is called the objective space, Z < RM. For
each solution, x in the decision variable space, there exists a point

z € RMin the objective space.
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Conclusion

A multi-objective optimization problem has many complicated
objectives with a set of Pareto optimal solutions. A developed
set of solutions as population, evolutionary algorithms in multi-
objective optimization estimates the Pareto optimal position. Here,
we have dealt with a general overview of evolutionary algorithms
to multi-objective optimizations in the past sixteen years. We have
discussed the algorithms, methodology used, applied field and
significant works. Also the most delegate existing study trends
were discussed and provided the advantages present in using
EAs in the different fields.
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Graph Theory for Detection of Crime

C. Yamuna
T.N. Kavitha

Abstract: Nowadays, we are facing many problems, related
to crime and to solve these problems mathematics is being
used. In this paper we shall examine the role of one branch of
mathematics i.e. graph theory, in addressing such problems of
society. We have chosen to present mathematic related topic from
the field of graph theory because graphs have wide-ranging
applicability and it is possible to bring a previously unfamiliar
scientist to the frontiers of research rather quickly. The graph
theory has been used beyond simple problem formulation.
Sometimes, a part of a large problem corresponds exactly to a
graph-theoretic problem, and that problem can be completely
solved.

Keywords: Accusation, crime, logical, suspect, node, graph.

Introduction

How to solve the crime using the graph theory? We have chosen
three persons named Alice, Bob and Charlie or simply we call
A, B and C. Each of them has given a statement, regarding an
accusation. We can form a graph with three nodes and solve who
has done the crime out of those three persons.
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Can it be possible to work out the three cases? The answer is
yes, and it is not so difficult. Usually if a problem is formulated
through graph theory, it can be solved by the process of
simplifications, consideration of important aspects such as
changing of relationship frequently or looking into strenghth of
effects, and omission of unimportant aspects.

If someone suggests that the graph theory is a panacea and by
itself we can solve a large number of problems, we can disclaim
that statement. But graph theory is just one tool, which sometimes
solves problems and sometimes gives us insights. It usually has to
be used along with many other tools, mathematical or otherwise.
Hopefully, the use of the graph theory can help us to understand
in small ways the large problems that confront our society, and
some possible solutions. Finally, let us remember that applied
mathematics develops when it is in close contact with applications.

Resolving of a Crime Using Graph

We have chosen three persons named Alice, Bob and Charlie or
simply we call A, B and C. Each of them has made a statement,
containing an accusation. A says I am not the thief. B says A is the
thief and C says I am not the thief, here we also know that only
one person is telling the truth.

Suppose A was the thief, then B and C would be telling the
truth, but only two persons appear to be telling the truth when
we know that there should only one who is the thief. If B is the
thief then both A and C are telling the truth. That way we have to
eliminate by using the graph in order to come to the conclusion.

But what if you have more suspects say four or five and with a
more complicated set of accusations, can we find a quicker method
to solve this kind of problems?

Let us take it. You suspect and represent them as a small dot
in space or a node now. B accuses A, so you can represent this by
drawing a direct line from B to A.

C says I am not the thief, so we think of this as being equivalent
to accusing everyone else both B and A. So C has a line going to
both B and A.
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Similarly, A says I am not the thief. So A accuses both B and
C, this kind of diagram is called a graph. So we use it to solve the
crime.

Let us go over the cases, we considered if any of the thieves will
reconstruct the graph ignoring all the lines coming out of B accuses
A. So they have a line directed into only one person is telling the
truth; this means there should only be one line going into A, since
there are two lines going to A, A cannot be the thief.

If we consider B as the thief again, then ignoring all the lines
going out of B. We see that, there’s still two lines direction to be the
two accusations from A and C. This would mean that the A and C
were telling the truth. So, this cannot be the case. Finally, we come
to see B accusation from A. So it has no line directed into C. But
there is an accusation from A. So there’s only one line going into
C and only one person telling the truth. This is the only logically
consistent case. So C is the thief.

Algorithm
Step 1: Take a node, add up the number of lines going into.

Step 2: Count the number of lines going in (this gives us a number
of people telling the truth if that person is a thief, then move on
to the next node and repeat so for all three persons).

Step 3: This method is not so short because fo the process of going
through the statement of each person and move from case-by-case.
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Resolving Crime Using Graph where more than three
Persons are Involved

Now, we have chosen four people A, B, C and D, and only one of
them is telling the truth. A, C and D the give the same statement
that say, B is a thief.

We can draw a graph filling in the lines coming from A, C,
D looking at B.

A ) ( B

We have constructed two lines going to B and from B, three
lines are going, C has one and D has two. The list gives us a number
of people that will be telling the truth. So, if one person were telling
the truth, Cis again the thief. However, we know that, free people
are having the troops then we can immediately see that B is the
only case of free people, and therefore C can be identified as the
thief. If there are two persons telling the truth, then we have two
possible solutions A or D. So, it could be either of them.

However, with more information we can tell exactly which
one, but we do know that it is definitely not B or C. So, we form a
list that gives us all of the possible solutions for any set of suspects
and accusations. We have to form a list and match the numbers to
study how many persons are telling the truth.

Applications

This method of solving problems can be used in artificial
intelligence and computer science. Mathematicians and scientists
need to develop system solutions. That can be easily implemented
incorporating into computer program.
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Conclusion

One should have computer coding to follow an algorithm like this,
which is remarkably easy. So, one can write a program using this
method to find all of the possible solutions. For a larger set of the
suspects, say 100 of them, it can be done in a short span of time.
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A Discussion on
Real Life Application of Mathematics

T.N. Kavitha
B. Akila

Abstract: The area of study in the history of mathematics is
primarily discovered. We investigate the origin of discoveries
in mathematics and, to a lesser extent, an investigation into the
mathematical methods and notation of the past. The study of
mathematics as a study in its own right began in the sixth century
BCE with Pythagoras, who coined the term “mathematics”
from the ancient Greek term mathema, meaning “the subject of
instruction”. Greek mathematicians greatly refined the methods
and expanded the subject matter of mathematics. In this paper,
we try to present the application of calculus in the transition
curve of a rail track.

Keywords: Calculus, transition, Greek mathematics.

Introduction

From time immemorial, mathematics is part and parcel of human
life, it most probably began with counting. Here is an attempt to
learn the history of mathematics and thus we get to know some
of the greatest mathematical minds and their contributions.

Mathematics is the mother of all intentions in this world. The
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foremost three developments in the civilization of human being
are: (1) invention of fire, (2) invention of maths, and (3) invention
of the circle. Because, based on these, man invented a number of
scientific and medical equipment.

The first invention of man when he started to learn mathematics
was a circle or the wheel. With the help of the circle or wheel, he
created most scientific equipment and machinery.

There is much application of integral calculus in real life and
engineering. Application of the equation of the curve is discussed
here.

Cartesian Form of the Equation of the Curve

Let P be any point on a given curve and Q a neighbouring point.
Let arc AP = s and arc PQ = 3s. Let the tangents at P and Q make
angles ¥ and ¥ + 8% with the X axis, so that the angle between
the tangents at P and Q = 8¥. In moving from P to Q through a
distance Js, the tangent turns through the angle 6¥. This is called
the total bending or total curvature of the arc PQ.

The average curvature of arc PQ = 88—‘?. The limiting value of
average curvature when Q approaches P is defined as the curvature

of the curve at p.

Thus, curvature K (at P) = {Z—\f. @)

Since 0¥ is measured in radians, the unit of curvature is radians per unit
length, e.g. radians per centimetre.

'\‘P+8‘P s X

fig. 371 Radius of Curvature
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Definition

Radius of curvature: The reciprocal of the curvature of a curve at
any point P is called the radius of the curvature at P and is denoted
by p, so that p = ;7\;.

Radius of Curvature for Cartesian Curve

Let the equation of the curve in Cartesian form be y = f(x), then
tan o = dy/dx = y or f(x) so that o = tan ~'y, and hence, do./dx =
/(1 +y2).

We know

ds
ds/dx=—=\/1+y>.
s/dx < +¥,

The curvature at a point S (x, y) is expressed in terms of the first
derivative (y,) and second derivatives (y,) of the function f(x) by
the formula. Therefore,

_dn_dodr_y, 1
ds dads 1+y’ \/1_%2'

Thus, we obtain

poda_ Y

3/2
B (14y2)
The absolute value of the ratio k = 2 is called the mean curvature
of the arc PQ. In the limit as ds — S(), we obtain the curvature of
the curve at the point P. k = lim ‘%". From this definition, it follows
that the curvature at a point of a curve characterizes the speed
of rotation of the tangent of the curve at the point. The following
is the application of this concept in a curve shape turning of the
railway track. Here it shows that mathematics has an application

in real life.
Transition Curve of a Rail Track

A track transition curve, or spiral easement, is a mathematically
calculated curve on a section of highway, or railroad track, in
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fig. 37.2: Tangent point at intersection of curve

which a straight section changes into a curve. It is designed to
prevent sudden changes in lateral (or centripetal) acceleration. In
an aerial view, the start of the transition of the horizontal curve is
at infinite radius, and at the end of the transition, it has the same
radius as the curve itself and so forms a very broad spiral. At the
same time, in the vertical plane, outside of the curve is gradually
raised until the correct degree of bank is reached.

If such an easement was not applied, the lateral acceleration
of a rail vehicle would change abruptly at one point (the tangent
point where the straight track meets the curve) with undesirable
results. With a road vehicle, the driver naturally applies the
steering alteration in a gradual manner, and the curve is designed
to permit that, by using the same principle of radius of curvature.

The transition curves in modern highway and railway
construction are route elements equally crucial as alignment
and curve (circular). In order to prevent a sudden change of the
centrifugal force, the transition curve must be applied due to
the impact of the motion in a sharp curve. Over the years, the
application of the adorned has become widespread in many
countries. However, in this study, in order to eliminate the
problems concerning the road dynamics, created by adorned for
vehicles at high speed, sinusoid their fundamental mathematical
expression, calculation of point coordinates, driving, dynamic
characteristics of sinusoid are described the curvature and lateral
impact along the sinusoid is presented. Sinusoid is dealt with as
an ideal curvature diagram which has curve and superelevation
ramp in the articles.
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At high speeds trains cannot pass abruptly from a straight
stretch of track to a circular track of high curvature. In order to
make the change of direction gradual, engineers make use of
transition curves to connect the straight part of a track with a
circular track. Generally, arcs of cubical parabola are employed.

Suppose the transition curve on a railway track has the shape
of an arc of the cubical parabola y = (1/3)x?, where x and y denote
the measurements in miles. Find the rate of change of direction of
a train when it is passing through the point (1, 1/3) on this track.

By differentiation of y = (1/3)x*, we have dy/dx = x* and d*y/
dx* = 2x.

Substituting these in equation (1), we have

At(1,1/3),k=5r= N radian per mile (see equation (1)). This
is the rate of change of direction of the train at the given point (1,
1/3). Actually, speed on transition curve = speed on circular curve.

Definitions

1. Cant or super elevation is the amount by which one rail is
raised above the other rail. It is positive when the outer rail
on a curved track is raised above inner rail and is negative
when the inner rail on a curved track is raised above the
outer rail.

2. Equilibrium speed is the speed at which the centrifugal force
developed during the movement of the vehicle on a curved
track is exactly balanced by the cant provided.
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3. Cant Deficiency — Cant deficiency occurs when a train travels
around a curve at a speed higher than the equilibrium speed.
It is the difference between the theoretical cant required for
such higher speed and the actual cant provided.

4. Cant Excess — Cant excess occurs when a train travels around
acurve at a speed lower than the equilibrium speed. It is the
difference between the actual cant and the theoretical cant
required for such a lower speed.

Length of Transition Curve and Setting Out Transitions

1. The desirable length of transition L shall be maximum of
the following three values:

a.L = 0.008C xV_
b.L = 0.008C xV_
c¢L=072C,
where L = the length of transition in metres.
V  =maximum permissible speed in kmph
C, = cant deficiency in millimetres.
C, = actual super elevation on curve in millimetres.

The formulae (a) and (b) are based on rate of change of cant
and deficiency of 35 mm per second. The formula (c) is based
on the maximum cant gradient of 1 in 720 of 1.4 mm per
metre.

2. For the purpose of designing future layouts of curve, future
higher speeds (such as 160 km/h for Group A routes and
130 km/h for Group B routes) may be taken into account
for calculating the length of transitions.

3. In exceptional cases where room is not available for
providing sufficiently long transitions in accordance with
the above, the length may be reduced to a minimum of 2/3
of the desirable length as worked out on the basis of formula
(a) and (b) above, or 0.36 C, (in metres) whichever is greater.
This is based on the assumption that a rate of change of cant/
cant deficiency will not exceed 55 mm per second and the
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maximum cant gradient will be limited to 2.8 mm per metre
or 1in 360. This relaxation shall apply to Broad Gauge only.
For Narrow Gauge and Metre Gauge sections, cant gradient
should not be steeper than 1 in 720. For Metre Gauge, the
rate of change of cant/cant deficiency should not exceed 35
mm/second.

4. At locations where length of transition curve is restricted
and, therefore, may be inadequate to permit the same
maximum speed as calculated for the circular curve, it will
be necessary to select a lower cant and/or a lower cant
deficiency which will reduce the maximum speed on the
circular curve but will increase the maximum speed on the
transition curve. In such cases, the cant should be so selected
as to permit the highest speed on the curve as a whole.

Application of Mathematics

Mathematics is used in almost all fields. Some of them are
mentioned below:
1. astronaut,
. astronomy,
. astrology,
. astrophysics,
. physics,
. statistics,
. various surveys,
. planning,
. to find probability,
. war field,
. economics,
. geography,
. medical,
14. computers, etc.

O 0 NI O U1 = W IN

[ G S
W N = O

Moreover, mathematical calculations are very useful from our
birth to death; we entirely depend upon the various electronics
and non-electronic equipment, which are farmed based on
mathematics.
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History of Operations Research
J. Sengamalaselvi

Abstract: Operations Research (Operational Research, OR, or
Management Science) includes a great deal of problem-solving
techniques like mathematical models, statistics and algorithms
to aid in decision making. Operations Research is employed to
analyse complex real-world systems, generally with the objective
of improving or optimizing performance. In other words,
Operations Research is an interdisciplinary branch of applied
mathematics and formal science which makes use of methods
like mathematical modelling, algorithms statistics and statistics
to reach optimal or near optimal solutions to complex situations.
Itis usually worried about optimizing the maxima (for instance,
profit, assembly line performance, bandwidth, etc.) or minima
(for instance, loss, risk, cost, etc.) of some objective function.
Operational Research aids the management to accomplish its
objectives utilizing scientific methods. The area of study known
as the history of mathematics is primarily an investigation into
the origin of discoveries in mathematics and, to a lesser extent,
an investigation into the mathematical methods and notation
of the past. Operations Research is a core course of many
management majors. The aim of this paper is to present the
history of Operations Research.
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Keywords: Complex relationships, interdisciplinary approach,
Operation Research, scientific method.

Introduction

IT1s generally agreed that Operations Research came into existence
as a discipline during the Second World War when there was a
critical need to manage scarce resources. However, a particular
model and technique of Operations Research can be traced back
as early as in the First World War, when Thomas Edison (1914-15)
made an effort to use a tactical game board for finding a solution
to minimize shipping losses from enemy submarines, instead of
risking ships in actual war conditions about the same time A.K.
Erlang, a Danish engineer, carried out experiments to study the
fluctuations in demand for telephone facilities using automatic
dialling equipment. Such experiments, later on, were used as the
basis for the development of the waiting-line theory.

Since the war involved strategic and tactical problems that
were highly complicated, to expect adequate solutions from
individuals or specialists in a single discipline was unrealistic.
Therefore, groups of individuals who were collectively considered
specialists in mathematics, economics, statistics and probability
theory, engineering, behavioural and physical sciences, were
formed as special units within the armed forces, in order to deal
with strategic and tactical problems of various military operations.

Such groups were first formed by the British Air Force and,
later, the American armed forces formed similar groups. One of
the groups in Britain came to be known as Blackett Circus. This
group, under the leadership of P.M.S. Blackett was attached to the
Radar Operational Research unit and was assigned the problem
of analysing the coordination of radar equipment at gun sites. The
effort of such groups, especially in the area of radar deduction, is
still considered vital for Britain in winning the air battle. Following
the success of the group, similar mixed-team approach was also
adopted in other allied nations.

After the war was over, scientists who had been active in
the military Operations Research groups made efforts to apply
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the Operations Research approach to civilian problems related
to business, industry, research and development, etc. There are
three important factors behind the rapid development of using
the Operations Research approach.

i. The economic and industrial boom after the Second World
War resulted in continuous mechanization, automation and
decentralization of operations and division of management
functions. This industrialization also resulted in complex
managerial problems and, therefore, the application of
operations research to managerial decision making became

popular.

ii. Many operations researchers continued their research after
the war. Consequently, some important advancements
were made in various operations research techniques.
In 1947, P.M.S. Blackett developed the concept of linear
programming, the solutions of which are found by a method
known as simplex method. Besides linear programming,
many other techniques of Operations Research such as
statistical quality control, dynamic programming, queuing
theory and inventory theory were well-developed before
the end of the 1950s.

iii. Greater analytical power was made available by high-speed
computers. The use of computers made it possible to apply
many Operations Research techniques for practical decision
analysis.

During the 1950s, there was substantial progress in the
application of Operations Research techniques for civilian activities
along with a great interest in the professional development and
education of Operations Research. Many colleges and universities
introduced Operations Research in their curricula. These were
generally schools of engineering, public administration, business
management, applied mathematics, economics, computer science,
etc. Today, however, service organizations such as banks, hospitals,
libraries, airlines and railways, all recognize the usefulness of
Operations Research in improving their work efficiency. In 1948,
an Operations Research club was formed in England which later
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changed its name to the Operations Research Society of UK. Its
journal, OR Quarterly first appeared in 1950. The Operations
Research Society of America (ORSA) was founded in 1952 and its
journal, Operations Research was first published in 1953. In the same
year, The Institute of Management Sciences (TIMS) was founded
as an international society to identify, extend and unify scientific
knowledge pertaining to management. Its journal, Management
Science, first appeared in 1954.

At the same point of time, R.S. Verma also set up an OR team at
Defence Science Laboratory for solving problems of store, purchase
and planning. In 1953, P.C. Mahalanobis established an Operations
Research team in the Indian Statistical Institute, Kolkata for solving
problems related to national planning and survey. The OR Society
of India (ORSI) was founded in 1957 and it started publishing its
journal OPSEARCH 1964 onward. In the same year, India along
with Japan, became a member of the International Federation of
Operational Research Societies (IFORS) with its headquarters in
London. The other members of IFORS were UK, USA, France and
West Germany.

A year later, project scheduling techniques — Program
Evaluated and Review Technique (PERT) and Critical Path
Method (CPM) — were developed as efficient tools for scheduling
and monitoring lengthy, complex and expensive projects of that
time. By the 1960s Operations Research groups were formed in
several organizations. Educational and professional development
programmes were expanded at all levels and certain firms,
specializing in decision analysis, were also formed.

The American Institute for Decision Science came into
existence in 1947. It was formed to promote, develop and apply
quantitative approach to functional and behavioural problems of
administration. It started publishing a journal, Decision Science,
in 1970.

Because of Operations Research’s multidisciplinary character
and its application in varied fields, it has a bright future, provided
people devoted to the study of Operations Research can help
meet the needs of the society. Some of the problems in the area
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of hospital management, energy conservation, environmental
pollution, etc. have been solved by Operations Research specialists.
This is an indication of the fact Operations Research can also
contribute towards the improvement of the social life and of areas
of global need. However, in order to make the future of Operations
Research brighter, its specialists have to make good use of the
opportunities available to them.

Definitions of Operations Research

Because of the wide scope of application of Operations Research,
giving its precise definition is actually difficult. However, a few
definitions of Operations Research are as follows:

i. Operations Research is the application of the methods
of science to complex problems in the direction and
management of large systems of men, machines, materials
and money in industry, business, government and defence.
The distinctive approach is to develop a scientific model
of the system incorporating measurements of factors such
as chance and risk, with which to predict and compare the
outcomes of alternative decisions, strategies or controls. The
purpose is to help management in determining its policy
and actions scientifically.

ii. The application of the scientific method to the study of
operations of large complex organizations or activities. It
provides top-level administrators with a quantitative basis
for decisions that will increase the effectiveness of such
organizations in carrying out their basic purpose.

Apart from being lengthy, the definition given by Operational
Research Society of UK has been criticized because of the emphasis
it places on complex problems and large system, leaving the
reader with the impression that it is a highly technical approach
suitable only to large organizations. The definition of OR Society
of America contains an important reference to the allocation of
scarce resources. The keywords used in the above definitions
are scientific approach, scarce resources, system and model. The
British definition contains no reference to optimization, while
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the American definition has no reference to the word, best.
However, all two definitions point to the following characteristics
of Operations Research:

i. Use of scientific method.

ii. Use of models to represent the complex relationships.
iii. Interdisciplinary approach.
iv. Provision of a quantitative basis for decision making.

A few other definitions, commonly used and widely
acceptable, are as follows:

i. Operations Research is the systematic application of
quantitative methods, techniques and tools to the analysis
of problems involving the operations of systems.

ii. Operations Research s essentially a collection of mathematical
techniques and tools, which in conjunction with a systems
approach, are applied to solve practical decision problems
of an economic or engineering nature.

These two definitions refer to the interdisciplinary nature of
Operations Research. However, there is nothing that can stop one
person from considering several aspects of the problem under
consideration. Best definition of Operation Research is as follows:

* Operation Research, in the most general sense, can be
characterized as the application of scientific methods,
techniques and tools, to problems involving the operations
of a system so as to provide those in control of the operations
with solutions to the problems.

This above definition(*) refers to the military origin of the
subject, where team of experts were not actually participating in
military operations for winning the war but providing advisory
and intellectual support for initiating strategic military actions.

This definition refers operations research as technique for
selecting the best course of action out of the several courses of
action available, in order to reach the desirable solution of the
problem.
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A few other definitions of Operations Research are as follows:

® Operations Research has been described as a method, an
approach, a set of techniques, a team activity, a combination
of many disciplines, an extension of particular disciplines
(mathematics, engineering, economics), a new discipline,
a vocation, even a religion. It is perhaps some of all these
things.

* Operations Research may be described as a scientific
approach to decision making that involves the operations
of organizational system.

* Operations Research is a scientific method of providing
executive departments with a quantitative basis for decisions
regarding the operations under their control.

® Operations Research is applied decision theory. It uses
any scientific, mathematical or logical means to cope with
the problems that confront the executive, when he tries to
achieve a thoroughgoing rationality in dealing with his
decision problems.

* Operations research is a scientific approach to problem-
solving for executive management.

As the discipline of Operations Research grew, numerous
names such as Operations Analysis, Systems Analysis, Decision
Analysis, Management Science, Quantitative Analysis and
Decision Science were given to it. This is because of the fact that the
types of problems encountered are always concerned with effective
decision, but the solution of these problems do not always involve
research into operations or aspects of the science of management.

Features of Operations Research Approach

The board-based definition of Operations Research, with
the additional features is as follows: Operations Research
utilizes a planned approach following a scientific method and
interdisciplinary team, in order to represent complex functional
relationship as mathematical models, for the purpose of providing
a quantitative basis for decision making and uncovering new
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problems for quantitative analysis. The board features of
Operations Research approaches to any decision problem are
summarized below:

INTERDISCIPLINARY APPROACH

Interdisciplinary approach for solving a problem of interdisciplinary
teamwork is essential. This is because while attempting to solve
a complex management problem, one person may not have the
complete knowledge of all its aspects (such as economic, social,
political, psychological, engineering, etc.). This means we should
not expect one person to find a desirable solution to all managerial
problems.) Therefore, a team of individuals specializing in
mathematics, statistics, economics, engineering, computer science,
psychology, etc. should be organized in a way that each aspect of
the problem can be analysed by a particular specialist in that field.
This would help to arrive to an appropriate and desirable solution
of the problem. However, there are certain problem situations that
can be analysed by even one individual.

SCIENTIFIC APPROACH

Scientific approach in Operations Research is the application of
scientific methods, techniques and tools to problems involving the
operations of systems so as to provide those in control of operations
with optimum solutions to the problems. The scientific method
consists of observing and defining the problem; formulating and
testing the hypothesis; and analysing the results of the test. The
data so obtained is then used to decide whether the hypothesis
should be accepted or not. If the hypothesis is accepted, the results
should be implemented, otherwise, an alternative hypothesis has
to be formulated.

HOLISTIC APPROACH

Holistic approach while arriving at a decision, an Operations
Research team examines the relative importance of all conflicting
and multiple objectives. It also examines the validity of claims of
various departments of the organization from the perspective of
its implications to the whole organization.
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OBJECTIVE-ORIENTED APPROACH

An Operations Research approach seeks to obtain an optimal
solution to the problem under analysis. For this, a measure of
desirability (of effectiveness) is defined, based on the objective(s)
of the organization. A measure of desirability so defined is then
used to compare alternative courses of action with respect to their
possible outcomes.

Operations Research Approach to Problem Solving

The most important feature of Operations Research is the use of
the scientific method and the building of decision models. The
Operations Research approach to problem solving is based on
three phases, viz.:

i. judgement phase,
ii. research phase, and

iii. action phase.

JUDGEMENT PHASE
This phase includes:
a. Identification of the real-life problem.

b. Selection of an appropriate objective and the values related
to this objective.

c. Application of the appropriate scale of measurement, that
decides the measures of effectiveness (desirability).

d. Formulation of an appropriate model of the problem and the
abstraction of the essential information, so that a solution to
the decision-maker’s goals can be obtained.

RESEARCH PHASE

This phase is the largest and longest amongst all the phases.
However, even though the remaining two are not as long, they
are also equally important as they provide the basis for a scientific
method. This phase utilizes:

a. Observations and data collection for a better understanding
of the problem.
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b. Formulation of hypothesis and models.

c. Observation and experimentation to test the hypothesis on
the basis of additional data.

d. Analysis of the available information and verification of the
hypothesis using pre-established measures of desirability.

e. Prediction of various results from the hypothesis.

f. Generalization of the result and consideration of alternative
methods.

ACTION PHASE

This phase consists of making recommendations for implementing
the decision. This decision is implemented by an individual who is
in a position to implement actions. This individual must be aware
of the environment in which the problem occurred, be aware of
the objective, of assumptions behind the problem and the required
omissions of the model.

Conclusion

The Operations Research approach attempts to find global
optimum by analysing interrelationships among the system
components involved in the problem. One such situation is
described below.

Consider the case of a large organization that has a number
of management specialists but the organization is not exactly very
well-coordinated. For example, its inability to properly deal with
the basic problems of maintaining stocks of finished goods. To
the marketing manager, stocks of a large variety of products are
purely a means of supplying the company's customers with what
they want and when they want it. Clearly, according to a marketing
manager, a fully stocked warehouse is of prime importance to the
company. But the production manager argues for long production
runs, preferably on a smaller product range, particularly if a
significant amount of time is lost when production is switched
from one variety to another. The result would again be a tendency
to increase the amount of stock carried butitis, of course, vital that
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the plant should be kept running. On the other hand, the finance
manager sees stocks in terms of capital that is unproductively tied
up and argues strongly for its reduction. Finally, there appears
the personnel manager for whom a steady level of production is
advantageous for having better labour relations. Thus, all these
people would claim to uphold the interests of the organizations,
but they do so only from their own specialized points of view.
They may come up with contradictory solutions and obviously,
all of them cannot be right. In view of this problem that involves
the whole system, the decision maker, whatever his specialization,
will need help. It is in the attempt to provide this assistance that
Operations Research has been developed.
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Graph Kernels in Protein Study
A Survey

D. Vijayalakshmi

Abstract: In recent research works, machine learning occupies
an important place and has turned as an inevitable research
discipline. The machine-learning methods analyses and extracts
knowledge from available data and provides an easier way to
understand the graph-structured data: proteins, protein—protein
interaction, protein structures along chemical pathways, social
networks, WorldWideWeb, programme flow. The prime objective
of this paper is to present a survey of graph kernels in protein
study, the special case of which includes kernels used in protein
similarity study.

Keywords: Graph kernel, proteins, protein similarity study.

Introduction

SociaL networks, chemical pathways, protein structures and
programme flow analysis can be represented as graph-structured
data. The studies in these areas are developed by support vector
machines. To analyse and study in these areas, there are many
machine-learning methods. Among them support vector machine
methods are more efficient. This forms a class of kernel methods
which yields a more effective result when compared to existing
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methods. In this paper, some kernels, defined and used in the
study of proteins, are discussed in brief.

Schlkopf and Smola (2002) initialize this kernel method.
Kashima et al. (2003) introduce a kernel based on random walks on
graphs and reduce the computation of kernel to solving a system
of linear simultaneous equation. This kernel takes into account all
label paths without computing feature values explicitly.

Kernel is defined based on all possible walks by Gartner et
al. (2003). Here the computation is made easy by using product
graphs: Based on this direct product kernel, non-contiguous graph
kernels were introduced and the main advantage of these is the
expressivity of their features space. He also proves that complete
graph kernel computation is like deciding whether the given set
of graphs is isomorphic or not.

Ramon and Gartner (2003) explain the method of computing
the number of common sub-trees in two graphs. As we know,
the sequence of label of vertices addresses a walk, every sub-tree
pattern is addressed by a tree. Here the kernel counts the number
of times the sub-trees of a tree pattern that occurs in given graphs.
Let p be the root of sub-trees in the graph G1 and let q be the root
of sub-trees in the graph G2. If the tree of height one is considered,
then the kernel is defined by

_ |1 iflabel (p) = label (q) h = 1.
"M\ 0 if label (p) # label (q) b = 1.
In the same way, sub-trees are considered for greater values of /.

Mahe and Vert (2009) talk about the family of graph kernels
based on the common tree patterns in the graphs. Two kernels
with explicit features of spaces and inner product are derived
from Ramon and Gartner (2003). The complexity of the feature
characterizing the graphs is minimized using the parameter A.
Mahe generalizes the walk-based kernel to a board class of kernels.
He also defines tree pattern, tree pattern counting function, tree
pattern graph kernel. The kernel is defined based on the pattern-
counting function and this function returns a numerical value.
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Mahe’s kernel:
K(G,G)=2p(t)e(G) @ (G)

teT
T set of trees

p: T — Z* is a tree weighting function.
@, is tree pattern counting function.

Hovarth et al. (2004) proposes a graph kernel based on tree
and cyclic pattern, irrespective of how frequent it appears in graph.
For computing this cyclic-pattern kernel, possible cyclic and tree
pattern from the graph is taken into account and intersection is
applied. The result proves that the cyclic-pattern approach is faster
than graph kernel based on frequent use of patterns.

Shervashidze et al. (2009) define graph kernels based on
limited-size sub-graphs, i.e. graphs count all types of sub-graphs
of three, four, five vertices. Using sampling method, the kernels
are computed and these are applied to unlabelled graphs.

Shervashidze and Borgwaedt (2010) next defines a fast sub-
trees kernel on graphs. He computes kernel for graphs with v
nodes and e edges and maximum degree d and for sub-trees height
t. He proves that this kernel can have a board application in bio-
informatics for protein function prediction, etc.

A probem is called NP (Nondeterministic Polynomial) if
its solution can be guessed and varified in polynomial time;
nondeterministic means that no particular rule is followed to make
the guess. A problem is NP hard if a method for solving it can
be transformed into one for solving any NP problem. Borgwardt
and Kriegel (2005) introduce kernel based on shortest path as
considering all shortest paths and longest paths in a graph is NP
hard. This kernel retains expressivity and is positive definite, i.e.
the kernal proposed in paper “Borgardt, KM. and H.P. Kriegel,
2005, “Shortest-path Kernels on Graphs”, in Proceedings of the
International Conference on Data Mining, pp. 74-81” can be
translated or used for all paths in a graph.

Jiang et al. (2014) propose a simple, efficient and effective
classification approach using graph kernel based on labels of graph
structure. Initially, the protein structure is modelled as a graph
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based on amino acid sequence of protein. To the graph, kernel
is applied to predict the function of protein. The result obtained
classifies the protein according to its function.

Kashima et al. (2004) discuss about various kernel function
based on vertex label and edge labels. Label sequence kernel is
introduced using random walks on graphs. He further reduces
the computation of the kernel as solving system of simultaneous
linear equations. The kernel defined in this part has a promising
application in a wide variety of problems in bioinformatics.

Thomas et al. (2009) introduces a substructure fingerprint
kernel to identify the active sites of protein. In this part the protein
is represented in terms of node labelled and edge weighted graphs.

Aasaetal. (2013) present graph hopper kernel between graphs.
This kernel counts similar sub-path. The shortest paths between
node pairs from the two graphs are compared by this kernel. The
important fact is that the graph kernel can be decomposed into
weighted sum of node kernels. This kernel is applied on graphs
with any kind of node attributes. It is trivial that this kernel is a
parameter-free kernel.

Costa and Grave (2010) introduce a neighbourhood sub-graph
pairwise-distance kernel. This kernel depends on radius, distance
and neighbourhood. K (G, G") = (L ¥, kr, {G,G). K, ,counts number
of identical pairs of graphs of radius r and distance d.

Shervashidze et al. (2011) present a general definition of graph
kernels that covers many known graph kernels. General graph
kernel based on Weisfeiler Lehman graph kernel is described
with example.

Matthias and Basak (2012) discuss the different types of kernel.
The kernels are random walk kernel, shortest path kernel, tree
pattern kernel, cyclic pattern kernel and graphlet kernel. Adding to
this, he explains the application of these kernels in bioinformatics
and cheminformatics.

Mathiew et al. (2008) give a brief review of Weisfeiler kernel.
They introduce modified Weisfeiler kernel and prove the efficiency
of kernel from the computation point of view.
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Malinda (2013) represents protein surface as a graph based on
contacts between amino acids in an innovative way. To study the
similarity between graphs, he implements a shortest path kernel
method. On applying this kernel he reaches 77.1 per cent accuracy.
He used the result to predict the protein functional sites.

Giovanni et al. (2014) frame a new Weisfeiler-Lehman
isomorphism test. This test consists of a new way of relabelling
phase. From different ways of relabelling, they derive two kernels
that compute faster than the existing kernels.

Lixiang et al. (2015) define a mixed Weisfeiler-Lehman graph
kernel based on Weisfeiler-Lehman test of isomorphism. This
mixed kernel is applied to Weisfeiler-Lehman graph. The main
advantage of this kernel is, it enhances accurate classification.

Markus (2008) introduces graph kernel based on labelled walk.
This kernel is constructed based on structural information of graph.

Wenchao et al. (2016) identify the similarity between
programmes using mixed Weisfeiler-Lehman graph kernel. The
similarity is measured in the way the programmes call the set of
function on execution of the programme. As similar programmes
have similar way of data flow, the similarity is measured in this
way.

Mahe and Vert (2009), based on the sub-trees kernel defined
by Ramon and Gartner (2003), propose two kernel functions with
description of their feature spaces. A parameter is introduced,
which increases the complexity of the sub-tree used. On decreasing
the parameter, the kernel is the classical walk-based kernel.
The formulation of this kernel initially allows generalizing the
associated feature space of the sub-trees removed.

A kernel is defined to predict protein—protein interaction in
(Ben-Hur and Noble 2005). This kernel uses data from protein
sequences, gene ontology annotation and properties of network
to predict the interaction.

Benoit et al. (2004) introduce a tree let kernel. This tree let
kernel depends on cyclic information. Topological information
is encoded and each tree let is assigned a weight which makes
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computation easier. This kernel can be computed with relevant
complexity based on cyclic pattern.

Vishwanath et al. (2010) theoretically show that the existing
kernels defined between graphs are related to each other. Second,
he introduces new algorithms for efficient computation of these
kernels.

Marco et al. (2012) propose a new method to predict protein
function from protein structure. Implementing hierarchical
clustering on protein backbone, graph for each protein is
constructed. Next to this a shortest path kernel is defined to
measure similarity between graphs.

Kernel methods provide an efficient way to measure similarity /
dissimilarity between proteins. In protein study, the path length
between each pair of vertices in protein graph and the secondary
structure of the protein can be used to frame the kernel. Kernel
function can be defined based on the neighbourhood of vertices
of protein graph. These are some ways of framing kernel for the
protein graph to measure similarity / dissimilarity between proteins.

Conclusion

Itis trivial that the kernel methods are easier method and occupies
an inevitable role in the study of protein especially in similarity
study of proteins. Besides its simplicity the kernel method provides
a good result when compared with existing methods. At last the
kernel methods transforms even complex problems to simple one.
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Spectral Techniques in Protein Study
A Survey
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Abstract: Network science is a vast multidisciplinary field
occuping a prominent position in present-day research.
The techniques from spectral graph theory, probability,
approximation theory plays major role in network science. We
give a survey of graph spectral techniques used in protein study.
This survey consist of description of methods of graph spectra
used in different study area of protein like protein domain
decomposition, protein function prediction, similarity.

Keywords: Eigenvalues, spectra, protein.

Introduction

SPeCTRAL graph theory is becoming an important, unavoidable
part in recent researches. Spectral graph theory narrates the
relation between the graph and its eigenvalues. For example, the
connectivity of graph is defined by Laplacian matrix, the number
of bipartite connected components is obtained from signless
Laplacian matrix and many more properties are revealed using
these techniques. In this paper, we brief the various spectral
techniques used in protein study:.
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In Peng and Tsay (2014), the proteins are represented as
graphs. The Laplacian matrix for the graph and its eigenvalues
are considered. The similarity between proteins is measured
using Euclidean distance of Laplacian spectra. The important fact
discussed in this journal is the stability of the graph constructed
for the protein and its stability is verified using entropy.

In Banerjee (2012) the normalized Laplacian of biological
network graph is utilized. The information that the normalized
spectrum can have is investigated based on the eigenvalues.
The empirical networks are classified based on their properties
detected through spectral plots of Laplacian matrix.

Do Phuc and Nguyen Thikim Phung (2009) present protein
structure graphically. Jacobi rotation algorithm is obtained by
spectrum of normalized Laplacian. The Euclidean distance
between these spectra are used to measure similarity between
proteins. M-Tree method is used to index the spectral vector and
this increases the efficiency of similarity search in protein structure
graph database.

Dragos (2012) discusses various spectra of graphs. The
similarity between the proteins using spectral distance is explained
in detail i.e. if the spectral distance is small, the graphs are similar;
if zero, there are co-spectral and if the distance is high the graphs
are dissimilar.

In Vijayalakshmi and Rao (2017), proteins are presented as
a graph and the degree distance matrix of the protein graph is
obtained. The least positive eigenvalue of the degree distance
matrix is considered as a parameter to measure similarity
between proteins. Based on the distance between the least positive
eigenvalues, the percentage of similarity is obtained.

Peng and Tsay (2014) and Dragos (2012) study the protein
structural similarity using the spectra of adjacency matrix,
Laplacian matrix, signless Laplacian matrix and Seidal adjacency
matrix. The similarity, measured based on the Euclidean distance
between the spectra of Seidal adjacency matrix, yields a better
result.
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Peng and Tsay measure the stability of the graph constructed
for proteins. Yan Yan (2011) describes several methods in solving
protein structure identification by graph theory is the topic of
study in the paper. He first introduced the development of protein
structure identification and existing problem. Identification of
side chain clusters in protein structure is done by spectral method.

Clusters are obtained from the second lowest eigenvalue
and its vector of Laplacian matrix. Side chain that makes larger
number of interaction in a cluster is obtained from top eigenvalue
and its vector.

Tuan D. Pham (2006) studies similarity of protein sequence
and calculated similarity using spectral approaches. Linear
predictive coding [LPC] of protein sequences, based on Electron—
Ion interaction potential, is done in the paper.

This method reveals non-trivial results in the study of
functionally related protein sequence and functionally non-related
protein sequence.

These existing methods provide a right direction in the research
of protein study using matrices. It gives a clear idea of constructing
new matrices relevant to the researches undergone. Irrespective
of the research problem, the problem can be modelled as a graph
satisfying the constraints in the problem. After converting to graph,
a novel matrix or an existing matrix can be associated with the
graph that makes the study easier.

This way of approach reduces the complex problem to a
simple one carrying all the constraints specified in the statement
of problem.

Conclusion

Spectral graph theory plays a vital role in protein study. These
techniques carry all information about the matrix and these
matrices carry all information about the graph and thus the
protein. The methods appear to be simpler, but they are efficient.
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Review of Wiener Index
and Its Applications
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Abstract: The topological index is a numeric quantity associated
with chemical organization purpose and shows the correlation
of chemical structures with many physico-chemical properties.
Wiener Index, which defines the sum of distances between all
unordered pairs of vertices in a graph, is one of the most popular
topological indices. In this paper, we have discussed review of
the Wiener Index and how it is applied to various fields.

Keywords: Hosoya polynomial, molecular descriptors,
topological indices, Wiener index.

Introduction

CHemicAL graph theory is the topology branch of mathematical
chemistry which applies graph theory to mathematical modelling
of chemical phenomena. Molecular descriptors play a fundamental
role in chemistry, pharmaceutical sciences, environmental
protection policy and health researches, as well as in quality
control, being the way molecules, thought of as real bodies, are
transformed into numbers, allowing some mathematical treatment
of the chemical information contained in the molecule. In the fields
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of chemical graph theory, molecular topology and mathematical
chemistry, a topological index, also known as a connectivity
index, is a type of a molecular descriptor that is calculated based
on the molecular graph of a chemical compound. In chemical
graph theory, the Wiener index introduced by Harry Wiener,
is a topological index of a molecule, defined as the sum of the
lengths of the shortest paths between all pairs of vertices in the
non-hydrogen atoms in the molecule. In the fields of chemical
graph theory, molecular topology and mathematical chemistry, a
topological index, also known as a connectivity index, is a type of
a molecular descriptor that is calculated based on the molecular
graph of a chemical compound.

Topological Indices

Topological indices are numerical parameters of a graph which
characterize its topology and are usually graph invariant. Topological
indices are used, for example, in the development of quantitative
structure—activity relationships (QSARs) in which the biological
activity or other properties of molecules are correlated with
their chemical structure. Topological descriptors are derived from
hydrogen-suppressed molecular graphs, in which the atoms are
represented by vertices and the bonds by edges. The connections
between the atoms can be described by various types of topological
matrices (e.g. distance or adjacency matrices), which can be
mathematically manipulated so as to derive a single number,
usually known as graph invariant, graph-theoretical index or
topological index. As a result, the topological index can be defined
as two-dimensional descriptors that can be easily calculated from
the molecular graphs, and do not depend on the way the graph is
depicted or labelled and there is no need of energy minimization
of the chemical structure.

Mircea V. Diudea and Ivan Gutman (1998) obtained the
undefined approach to the Wiener topological index and its
various recent modifications. He named Wiener index or Wiener
number and it was introduced for the first time. (Note that in the
great majority of chemical publications dealing with the Wiener
number, it is denoted by W. Nevertheless, in this paper we use
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the symbol We in order to distinguish between the Wiener index
and other Wiener-type indices.) Using the language which in
theoretical chemistry emerged several decades after Wiener, we
may say that We was conceived as the sum of distances between
all pairs of vertices in themolecular graph of an alkane, with
the evident aim to provide a measure of the compactness of the
respective hydrocarbon molecule.

In 1947 and 1948, Wiener published a series of papers showing
that there are excellent correlations between We and a variety of
physico-chemical properties of organic compounds. Nevertheless,
progress in this field of research was by no means fast. It took
some fifteen years until Stiel. Since 1976, the Wiener number has
found a remarkable variety of chemical applications. Thodos
became the first scientists apart from Wiener to use We. Only in
1971 Hosoya gave a correct and generally applicable definition
of We. In 1975/76 Rouvaray and Crafford reinvented We, which
shows that even at that time the Wiener-number-concept was not
widely known among theoretical and mathematical chemists. In
molecular graph, Mircea V. Diudea uses:

W.=W.(G)=2.D,,
ot

Finally, somewhere in the middle of the 1970s, Wiener index
began to rapidly gain popularity, resulting in scores of published
papers. In the 1990s, we were witnesses of another phenomenon: a
large number of other topological indices have been put forward,
all being based on the distances between vertices of molecular
graphs and all being closely related to Wiener number. The aim of
this article is to provide an introduction to the theory of the Wiener
index and a systematic survey of various Wiener-type topological
indices and their interrelations. In order to achieve this goal, we
tirst need to remind the readers of a few elementary facts of the
chemical graph theory.

We = VVE (G) = Z eNi,eN]',e

Wn :WP(G)ZZPN' N;

Lp 1P

Mohammed Salaheldeen Abdelgader et al. (2018). computated
the topological indices of Some Special graphs mathematics
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and explained the study of molecular structures, represents
an interdisciplinary science called chemical graph theory or
molecular topology. By using tools taken from graph theory, set
theory and statistics, we attempt to identify structural features
involved in structure—property activity relationships. Molecules
and modelling unknown structures can be classified by the
topological characterization of chemical structures with desired
properties. Much research has been conducted in this area in the
last few decades. Also they developed the oldest degree-based
topological index, the Randi’c index. The degree-based topological
indices, the atom-bond connectivity (ABC) and geometric—
arithmetic (GA) indices, are of great importance, with a significant
role in chemical graph theory, particularly in chemistry. Precisely,
a topological index Top(G) of a graph is a number such that, if His
isomorphic to G, then Top(H) = Top(G). Itis clear that the numbers
of edges and vertices of a graph are topological indices. We let G
= (V, E) be a simple graph, where V(G) denotes its vertex set and
E(G) denotes its edge set. For any vertex u € V(G), we call the set
NG(u) = fv € V(G)juv € E(G)g the open neighbourhood of u; we
denote by du the degree of vertex u and by Su = dve NG(u) d(v)
the degree sum of the neighbours of u. The number of vertices
and number of edges of the graph G are denoted by (V(G)) and
(E(G)), respectively. A simple graph of order n in which each pair
of distinct vertices is adjacent is called a complete graph and is
denoted by Kn. The notation in this paper is taken from the books.
In this paper, we study the molecular topological properties of
some special graphs: Cayley trees, G2n; square lattices, SLn; a
graph Gn; and a complete bipartite graph, Km, n. Additionally,
the indices (ABC), (ABC4), (GA) and (GA5) of these special graphs,
whose definitions are discussed in the materials and methods
section, are computed.

The concept of topological indices came from Wiener while
he was working on the boiling point of paraffin and was named
the index path number. Later, the path number was renamed
as the Wiener Index. Hayat and Imran (2014) studied various
degree-based topological indices for certain types of networks,
such as silicates, hexagonals, honeycombs and oxides. Hayat and
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Imran (2014) studied the molecular topological properties and
determined the analytical closed formula of the ABC, ABC4, ABC5,
GA, GA4 and GA5 indices of Sierpinski networks. M. Darafsheh
(2010) developed different methods to calculate the Wiener Index,
Szeged Index and Padmakar-Ivan Index for various graphs using
the group of automorphisms of G. He also found the Wiener
indices of a few graphs using inductive methods. A. Ayache and
A. Alameri (2016) provided some topological indices of mk-graphs,
such as the Wiener Index, the hyper-Wiener Index, the Wiener
polarity, Zagreb indices, Schultz and modified Schultz indices
and the Wiener-type invariant.

A. Behtoei et al. (2011) determined new inequalities for Wiener
and hyper Wiener indices, in term of the first and the second
Zagreb indices and the number of hexagons in these graphs. These
inequalities improve the bounds obtained by Gutman and Zhou
and are the best possible bounds. Our notations are standard and
mainly taken from Alameri, A. etal (2006). Let G = (V, E) be a graph
with vertex set V =V (G) and edge set E = E(G). We denote by d(x,
y), N(x) and d(x), the distance between vertices x and y, vertices of
distance one with vertex x and the degree of x, respectively. Also
for each e = uv € E(G) we use the notations Ne(v), ne(v) and oe(v)
for the set of vertices t € V(G) with d(v, t) < d(u, t), INe(v)l and t €
Ne(v) d(t), respectively. A topological index is a number related to
a graph which is a structural invariant, i.e. it is fixed under graph
automorphisms. The Wiener Index, denoted by W, is defined as
the sum of all distances between vertices of a graph.

Having a molecule, if we represent atoms by vertices and
bonds by edges, we obtain a molecular graph (Martin Knor,
2016. Graph theoretic invariants of molecular graphs, which
predict properties of the corresponding molecule, are known as
topological indices. The oldest topological index is the Wiener
Index, which was introduced in 1947 as the path number. Martin
Knor obtained some fundamental property of Wiener Index:

N,(F)= Y m(T)n(T).

I<i<j<p
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The Wiener Index (i.e. the total distance or the transmission
number), defined as the sum of distances between all unordered
pairs of vertices in a graph, is one of the most popular molecular
descriptors. In this article we summarize some results, conjectures
and problems on this molecular descriptor, with emphasis on
works we were involved in. At first, the Wiener Index was used
for predicting the boiling points of paraffins, but later a strong
correlation between the Wiener index and the chemical properties.

A representation of an object giving information only about
the number of elements composing it and their connectivity is
named as topological representation of an object. A topological
representation of a molecule is called a molecular graph. A
molecular graph is a collection of points representing the atoms
in the molecule and a set of lines representing the covalent bonds.
These points are named vertices and the lines are named edges in
graph theory language. J. Baskar Babujee and S. Ramakrishnan
(2012) introduce new topological indices which yield the Wiener,
hyper-Wiener, Schultz and modified Schultz indices as special
cases for trees. One advantage of this method is that in computing
Schultz and modified Schultz indices of trees we need not take
into account the distances between vertices. The advantage of
topological indices is that they may be used directly as simple
numerical descriptors in comparison with physical, chemical
or biological parameters of molecules in Quantitative Structure
Property Relationships (QSPR) and in Quantitative Structure
Activity Relationships (QSAR). One of the most widely known
topological descriptors is the Wiener Index named after chemist
Harold Wiener. Wiener Index correlates well with many physico-
chemical properties of organic compounds and as such has been
well studied over the last quarter of 20" century.

Zagreb group indices M1(G) and M2(G) appeared in the
topological formula for the m-electron energy of conjugated
systems. Recently introduced Zagreb co-indices are dependent
on the degrees of non-adjacent vertices and thereby quantifying
a possible influence of remote pairs of vertices to the molecule’s
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properties. Platt number was used to predict the physical
parameters of Alkanes. Reverse Wiener Index is used to produce
QSPR models for the alkane molar heat capacity.

J. Baskar Babujee and Ramakrishnan (2012) investigated few
topological indices like Wiener index, Zagreb index, Zagreb
coindex, Platt number, geometric — arithmetic index and reverse
Wiener index for graphs. Let G = (V, E) be a graph with vertex set
V =V (G) and edge set E = E(G). We denote by d(x, y), N(x) and
d(x), the distance between vertices x and y, vertices of distance
one with vertex x and the degree of x, respectively. Also for each
e = uv € E(G) we use the notations Ne(v), ne(v) and oe(v) for the
set of vertices t € V (G) with d(v, t) < d(u, t), INe(v)| and t € Ne(v)
d(t), respectively. A topological index is a number related to a
graph which is structurall invariant, i.e. it is fixed under graph
automorphisms. The Wiener Index, denoted by W, is defined as
the sum of all distances between vertices of a graph.
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MATLAB in Protein Study

D. Vijayalakshmi
A. Shakila

Abstract: The study in bioinformatics involves typical database
search of DNA, RNA or protein. Based on the way of search
the required studies are further developed one such way are
MATLAB and its programmes. In this paper, we brief about the
use of MATLAB in various studies of proteins encode, amount
of protein adsorption on particle, sequence alignments, protein
structure tessellations which help in making the studies easy.

Keywords: Sequence alignment, protein, MATLAB.

Introduction

A seQuUENCE alignment is regulating the biological sequences
including DNA (deoxyribonucleic acid) or RNA (ribonucleic acid)
or protein.The study about sequence alignment can be done in
many ways and one such way is using software. These studies are
useful in identifying the similarity between proteins which make
the protein studies simpler. Similarity of protein is identifying
the degree of similarity between two sequences. Even though
the proteins do not show common function based on structures,
sequence alignment is one of the powerful methods to identify
the structure and function of a protein. Sequence alignment is
used to identify regions of similarity between two biological
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sequences (protein or nucleic acid), this type of alignment is based
on numerical values. Nowadays researchers use computer-based
language (MATLAB) to simplify the method of identifying the
similarity of protein sequence. In this paper we brief about some
MATLAB methods used in protein study.

Researcher Wen Zhang and MengKe (2014) analyses protein
sequences using MATLAB toolbox (named Protein Encoding),
which helps to represent or encode protein sequences for
bioinformatics. Researcher Meghna Mathur and Geetika (2013)
discuss various sequence alignment methods using Needleman
Wunsch and Smith Waterman algorithms in MATLAB. Researcher
Majid Masso (2010) discusses Tessellation of protein structure by
the atomic coordinates in 3-D using MATLAB. Researcher Asavari
Mehta (2014) developed a MATLAB model that will estimate the
amount of blood plasma protein that will adsorb to the surface of
a nanoparticle used in targets.

Protein Sequence Encoding

In these Wen Zhang and MengKe describe the protein encoding

Table 42.1: Features and Length of Proteins

Features Length
Amino acid composition 20
Dipeptide composition 400
Moreau-Broto autocorrelation 8*nlag
Moran autocorrelation 8*nlag
Geary autocorrelation 8*nlag
CTDC 21
CTDT 21
CTDD 105
Conjoint triad 343
Sequence-order-coupling number 2*nlag
Quasi-sequence-order 40 + 2*nlag
Pseudoamino acid composition 20 + nlag
Amphiphilic pseudo amino acid composition 20 + 2*nlag
Amino acid pair 400

Binary profile 20*N
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which are used for identifying the bioinformatics in protein
sequence using MATLAB. These features and its length are shown
in Table 42.1.

Numerical Representation Using MATLAB

The toolbox consists of four windows: input, result, descriptors and
buttons. The input block is used to enter sequences, and a sequence
is in the fasta format. The output blocks resulting numerical
vectors. The descriptors panel having various descriptors and the
users were able to choose features in the panel in an easier way.

The four buttons used for: run(seq), run(file), save, exit. The
first and second buttons are used to start the encoding procedure.
The third button is used for result. The last button closes the
dialogue box. By using the toolbox we can easily get the protein
sequences into the numerical values and use them to predict
the protein functions or structures. Wen Zhang and MengKe
discuss a MATLAB toolbox (protein encoding), which helps to
represent or encode protein sequences as numerical vectors for
bioinformatics. This MATLAB toolbox is easy to use, and users
without the computer science background can easily understand
the sequence of protein.

Bl ProteinEncoding

Ioput Window

i}

Result Window
»
descriptors )
panel 1A 7loc [ asp Ciease (2] Ciaeasc [1]
\ )

Basry cme [ emo0 |7 etor Clras

Tloesy [] Tiuenn [J] Fuoress [_] mraso [o] msoen [ rlaw
buttons

nngseq) | [ rotme) | [ | [ e |

fig. 42.1: MATLAB toolbox for protein encoding
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Methods of Alignment
DOT MATRIX METHOD

A dot matrix analysis is primarily a method for comparing two
sequences to align the characters between the sequences. It is used
to locate the regions of similarity between two sequences. Similar
structure shows similar evolution, which provides information
about the functions of these sequences (fig. 42.2).

The dot matrix plot is created by designating one sequence
on the horizontal axis and designating the second sequence on
the vertical axis of the matrix. Diagonal lines within the matrix
indicate regions of similarity. The dot matrix computer programs
do not show an actual alignment.

DYNAMIC PROGRAMMING

Dynamic programming (DP) algorithms are used for complex
problems. DP algorithm has some problem with the following
key points:

1. It should have an optimal substructure.
2. It must contain overlapping sub-problems.

Sequence 2
50 100 150 200 250 300
T T T T T T

100

Sequence 1
=

5
T

250

300

TN

fig. 42.2: Sequence dot plot between Russian neanderthal and
German neanderthal
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DP works by first solving every sub-problem just once, and
saves its answer to avoid the work of recalculating the answer every
time, the sub-problem is encountered. Each intermediate answer is
stored with a score, and DP finally chooses the sequence of solution
that have the highest score. Both global and local alignments may
be made by simple changes in DP algorithm.

Scoring functions — example

w (match) = — 2 or substitution matrix
w (mismatch) = — 1 or substitution matrix
w (gap) = - 3.

Dynamic programming has an alignment for a given set of
scoring function which is its advantage. But it is slow because of the
large number of steps and memory requirement which increases
as the square of the sequence lengths. Dynamic programming
has two algorithms that are used sequence alignment Needleman
Wunsch and Smith Waterman algorithms.

SEQUENCE ALIGNMENT TOOLS

Meghna Mathur and Geetika discuss the Local Basic (BLAST),
Alignment Search Tool, which is an algorithm for comparing
sequence information, such as the amino-acid sequences of
different proteins. It creates the fundamental problem and the
heuristic algorithm is used for alignment. They, using a heuristic
method, BLAST, finds similar sequences, not by comparing two
sequence fully, but simple matches between the two sequences. A
sequence can be evaluated based on various factors like algorithm,
probability, accuracy and definiteness of an algorithm.

1. The algorithm that takes less time to identify sequence.

2. Probability, it helps to obtain accurate results and higher
speed.

3. The factor can be accuracy of an existing algorithm. An
algorithm should always give one output to the number of
inputs applied and accuracy can be defined.

4. The factor can be definiteness. Definiteness means the
algorithm should have finite number of steps.
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If an algorithm does not have finite number of steps then
the algorithm cannot give the correct results. Multiple sequence
alignment has emerged to have a lot of applications in the field
of bioinformatics such as sequence alignment help to identify the
pattern recognition.

Protein Structure Tessellations

Majid Masso discusses Tessellation of Protein Structure by the C,
coordinates in 3-dimension using MATLAB. The building blocks
of amino acids is having 20 distinct types in nature (A, C, D, E, F,
GHILKLMN,PQ,R,S,TV,W,Y). Protein represent in the
form of atom, backbone ribbon and tessellation. In these he uses
every amino acid into a point of C_ coordinates in 3-dimension by
using program in MATLAB.

From the C_ coordinate point which is representing each of
amino acids having X, Y, Z vertices which help not to overlap in
3-dimension.

Majid mMasso, George Mason Universit Manassas,
coordinates of the points (ca atoms{ represent1ng each of the N amino acids, eac
olumn vector s N-dimensional

Tot3Cx, v, 20;

Over'lap graphs
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or Just ca  points
Tot30=, v, 2, " "0

MO axes
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Concatenate, w 1= an Nx3 matrix, each row gives the 30 coordinates of one cCa
oint, each Ca poirmt s dndexed by its row number in w, from 1 to n
=[x _y(:d =C:0];
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fig. 42.3: Delaunay Tesellation in MATLAB
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-

{1-1-1-1}  {2-1-1} {2-2} {3-1} {4}

fig. 42.4: Five simplex categories for coordinates

From the above five simplex categories (fig. 42.4) distinct
tetrahedral and volume for an HIV-1.

{1-1-1-1}  {2-1-1)

v

{22

fig. 42.5: Simplex Categories Example
For {1-1-1-1} — 73 simplices mean T = 0.11 mean V = 41.51
For {2-1-1} — 95 simplices mean T = 0.18 mean V = 19.27

{

{
For {2-2} — 89 simplices mean T = 0.15 mean V = 9.45
For {3-1} — 109 simplices mean T = 0.20 mean V = 10.09
{

For {4} - 16 simplices mean T = 0.18 mean V = 5.61
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Amount of Blood Plasma Protein
Adsorption on Nanoparticles

Asavari Mehta used a mathematical model that tells an amount
of plasma protein that can adsorb on a particle of carrier which is
coated with a Poly ethylene glycol (PEG) that gave the benefit of
selection of optimal values

1. PEG molecular weight,
2. PEG mass fraction, and

3. carrier particle diameter which is essential to the creation
of a PEG-coated.

The formula obtained from the paper of researcher Gref
et al. (2000), in that the Surface density threshold (STD) which
represents the small area between PEG chains over the surface of
ananoparticle which creates the blockage of adsorption. The STD
formula which contains all the three factors mentioned above,
which is used for the representation of the amount of PEG in the
form of molecular weight and mass fraction which minimizes
protein adsorption on nanoparticles.The estimation of protein
adsorption is restricted to the parameter that indicates either
the PEG molecular weight or the PEG mass fraction. The protein
adsorption due to PEG molecular weight was not valid for PEG
mass fraction and vice versa. The correlation coefficient for the
correlation test for PEG molecular weight is R, = 0.997 and for
PEG mass fraction is R, = 0.988. The scheme was not successful
in the protein adsorption value that is for the average diameter of
the nanoparticles, because there was no experimental detail for
nanoparticle diameter data from Gref et al.

So the above-mentioned PEG_ and PEG_, are notaccounting
for changes in particle diameter. The attempts were to combine
the two separate models of PEG_ and PEG , to find a universal
metric that could establish the parameter of a nanoparticle that
minimizes the adsorption of protein. One metric was to create
a ratio of the two parameters and another was to create the
product (multiplication) of the two parameters and it develops a
curve for each metric. The results did not give a promise because

the variation of each metric which does not produce a matched
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correlation. Finally, researchers use this modelling tool as a
starting point to design PEG-coated, drug-carrier nanoparticles
as it related to variation of PEG molecular weight or PEG mass
fraction. This model presented in this study for simulating plasma
protein adsorption on nanoparticles that would notably inform
the fabrication of effective, immuno-deceptive, drug-eluting
nanoparticles for cancer treatments.

Conclusion

This is a simple and an easy method in proteins study using
MATLAB. While it is simple, it proves its efficiency for protein
sequence alignment. A protein study in this MATLAB acts as
a good tool which is used to identify the simplest way to align
protein sequence.
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